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N o t a t io n
In  t h i s  work th e  f o l l o w i n g  sy s tem  o f  n o t a t i o n  i s  u sed :
1 /  M a t r ix ,  v e c t o r  and s c a l a r  v a r i a b l e s  a r e  p r i n t e d  i n  b o ld ,  un ­
d e r l i n e d  and i t a l i c  f o n t s  r e s p e c t i v e l y ,  e . g .  K, p ,  i .  C o n s ta n t  
s c a l a r s  a r e  w r i t t e n  i n  s t a n d a r d  f o n t ,  e . g .  E. F o r  some s p e c i a l  
s c a l a r  c o n s t a n t s  a n d /o r  v a r i a b l e s  g r e e k  a l p h a b e t i c  i s  u se d .
2 /  F o r  in d ex e d  e n t i t i e s  t h e  l e f t  s u p e r s c r i p t  d e n o te s  t h e  t im e  
c o r r e s p o n d in g  to  t h e  v a lu e  o f  t h e  e n t i t y ,  t h e  l e f t  s u b s c r i p t  
d e n o te s  th e  c o n f i g u r a t i o n  w i th  r e s p e c t  to  w hich  th e  v a lu e  i s  
m easu red  and s u b s c r i p t s  on th e  r i g h t  i d e n t i f y  t h e  r e l a t i o n ­
s h i p s  to  t h e  c o o r d i n a t e  a x i s .  Thus f o r  exam ple t+dQTi j  ^ e n o -  
t e s  e le m en t  i , j  o f  s t r e s s  t e n s o r  t  a t  t im e  t + d t  w i t h  r e s p e c t  
t o  t h e  o r i g i n a l  (undeform ed) c o n f i g u r a t i o n .
3 /  F o r  d e r i v a t i v e s  t h e  a b b r e v i a t e d  n o t a t i o n  w i l l  be  u s e d ,  i . e .  
a l l  r i g h t  s u b s c r i p t s  t h a t  a p p e a r  a f t e r  a  comma d e c l a r e  d e r i v a ­
t i v e s .  F o r  exam ple:
t+dt d t+dt
0 U 1 , J  "  ~ d X  U 1
J
I t  f o l l o w s  a  l i s t  o f  th e  most f r e q u e n t l y  u s e d  sym bols .  More 
d e t a i l e d  d e s c r i p t i o n  i s  a v a i l a b l e  n e a r  t h e  t e x t  o r  e q u a t i o n  where 
t h e  p a r t i c u l a r  symbol r e f e r r e d .
a ,  b, c .  . ,A, B, C. . . , a  ,|3 . . .  = m a t e r i a l  c o n s t a n t s
V = volume a t  t im e  t
B = a n g le  o f  c r a c k s
E
C = e l a s t i c  m a t e r i a l  r i g i d i t y  m a t r ix  
EPC = e l a s t i c  p l a s t i c  m a t e r i a l  r i g i d i t y  m a t r ix
C = i , j , r , s  e le m en t  o f  t h e  t a n g e n t i a l  m a t e r i a l  r i g i d i t y  t e n s o r
0  i J r s
<5( ) = v a r i a t i o n  o p e r a t o r
S = i , i  e le m e n t  o f  K r o n e c k e r ’ s d e l t a  t e n s o r .i j
d \
^  = i , j  e le m e n t  o f  s t r a i n  r a t e  t e n s o r  a t  t im e  tdt
e = i , j  e le m e n t  o f  t h e  l i n e a r  p a r t  o f  s t r a i n  in c re m e n t  o ij  J
e  = m,n  e le m e n t  o f  o r d i n a r y  s t r a i n  t e n s o r  a t  t im e  tt  mn
fce ’ = i , j  e le m e n t  o f  Alm ansi s t r a i n  t e n s o r  a t  t im e  t  
o i j J
i , j  e le m e n t  o f  G re e n -L a g ran g e  s t r a i n  t e n s o r  a t  t im e  t  
t c  = i , 7  e le m e n t  o f  Cauchy-G reen  s t r a i n  t e n s o r  a t  t im e  t
0 i j  J J
7) = a c c e l e r a t i o n /d u m p i n g  c o e f f i c i e n t  f o r  L ine  s e a r c h  method
p
e = p l a s t i c  p a r t  o f  s t r a i n  
e = s t r a i n  when m a t e r i a l  c ra c k e d
cr
E = Young’ s modulus
£ ( t ’ ) = f u n c t i o n  f o r  Young’ s  modulus 
f ’ = m a t e r i a l  c o m p re s s io n  s t r e n g t h
c
f ’ = f  = m a t e r i a l  t e n s i o n  s t r e n g t ht  tu
t F ( . . . ) ,  fcf ( . . . )  = y i e l d  ( lo a d in g )  f u n c t i o n s
t+A tpd l) _ v e c t o r  o f  n o d a l  p o i n t  f o r c e s  e q u i v a l e n t  to  th e
i n t e r n a l  s t r e s s e s  from p r e v io u s  i t e r a t i o n s  
< H t , t ’ ) = ) , . [ 1 + 0 ( t , t ’ )] = c r e e p  c o m p lia n c e  f u n c t i o n
G = s h e a r  modulus 
fcH ( . . )  = h a rd e n in g  f u n c t i o n
h^= k - t h  sh ap e  f u n c t i o n  in  n a t u r a l  c o o r d i n a t e  sy s tem
1 , 1 , 1  = 1 s t ,  2nd and 3 rd  i n v a r i a n t s  o f  Cauchy s t r e s s  t e n s o r
1 2  3  J
I ’ , I ’ , I ’ = 1 s t ,  2nd and 3 rd  i n v a r i a n t s  o f  s t r a i n  t e n s o r
1 2  3
Ji» J 2> J 3 = 1 s t ,  2nd and 3 rd  i n v a r i a n t s  o f  d e v i a t o r i c  Cauchy 
s t r e s s  t e n s o r
J ’ , J ’ , J ’ = 1 s t ,  2nd and 3 rd  i n v a r i a n t s  o f  d e v i a t o r i c  s t r a i n
1 2  3
t e n s o r
J  = J a c o b i a n  o f  t r a n s f o r m a t i o n  to  n a t u r a l  c o o r d i n a t e  sy s tem  
K = b u lk  modulus
fcK = l i n e a r  p a r t  o f  s t i f f n e s s  m a t r ix  
0 L
fcK = n o n l i n e a r  p a r t  o f  s t i f f n e s s  m a t r ix  
0  NL
X = lo a d  m u l t i p l i e r  f o r  Arc l e n g t h  method
7) = i , j  e le m e n t  o f  t h e  n o n l i n e a r  p a r t  o f  s t r a i n  in c re m e n t
0 i j  J  *
t+dtR = t h e  work o f  e x t e r n a l  f o r c e s  a t  t im e  t
0
cr ,cr , o' = p r i n c i p a l  s t r e s s e s  
1 2  3
r ,  s ,  t  = c o o r d i n a t e s  i n  n a t u r a l  c o o r d i n a t e  sy s te m
cr = o c t a h e d r a l  norm al s t r e s s  
oct
cr = mean norm al s t r e s sm
cr = i , j  e le m en t  o f  Cauchy s t r e s s  t e n s o r
s’i j = -i»J e le m e n t  o f  d e v i a t o r i c  Cauchy s t r e s s  t e n s o r
t S = i , j  e le m e n t  o f  2nd P i o l a - K i r c h h o f f  t e n s o r  a t  t im e  to i j
fcS = s u r f a c e  a r e a  a t  t im e  t  
x = o c t a h e d r a l  s h e a r
oct
t = mean s h e a rm
= i , j  e le m e n t  o f  Cauchy s t r e s s  t e n s o r  a t  t im e  t  
t x = i , j  e le m en t  o f  Jaumann s t r e s s  r a t e  t e n s o r  a t  t im e  t1 j J
t = t im e  o f  o u r  i n t e r e s t  o f  s t r u c t u r a l  b e h a v io r  
t ’ = t im e ,  when th e  s t r u c t u r e  was lo a d e d
, t u2> t u3 = p o i n t  d i s p l a c e m e n ts  a t  t im e  t  
u^=t+dtX ^  i s  i - t h  e le m en t  o f  v e c t o r  o f  d i s p l a c e m e n t  i n c r e ­
m ents a t  t im e  t
Au( i)= u ( i ) -  u (l-1) i s  th e  d i s p l a c e m e n t  in c re m e n t  i n  t h e
i - t h  i t e r a t i o n  
l X , t X , t X = p o i n t  c o o r d i n a t e s  a t  t im e  t
1 2  3  *
x > 0 c o o r d i n a t e s  i n  th e  p r i n c i p a l  s t r e s s  c o o r d i n a t e  sy s tem
1. In t r o d u c t io n
1.1  B r i e f  o v e rv ie w .
C o n c re te  i n  t h e  form  o f  a s t r u c t u r a l  m a t e r i a l  h a s  b een  u sed  
s i n c e  Roman t im e s .  In  a n c i e n t  t im e s  t h e  most im p o r ta n t  p rob lem  
was i t s  v e r y  low s t r e n g t h  i n  t e n s i o n ,  b u t  f o r t u n a t e l y  t h e  d i s c o ­
v e r y  t h a t  c o n c r e t e  c an  be r e i n f o r c e d  by s t e e l  b a r s  h a s  nowadays 
re d u c e d  t h i s  draw back .
At t h e  t im e  o f  t h e  i n d u s t r i a l  r e v o l u t i o n  i n t e r e s t  i n  r e i n ­
f o r c e d  c o n c r e t e  s i g n i f i c a n t l y  i n c r e a s e d  and t h i s  in v o lv e d  i n t e ­
r e s t  i n  more a c c u r a t e  a n a l y s i s  o f  r e i n f o r c e d  c o n c r e t e  s t r u c t u r e s .  
Many r e s e a r c h e r s  and e n g in e e r s  have  p ro d u ce d  many m ethods t o  a n a ­
ly z e  v a r i o u s  ty p e s  o f  r e i n f o r c e d  c o n c r e t e  s t r u c t u r e  b u t  most were 
b a s e d  on e m p i r i c a l  fo rm u la e  and e n g i n e e r ’ s p r o f e s s i o n a l  judgm ent 
r a t h e r  th a n  on m a th e m a t ic a l  and m ec h a n ic a l  t h e o r i e s  o f  m a t e r i a l  
and  s t r u c t u r a l  b e h a v io r .  T h is  was due to  th e  i n h e r e n t  c o m p le x i ty  
o f  r e i n f o r c e d  c o n c r e t e  m a t e r i a l  b e h a v io r  a s  a  c o m p o s i te  o f  s t e e l  
and  c o n c r e t e ,  a s  w e l l  a s  t h e  d i f f e r e n t  m a t e r i a l  c h a r a c t e r i s t i c s  
o f  c o n c r e t e  i n  c o m p re s s io n  and t e n s i o n  re g im e s .
A no the r  p rob lem  was th e  m a th e m a t ic a l  m o d e l in g  o f  s t r u c t u r e s  
th e m s e lv e s .  A gain  o n ly  e m p i r i c a l  fo rm u la e  b a s e d  on e x p e r im e n ta l  
r e s u l t s  o r  e x p e r i e n c e  w i th  a l r e a d y  f i n i s h e d  s t r u c t u r e s  w ere  a v a i ­
l a b l e  and o n ly  l a t e r  some t h e o r i e s  b a s e d  on l i n e a r ^  a p p ro a c h  h as  
been  in t r o d u c e d .
Nowadays t h e  s i t u a t i o n  i n  s t r u c t u r a l  a n a l y s i s  and  m a t e r i a l  
m o d e lin g  i s  much b e t t e r .  The deve lopm en t o f  t h e  f i n i t e  e le m en t  
method and th e  a v a i l a b i l i t y  o f  v e ry  p o w e r fu l  com pute r  t e c h n i q u e s  
e n a b le  r e l a t i v e l y  a c c u r a t e  p r e d i c t i o n s  o f  s t r u c t u r a l  r e s p o n s e  to  
lo a d in g  even  n e a r  t o  c o l l a p s e .  T h is  h a s  e n c o u ra g e d  d e s i g n e r s  to  
c o n s i d e r  l i g h t e r  and more e f f i c i e n t  s t r u c t u r e s .
T h is  t r e n d  h a s  been  accom panied  by th e  e f f o r t s  o f  s c i e n t i s t s  
to  s o lv e  em erg ing  p rob lem s w hich were e a r l i e r  u n a t t r a c t i v e .  For
require
exam ple , s t a b i l i t y  p rob lem s n o n l i n e a r  t r e a tm e n t  o f  s t r u c t u r a l  
geo m etry  and m a t e r i a l  r e s p o n s e  e t c .  However d e s p i t e  t h e  enormous
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work a l r e a d y  b e in g  done t h e r e  a r e  s t i l l  many p ro b le m s  to  be s o l ­
ved in  t h e  f u t u r e .
A no the r  p rob lem  i n  t h i s  a r e a  i s  t h e  p r a c t i c a l  employment o f  
t h e o r e t i c a l  r e s e a r c h  r e s u l t s .  P e o p le  w ork ing  i n  d e s ig n  e n t e r p r i ­
s e s  u s u a l l y  have  no t im e  to  s y s t e m a t i c a l l y  s tu d y  s o p h i s t i c a t e d  
m ethods b e in g  p ro d u ce d  by u n i v e r s i t i e s ,  r e s e a r c h  i n s t i t u t e s  e t c .  
and th e  o n ly  way to  p a s s  t o  them th e  new ly  d e v e lo p e d  t h e o r i e s  i s  
to  p ro d u c e  s i m p l i f i e d  d e s ig n  i n s t r u c t i o n s  i n  b u i l d i n g  c o d es  o r  
p r e f e r a b l y  to  p ro d u c e  p o w e r fu l  s o f tw a r e  b a c k g ro u n d .  T h is  s o f tw a r e  
must g u id e  them i n  a " u s e r  f r i e n d l y "  way th ro u g h  a w hole  a n a l y s i s  
and e v e n t u a l l y  check  u s e r  p ro v id e d  d a t a .  P rogram s o f  t h i s  s o r t  
a r e  u s u a l l y  c a l l e d  E x p e r t  System s and th e y  a r e  c o n s t r u c t e d  a s  a 
" r a t i o n a l "  s u p e r s t r u c t u r e  above c o m p u te r - a id e d  d e s i g n  sy s tem s  
(CAD).
Today many p rogram s f o r  s t r u c t u r a l  a n a l y s i s  a r e  a v a i l a b l e .  
The v a s t  m a j o r i t y ,  how ever, a r e  b a s e d  on l i n e a r  f i n i t e  e le m en t  
t h e o r i e s .  These  a r e  su p p le m e n te d  by p rog ram s f o r  d e t a i l e d  c o n c r e ­
t e  d e s ig n  ( d im e n s io n s ,  r e in f o r c e m e n t  e t c . ) a c c o r d in g  t o  b u i l d i n g
c o d e s .  Hence n o n l i n e a r  d e s ig n  p r o c e d u r e s  p r o v id e d  i n  b u i l d i n g
s t a n d a r d s  a r e  u se d  i n  c o n ju n c t io n  w i t h i n  a c c u r a t e  r e s u l t s  ob­
t a i n e d  by o v e r a l l  l i n e a r  a n a l y s i s  o f  a s t r u c t u r e .  I f  we a r e  r e s ­
t r i c t e d  t o  u s e  o n ly  a b o u t  f i f t y  p e r c e n t  o f  t h e  m a t e r i a l  s t r e n g t h  
and i f  we do n o t  d e s ig n  some e s p e c i a l l y  l i g h t  s t r u c t u r e s  t h e  abo­
ve s o f tw a r e  i s  q u i t e  j u s t i f i e d  and th e  a d o p te d  s i m p l i f i c a t i o n s  
c a u se  o n ly  n e g l i g i b l e  e r r o r s .  U n f o r t u n a t e l y  a t t e m p t s  to  p ro d u ce  
more econom ic s t r u c t u r e s  a s  w e l l  a s  a t t e m p t s  to  b u i l d  s t r u c t u r e s  
w hich  were i n  e a r l i e r  t im e s  t e c h n i c a l l y  i m p o s s ib l e ,  f o r c e  e n g i ­
n e e r s  to  p r o v id e  more a c c u r a t e  s o l u t i o n s  and d e s i g n s ,  and ob­
v i o u s l y  n o n l i n e a r i t y  must be c o n s id e r e d  d u r in g  t h e  w hole  a n a l y ­
s i s .
Today t h e r e  a r e  some p o w e rfu l  n o n l i n e a r  s o l u t i o n  sy s te m s  
a v a i l a b l e  i n  t h e  w o r ld .  Some o f  t h e  most advanced  a r e  ADINA, DIA­
NA, NASTRAN and LUSAS, w h i l s t  STRUDL and PAFEC s u p p o r t  some l i m i ­
t e d  n o n l i n e a r i t y .  In  a d d i t i o n  t h e r e  a r e  many s i n g l e  p u rp o s e  non­
l i n e a r  p rog ram s t h a t  s o lv e ,  f o r  i n s t a n c e ,  p l a n e  beam s t r u c t u r e s ,
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s h e l l  b u c k l i n g  a n a l y s i s  e t c .  However t h e r e  i s  s t i l l  a  h ig h  demand 
f o r  new n o n l i n e a r  s o f t w a r e .
The p r im a ry  p u rp o se  o f  t h i s  work i s  t h e  m odeling  o f  
r e i n f o r c e d  c o n c r e t e  s t r u c t u r e s ,  p a r t i c u l a r l y  p l a n e  s t r e s s ,  p l a n e  
s t r a i n ,  a x is y m m e tr ic  and s h e l l  s t r u c t u r e s .  T h is  w i l l  bef~now 
d i s c u s s e d  i n  more d e t a i l .  The p rob lem  c an  be d i v i d e d  i n t o  th e  
f o l l o w i n g  p a r t s :
-  A ssem b ling  o f  o v e r a l l  g o v e rn in g  e q u a t i o n s  t h a t  c h a r a c t e r i z e  
s t r u c t u r e  sh a p e ,  l o a d in g  e t c .  ,
-  M a t e r i a l  b e h a v io r  p r e d i c t i o n ,
-  S o l u t i o n  o f  a s se m b le d  s e t  o f  n o n l i n e a r  e q u a t i o n s ,
-  R e s u l t s  i n t e r p r e t a t i o n .
The most u s u a l  method f o r  c o n s i d e r i n g  t h e  g o v e rn in g  s t r u c t u ­
r a l  e q u a t i o n s  i s  th e  p r i n c i p l e  o f  v i r t u a l  work. I t  i s  a  v e r s a t i l e  
t o o l  f o r  d e f i n i n g  s t r u c t u r a l  b e h a v io r  and c an  be u s e d  f o r  any  t y ­
pe  o f  m a t e r i a l  m odel, l o a d in g  c o n d i t i o n ,  s t r u c t u r a l  sh ap e  e t c .  
B ecause  t h e  d i s p l a c e m e n t  v a r i a n t  o f  s t r u c t u r a l  a n a l y s i s  i s  u s u a l ­
l y  p r e f e r r e d ,  t h e  p a r t i c u l a r  p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n t  i s  
em ployed. However, f o r  p a r t i c u l a r  p ro b le m s  some o t h e r  s t r u c t u r a l  
d e f i n i t i o n  can  be u t i l i z e d ,  f o r  exam ple , v a r i a t i o n a l  p r i n c i p l e s ,  
C la p e y ro n  p r i n c i p l e s  e t c .
M a t e r i a l  b e h a v io r ,  and e s p e c i a l l y  r e i n f o r c e d  c o n c r e t e  b e h a ­
v i o r ,  r e p r e s e n t s  a v e ry  d i f f i c u l t  p ro b lem . The t r a d i t i o n a l  
Hooke’ s law, t h a t  l e a d s  to  l i n e a r  a n a l y s i s ,  can  now be r e p l a c e d  
by much more s o p h i s t i c a t e d  m odels . They c o m p r ise ,  f o r  exam ple, 
n o n l i n e a r  h y p e r e l a s t i c  and in c r e m e n ta l  h y p o e l a s t i c  m odels ,  e l a s ­
t i c  p l a s t i c  m odels  w i th  h a rd e n in g  i n  c o m p re s s io n  z o n e s  and s t i f ­
f e n i n g  i n  t e n s i o n  zones  (n e a r  c r a c k s ) ,  e n d o c h ro n ic ,  p r o g r e s s i v e  
f r a c t u r e  m odels  and many o t h e r s .  N e v e r t h e l e s s  m ost n o n l i n e a r  
p rogram s u s e  " t r a d i t i o n a l "  e l a s t o - p l a s t i c  m odels  f o r  c o n c r e t e  in  
c o m p re s s io n  and l i n e a r i z e d  m odels  f o r  c r a c k in g  i n  t e n s i o n  r e g i ­
mes. Many y i e l d  and lo a d in g  f u n c t i o n s  have  b een  d e v e lo p e d  a s  w e l l  
a s  e x p r e s s i o n s  f o r  h a rd e n in g  and t e n s i o n  s t i f f e n i n g .  D e s p i t e  t h i s  
t h e r e  i s  s t i l l  a l a c k  o f  i n f o r m a t io n  f o r  g e n e r a l  t h r e e  d im en­
s i o n a l  c a s e s  and a l s o  most r e s u l t s  a r e  a p p l i c a b l e  o n ly  f o r  s h o r t -
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te rm  m o n o to n ic a l ly  i n c r e a s i n g  lo a d in g .  A d d i t i o n a l  p ro b le m s  a r e  
i n  o b t a i n i n g  th e  p r o p e r  m a t e r i a l  c o n s t a n t s  f o r  t h e  above m odels . 
R e a l i z i n g  t h a t  some e n d o c h ro n ic  m odels  c o m p r ise  tw e n ty  and even  
more m a t e r i a l  c h a r a c t e r i s t i c s  i t  i s  a p p a r e n t  t h a t  h e r e  e x p e r im e n ­
t a l  work i s  v e ry  im p o r ta n t .
In  p r a c t i c e  less; c o m p l ic a te d  m a t e r i a l  m odels  a r e  u s u a l l y  
u s e d  i n  c o n j u n c t i o n  w i th  m a t e r i a l  v a l u e s  recommended i n  b u i l d i n g  
c o d e s ,  and su p p le m e n te d  by some l a b o r a t o r y  t e s t s .  R e i n f o r c in g  
s t e e l  i s  q u i t e  s a t i s f a c t o r i l y  m odeled by e l a s t i c - p l a s t i c  m a t e r i a l  
(Von M ises )  o r  by p a r t - l i n e a r  m odels .
The a s se m b le d  n o n l i n e a r  s e t  o f  e q u a t i o n s  a r e  s o lv e d  i t e r a t i ­
v e l y  and th e  lo a d in g  i s  a p p l i e d  by in c r e m e n ts .  The w e l l  e s t a b ­
l i s h e d  p r o c e d u r e  f o r  e q u a t i o n  s o l u t i o n  i s  t h e  Newton-Raphson m et­
hod o r  i t s  s i m p l i f i e d  v e r s i o n ,  th e  M o d if ie d  Newton-Raphson m et­
hod. In  r e c e n t  t im e s  new m ethods have  been  d e v e lo p e d  (Q uasi  New­
to n  m ethods , A r c - l e n g th  m ethods, L ine  s e a r c h  e t c . ) .
A s p e c i a l  g roup  o f  s o l u t i o n  p r o c e d u r e s  a r e  p e r t u r b a t i o n  m et­
h o d s .  They have  a d v a n ta g e s ,  e s p e c i a l l y  i n  s t a b i l i t y  p ro b le m s ,  
when whole  c l a s s e s  o f  p o s s i b l e  s t r u c t u r a l  i m p e r f e c t i o n s  can  be 
s t u d i e d .  However t h e i r  p r a c t i c a l  u s e  i s  d i f f i c u l t  b e c a u s e  th e y  
a r e  v e r y  complex and t h e r e  e x i s t s  no p r o o f  t h a t  t h e  com puted r e ­
s u l t s  g iv e  t h e  " lo w e s t"  e n e rg y  and hence  th e  most p r o b a b l e  s t r u c ­
t u r a l  r e s p o n s e .  Thus th e y  a r e  u se d  by p e o p le  w i th  an  a d e q u a te  
t h e o r e t i c a l  b ackg round  r a t h e r  th a n  a s  a  p r a c t i c a l  d e s ig n  t o o l  f o r  
o r d i n a r y  e n g in e e r s .
The way r e s u l t s  a r e  i n t e r p r e t e d  i s  n o t  u n iq u e .  Some CAD 
s o f tw a r e  a r e  c a p a b le  o f  p r o v id i n g  f a c i l i t i e s  up t o  t h e  f i n a l  
d raw in g  s t a g e  o f  s t r u c t u r a l  d e s ig n  i n c l u d i n g  s o p h i s t i c a t e d  and 
p o w e r fu l  g r a p h i c s  e t c .  On th e  o t h e r  hand o r d i n a r y  n o n l i n e a r  p r o g ­
rams u s u a l l y  f i n i s h  by p r i n t i n g  and p l o t t i n g  o f  d i s p l a c e m e n t s  and 
i n t e r n a l  s t r e s s e s .
The s tu d y  o f  r e i n f o r c e d  c o n c r e t e  s t r u c t u r e s  u n d e r  lo n g - te rm  
l o a d in g  h a s  r e c e iv e d  l i t t l e  a t t e n t i o n .  T here  i s  a  l a c k  o f  b o th  
e x p e r im e n ta l  d a t a  and p r a c t i c a l  s o f tw a r e  d e v e lo p m en t .  T h is  i s  due 
to  t h e  f a c t  t h a t  lo n g - te rm  l a b o r a t o r y  t e s t s  a r e  e x p e n s iv e  and
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a n a l y t i c a l  s o l u t i o n ,  c o m p r is in g  th e  c o m b in a t io n  o f  g e o m e t r i c a l  
n o n l i n e a r  s o l u t i o n ,  m a t e r i a l  n o n l i n e a r i t y  and t im e  phenomena such  
a s  c r e e p  and s h r in k a g e ,  r e p r e s e n t s  v e ry  complex and c h a l l e n g i n g  
a n a l y s i s .  I t  i s  o n ly  i n  v e ry  r e c e n t  t im e s  t h a t  su c h  a s o l u t i o n  
c o u ld  be a t t e m p te d .  The p rob lem  i s  p a r t i c u l a r l y  d i f f i c u l t  f o r  
s h e l l  a n a l y s i s .  S in c e  t h e r e  i s  a h ig h  i n t e r e s t  i n  v e r y  t h i n  
s t r u c t u r e s  s p a n n in g  o v e r  t e n s  o f  m e te r s  i t  i s  e v i d e n t  t h a t  i t  i s  
w o r th w h i le  to  be c o n c e rn e d  w i th  t h i s  p rob lem . A l th o u g h  s h r in k a g e  
and  c r e e p  may n o t  s i g n i f i c a n t l y  i n f l u e n c e  th e  s t r e s s e s  i n  many 
c a s e s ,  t h e  im p o r ta n c e  o f  c r e e p  on s t r u c t u r a l  d e f o r m a t io n s  and 
t h u s  s e r v i c e a b i l i t y  i s  i n d i s p u t a b l e .  I t  can  be l i m i t i n g  f a c t o r  
f o r  b e a r i n g  c a p a c i t y  o f  t h i s  ty p e  s t r u c t u r e s .
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1 .2  O b j e c t i v e  and sc o p e ,  s t a r t i n g  p o s i t i o n .
T h is  work d e a l s  w i th  t h e  n o n l i n e a r  a n a l y s i s  o f  r e i n f o r c e d  
c o n c r e t e  s t r u c t u r e s .  P a r t i c u l a r  a t t e n t i o n  i s  f o c u s e d  on two d i ­
m en s io n a l  p l a n e  s t r e s s ,  p l a n e  s t r a i n  and a x is y m m e tr ic  s t r u c t u r e s  
a s  w e l l  a s  to  d e g e n e r a te d  t h r e e  d im e n s io n a l  s h e l l  s t r u c t u r e s .
S e v e r a l  a s p e c t s  o f  n o n l i n e a r  a n a l y s i s  a r e  c o n s id e r e d ,  
i n c l u d i n g  th e  c r e a t i o n  and a s se m b ly  o f  t h e  g e n e r a l  g o v e rn in g  
e q u a t i o n s  u s in g  th e  p r i n c i p l e  o f  v i r t u a l  work a p p l i e d  t o  b o th  
T o t a l  and U pdated  L a g ra n g ia n  f o r m u l a t i o n s  f o r  g e o m e t r i c  
n o n l i n e a r i t y ,  th e  m odeling  o f  c o n s t i t u t i v e  e q u a t i o n s ,  and 
p r o c e d u r e s  f o r  t h e  s o l u t i o n  o f  t h e  n o n l i n e a r  e q u a t i o n s .  S p e c i a l  
a t t e n t i o n  i s  p a id  t o  th e  t im e  d e p e n d e n t  f a c t o r s  o f  c o n c r e t e ,  i . e .  
to  c r e e p  and s h r in k a g e .
In  a d d i t i o n  to  t h i s  t h e o r e t i c a l  d e v e lo p m en t ,  t h e  m a jo r  p a r t  
o f  t h i s  work was t h e  e x t e n s i o n  o f  two s o f tw a r e  p a c k a g e s ,  NONSAP 
[4 4 ] ,  [45] and CONCRETE [4 2 ] ,  i n t o  w hich  a l l  d e v e lo p e d  t h e o r y  h a s  
b een  programmed, t e s t e d  and p r e p a r e d  f o r  p r a c t i c a l  u s e .
A m ajo r  o b j e c t i v e  was to  d e v e lo p  a l l  s o f t w a r e  f o r  PC compu­
t e r s  so t h a t  a s  many u s e r s  a s  p o s s i b l e  can  make u s e  o f  them. The 
s o f t w a r e  was d e v e lo p e d  f o r  p e o p le  who need  t o  p e r fo rm  a c c u r a t e  
a n a l y s i s  o f  r e i n f o r c e d  s t r u c t u r e s  w i th o u t  a c c e s s  t o  a  supercom ­
p u t e r  o r  C r a y - l i k e  t e c h n iq u e s  and w i th o u t  f i r s t - h a n d  t h e o r e t i c a l  
and p r a c t i c a l  e x p e r i e n c e  o f  t h i s  ty p e  o f  a n a l y s i s .  T h e r e f o r e  a n a ­
l y s i s  and p rogram s aim f o r  u s e r  f r i e n d l i n e s s  and r e q u i r e  no s p e ­
c i a l  com puting  f a c i l i t i e s .
The b a s i c  o b j e c t i v e s  can  be summ arized i n  d e t a i l  a s  f o l l o w s :
T h e o r e t i c a l  p a r t :
1 /  To p ro d u ce  a s t a t e - o f - a r t  r e p o r t  on some c u r r e n t  c o n c e p t s  
u sed  i n  n o n l i n e a r  a n a l y s i s  o f  r e i n f o r c e d  c o n c r e t e .  T h is  c o m p r ise s  
th e  f o l l o w i n g  a s p e c t s :
-P rob lem  f o r m u la t io n  u s in g  T o ta l  and U pdated  L a g ra n g ia n
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a p p ro a c h e s  a p p l i e d  u n d e r  th e  p r i n c i p l e  o f  v i r t u a l  work,
-R eview  o f  t h e  c u r r e n t l y  most w id e ly  u se d  m a t e r i a l  m odels  f o r  
c o n c r e t e  and s t e e l  m a t e r i a l s ,
- D e s c r i p t i o n  and d i s c u s s i o n  o f  t h e  p r o c e d u r e s  b a s e d  on th e  
Newton-Raphson method and t h e i r  m o d i f i c a t i o n  f o r  th e  
s o l u t i o n  o f  n o n l i n e a r  e q u a t i o n s ,
-O verv iew  o f  m ethods f o r  c r e e p  and s h r i n k a g e  a n a l y s i s .
2 /  To i n t r o d u c e  c o m p re s s io n  h a r d e n in g  and s o f t e n i n g  i n t o  
e l a s t o - p l a s t i c  m a t e r i a l  model f o r  c o n c r e t e .
3 /  To d e v e lo p  more p o w e r fu l  a l g o r i t h m s  f o r  t h e  s o l u t i o n  o f  
n o n l i n e a r  e q u a t i o n s .
4 /  To u s e  t h e  s t e p - b y - s t e p  s o l u t i o n  m ethod f o r  c r e e p  and 
s h r in k a g e  a n a l y s i s .  T h is  i n c l u d e s  th e  d ev e lo p m en t o f  p r o c e d u r e s  
f o r  a p p ro x im a t io n s  o f  c r e e p  and s h r in k a g e  f u n c t i o n s  by D i r i c h l e t  
s e r i e s  [38] and i n  p a r t i c u l a r  t r e a t m e n t s  f o r  d e a l i n g  w i t h  i l l  
c o n d i t i o n i n g  and s t a b i l i t y  o f  t h i s  p rob lem .
5 /  To t e s t  t h e  above t h e o r e t i c a l  m odels  and p r o v id e  a n a l y t i ­
c a l  e v id e n c e  on s t r u c t u r a l  b e h a v io r  w i th  s p e c i a l  em p h as is  to :
-  s h o r t  and lo n g  term  c o n s t i t u t i v e  e q u a t i o n s ,
-  r o b u s t n e s s  and e f f i c i e n c y  o f  t h e  d e v e lo p e d  n o n l i n e a r  e q u a ­
t i o n s  s o l v e r ,
-  co m p a r iso n  o f  t h e  a c c u r a c y  o f  v a r i o u s  s i m p l i f i e d  c r e e p  and
s h r in k a g e  m ethods w i th  th e  S t e p - b y - s t e p  m ethods .  Here b o th  
s e r v i c e a b i l i t y  and u l t i m a t e  s t r u c t u r a l  c o n d i t i o n s  s h o u ld  
be i n v e s t i g a t e d .  The e f f e c t  o f  r e i n f o r c e m e n t  r a t i o  and 
s t r u c t u r a l  l o a d in g  l e v e l  i s  a l s o  a m a t t e r  o f  c o n c e rn .
Com parison o f  t h e  o b t a in e d  r e s u l t s  w i th  r e s u l t s  from  in d e p e n ­
d e n t  s o u r c e s .
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P r a c t i c a l  p a r t :
The above t h e o r i e s  a r e  a p p l i e d  f o r  two d im e n s io n a l  p l a n e  
s t r a i n / s t r e s s  s t r u c t u r e s ,  a x is y m m e tr ic  s t r u c t u r e s  and  t h i n  and 
m o d e r a te ly  t h i c k  3D s h e l l  s t r u c t u r e s .  Two n o n l i n e a r  f i n i t e  e l e ­
ment p rog ram s have  b een  u s e d  a s  a  b a s i s  f o r  t h e  new d e v e lo p m e n ts :  
"NONSAP" p ro d u c e d  by K. J .  B a th e ,  [ 44] ,  [ 4 5 ] ,  f o r  2D RC s t r u c t u ­
r e s ,  and "CONCRETE" d e v e lo p e d  by E. H in to n  and D. R. J .  Owen, 
[4 2 ] ,  f o r  3D d e g e n e r a te d  RC s h e l l s  ( c a l l e d  C0NCR2 by a u t h o r s ) .  
The work i n c l u d e s  t h e  f o l l o w in g :
1 /  In  o r d e r  t o  d e v e lo p  s o f tw a r e  f o r  PC e n v iro n m e n t  t h e  f i r s t  
s t e p  was to  m odify  and t r a n s f e r  m ainfram e v e r s i o n s  o f  th e  
p rog ram s NONSAP and CONCRETE to  PCs and MSDOS o p e r a t i n g  sy s tem .
2 /  Programming and im p lem en tin g  th e  new ly  d e r i v e d  n o n l i n e a r  
e q u a t i o n s  s o l v e r  i n t o  NONSAP and CONCRETE. The a l g o r i t h m  c a n  work 
e i t h e r  f u l l y  a u t o m a t i c a l l y  o r  by manual a d ju s tm e n t  o f  o p t i o n a l  
s o l u t i o n  p a r a m e te r s  ( s t e p  l e n g t h ,  ty p e  o f  A r c - l e n g t h  c o n s t r a i n t ,  
employment o f  L ine  s e a r c h  e t c . ) .  NONSAP u s e s  t h e  band  v a r i a b l e  
s k y - l i n e  h o u s e k e e p in g  p r o c e d u r e s  w h i l s t  t h e  CONCRETE u s e s  th e  
f r o n t a l  s o l u t i o n  t e c h n i q u e s .  T h e r e f o r e  two s e t s  o f  p r o c e d u r e s  we­
r e  c r e a t e d .
3 /  The deve lopm en t o f  a sm a l l  g r a p h i c s  l i b r a r y  f o r  p l o t t i n g  
u s in g  ICL CG 6400 g r a p h i c  t e r m i n a l s ,  HP p l o t t e r s ,  . DXF i n t e r f a c e s  
in  c o o p e r a t i o n  w i th  AUTOCAD s o f tw a r e  a s  w e l l  a s  IBM PC c o m p a t ib le  
v id e o  m o n i to r s  (HERCULES, CGA, EGA e t c . ) .  In  o r d e r  t o  s a v e  i n t e r ­
n a l  memory no s t a n d a r d  g r a p h ic  package  i s  u s e d ,  t h e  w hole g r a p ­
h i c s  b e in g  s u p p o r te d  o n ly  by a s t a n d a r d  FORTRAN e n v iro n m e n t .
The d e v e lo p e d  l i b r a r y  i s  u se d  f o r  g r a p h i c  o u t p u t  o f  geom etry  
and d e f o r m a t io n s  from  n o n l i n e a r  a n a l y s i s  p e r fo rm e d  by th e  NONSAP 
( th e  program  NONGRAPH) a s  w e l l  a s  by th e  CONCRETE ( th e  program  
C0NCRPL0T).
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B oth  NONGRAPH and CONCRPLOT work i n  i n t e r a c t i v e  mode and 
s u p p o r t  some b a s i c  f u n c t i o n s  such  a s  zooming, p l o t t i n g  o f  s e l e c ­
t e d  p a r t s  o f  s t r u c t u r e  (b o x in g ,  by g ro u p  o f  e le m e n ts )  e t c .  In  a d ­
d i t i o n  t h e  . DXF i n t e r f a c e  e n a b le s  t h e  u s e  o f  a l l  f a c i l i t i e s  p r o ­
v id e d  by AUTOCAD, f o r  exam ple ’h i d e ’ f u n c t i o n ,  and m o d ify in g  
c r e a t e d  p i c t u r e s .
4 /  Programming a m a t e r i a l  p r e p r o c e s s o r  f o r  t h e  f o l l o w i n g  
c r e e p  and  s h r in k a g e  m odels  ( th e  program  MATERIAL):
-CEB FIB 1978 model [3 1 ] ,
-ACI 78 model [3 2 ] ,
- B a z a n t - P a n u la  model I [4 8 ] ,
- B a z a n t - P a n u la  model I I  [3 2 ] ,  
and th e  c r e a t i o n  o f  t h e  s o f tw a r e  f o r  t h e i r  a p p ro x im a t io n  by D i r i -  
c h l e t  s e r i e s .  In  o r d e r  to  a v o id  n u m e r ic a l  s t a b i l i t y  p ro b le m s  th e  
program  a u t o m a t i c a l l y  d e s e l e c t s  e x c e s s i v e  sh ap e  modes from  a  t o ­
t a l  c l a s s  o f  a p p ro x im a t io n  f u n c t i o n s .
The d a t a  from  t h i s  a r e  c o m p a t ib le  w i th  b o th  NONSAP and CONC­
RETE p rog ram s ( i n  b i n a r y  form ) and a r e  p l o t t e d  on t h e  g r a p h i c  mo­
n i t o r .  Hence th e  u s e r  h a s  a  v e ry  c o n v e n ie n t  c o n t r o l  o v e r  t h i s  
s t e p  o f  t h e  p rob lem  s o l u t i o n .  A lso  t h e  i n p u t  d a t a  f o r  m a t e r i a l  
d e f i n i t i o n  i s  r e q u i r e d  in  a v e ry  u s e r  f r i e n d l y  form .
To e n a b le  a q u ic k  o r i e n t a t i o n  i n  r e s u l t s  p e r t a i n i n g  to  p a r ­
t i c u l a r  c r e e p  and s h r in k a g e  model i n  c o n j u n c t i o n  w i th  t h e  u s e r  
s u p p l i e d  d a t a  ( m a t e r i a l  c o n s t a n t s  and lo a d in g  c o n d i t i o n )  a  s im p le  
a n a l y s i s  o f  a c o n c r e t e  b a r  i s  a v a i l a b l e  d i r e c t l y  w i t h i n  t h e  p r o g ­
ram MATERIAL. T h is  v e ry  f a s t  s t e p  can  a v o id  a t im e  e x p e n s iv e  s o ­
l u t i o n  o f  an  a n a ly z e d  s t r u c t u r e  w i th  im p ro p e r  c o n c r e t e  model. 
A lso  a d i r e c t  g r a p h i c  i n t e r p r e t a t i o n  o f  r e s u l t s  i s  a v a i l a b l e .
5 /  The im p le m e n ta t io n  o f  t h e  S t e p - b y - s t e p  method i n t o  CON­
CRETE and NONSAP program s to  i n c l u d e  c r e e p  and s h r in k a g e  a n a ly ­
s i s .
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D e s p i t e  th e  f a c t  t h a t  a l l  c r e a t e d  s o f tw a r e  i s  d e v e lo p e d  f o r  
PC c o m p u te rs ,  th e  p rogram s and s u b r o u t i n e s  a r e  w r i t t e n  i n  s t a n -  
d a r d  F o r t r a n  77 and th u s  s im p ly  t r a n s f e r a b l e  t o  any  o t h e r  m ach i­
ne .  Sm all  d i f f i c u l t i e s  m igh t emerge i n  t h e  c a s e  o f  g r a p h i c  f u n c ­
t i o n s .  Hence t h e s e  a r e  cu m u la te d  i n  a  s e p a r a t e d  l i b r a r y ,  a r e  d e s ­
c r i b e d  i n  d e t a i l  and th u s  i t  s h o u ld  be no p ro b lem  t o  m od ify  them 
f o r  any  o t h e r  p a r t i c u l a r  c o n f i g u r a t i o n .
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1. 3 T h e s i s  l a y o u t .
The o b j e c t i v e  o f  t h i s  s e c t i o n  i s  to  g iv e  i n f o r m a t io n  a b o u t  
t h e  t h e s i s  l a y o u t .
C h a p te r  Two d e a l s  w i t h  t h e  d e r i v a t i o n  o f  t h e  g e n e r a l  c o n t i ­
nuum g o v e rn in g  e q u a t i o n s  f o r  T o ta l  and U pdated  L a g ra n g ia n  fo rm u­
l a t i o n .  A l l  e x p r e s s io n s  a r e  b a s e d  on th e  i n c r e m e n ta l  form  o f  th e  
p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n t s .
C h a p te r  T hree  b r i n g s  t o g e t h e r  t h e  many p o s s i b i l i t i e s  o f  ma­
t e r i a l  m odeling  o f  c o n c r e t e .  S p e c i a l  a t t e n t i o n  i s  f o c u s e d  on l i ­
n e a r i z e d  m odels  w hich  a c c o u n t  f o r  c r a c k in g ,  c r u s h i n g  and mixed 
mode f a i l u r e ,  to  n o n l i n e a r  i n i t i a l l y  i s o t r o p i c  m odels  (h y p e r ­
e l a s t i c ,  i n c r e m e n ta l  h y p o e l a s t i c  e t c ) ,  to  o r t h o t r o p i c  and to  
e l a s t o - p l a s t i c  m odels . The e s s e n t i a l  p a r t  o f  t h i s  c h a p t e r  d e a l s
w i th  f o r m u l a t i o n  o f  f a i l u r e  c r i t e r i a .  A v a r i e t y  o f  f a i l u r e  m odels
i s  p r e s e n t e d  from  th e  s i m p l e s t  w i th  o n ly  one p a r a m e te r  t o  v e ry  
advanced  f o r m u la t io n s  w i th  many m a t e r i a l  c o n s t a n t s .  T h is  c h a p t e r  
a l s o  i n c l u d e s  d e t a i l e d  d e s c r i p t i o n  o f  c o n s t i t u t i v e  e q u a t i o n s  u sed  
i n  t h e  d e v e lo p e d  s o f t w a r e ,  i n c l u d i n g  t h e i r  e n h ancem en ts .
The s t e e l  c o n s t i t u t i v e  e q u a t i o n s  a r e  n o t  d i s c u s s e d  d i r e c t l y  
b u t  i t  can  be u sed  by p a r t  l i n e a r  Hooke’ s r u l e  o r  e l a s t o - p l a s t i c
model w i th  Von M ises  y i e l d  c o n d i t i o n .
C h a p te r  Four i s  c o n c e rn e d  w i th  t h e  im p le m e n ta t io n  o f  t h e o r i e s  
d e r i v e d  in  C h a p te r  Two ( th e  g o v e rn in g  e q u a t i o n s )  and C h a p te r  
T hree  ( m a t e r i a l  m odels)  f o r  2D p ro b le m s.  P la n e  s t r e s s / s t r a i n  and 
a x is y m m e tr ic  a n a ly s e s  a r e  d i s c u s s e d .  T h is  i s  in  f a c t  t h e  t h e o r e ­
t i c a l  d e s c r i p t i o n  o f  th e  f i n i t e  e le m en t  u se d  i n  t h e  p rogram  NON­
SAP.
C h a p te r  F iv e  d e a l s  w i th  s h e l l  a n a l y s i s .  A l l  r e s u l t i n g  e q u a ­
t i o n s  a r e  p r e s e n t e d  i n  d e t a i l e d  form  p r e p a r e d  f o r  d i r e c t  a l g o -  
r i t h m i s a t i o n .  Some p rob lem s such  a s  l o c k in g  e t c .  a r e  o v e rv ie w e d .  
The d i s c u s s e d  t h e o r i e s  a r e  u sed  i n  th e  p rogram  CONCRETE.
C h a p te r  S ix  i s  c o n c e rn e d  w i th  th e  s o l u t i o n  o f  t h e  g o v e rn in g  
n o n l i n e a r  e q u a t i o n s .  Some c u r r e n t  " s t a n d a r d "  s o l u t i o n  t e c h n i q u e s  
a r e  p r e s e n t e d  a f t e r  w hich  th e  A r c - l e n g th  and L ine  s e a r c h  m ethods
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a r e  employed to  co m p ile  new e f f i c i e n t  s o l u t i o n  schem es. T h is  com­
p r i s e s  a p o s s i b l e  v a r i a b l e  s t e p  l e n g t h  c o n s t r a i n t s  a s  w e l l  a s  th e  
o p t i m i z a t i o n  o f  some o t h e r  p a r a m e t e r s .  The t h e o r e t i c a l  r e s u l t s  o f  
t h i s  c h a p t e r  a r e  u se d  to  im prove th e  o r i g i n a l  band  v a r i a b l e  sk y ­
l i n e  s o l v e r  i n  NONSAP and th e  f r o n t a l  s o l v e r  i n  t h e  p rogram  CONC­
RETE. The p r im a ry  aim i s  to  c o n s t r u c t  a l l  s u b r o u t i n e s  i n  t h e  most 
in d e p e n d e n t  way and h ence  to  make them s im p le  to  u s e  i n  any  o t h e r  
n o n l i n e a r  f i n i t e  e le m e n t  pa c k ag e .
C h a p te r  Seven  b r i n g s  t o g e t h e r  a l l  p r a c t i c a l  r e s u l t s  o f  
s h o r t - t e r m  a n a l y s e s  u s in g  th e  d e v e lo p e d  s o f t w a r e .  At t h e  v e r y  b e ­
g i n n in g  a l i s t  o f  a l l  p e r fo rm e d  a n a l y s e s  i s  g iv e n ,  e a c h  w i th  a 
b r i e f  e x p l a n a t i o n  a b o u t  w hich  p a r t i c u l a r  p ro b le m s  a r e  d e a l t  w i th .  
In  a d d i t i o n  th e  h e a d e r  o f  e v e ry  a n a l y s i s  c o n t a i n s  d e t a i l e d  d e ­
s c r i p t i o n  o f  t h e  s t u d i e d  phenomena.
The o b j e c t i v e  o f  C h a p te r  E ig h t  i s  c r e e p  and s h r i n k a g e  a n a l y ­
s i s .  At f i r s t  some r e c o g n iz e d  m a t e r i a l  m odels  a r e  d i s c u s s e d ,  t h e ­
r e a f t e r  th e  most w id e ly  u se d  m ethods f o r  t im e  d e p e n d e n t  a n a l y s i s  
a r e  rev ie w e d .  F i n a l l y  a t t e n t i o n  i s  f o c u s e d  on t h e  s t e p  by s t e p  
p r o c e d u r e  u s in g  a p p ro x im a t io n s  by D i r i c h l e t  s e r i e s  [3 8 ] .  T h is  
method i s  u se d  i n  b o th  CONCRETE and NONSAP p ro g ram s.
C h a p te r  Nine p r e s e n t s  r e s u l t s  o f  s e v e r a l  l o n g - t e r m  a n a l y s e s .  
The method o f  p r e s e n t a t i o n  i s  s i m i l a r  to  t h a t  i n  C h a p te r  Seven. 
T h is  c h a p te r  and C h a p te r  Seven t e s t s  i n  p r a c t i c e  a l l  t h e o r e t i c a l  
d e v e lo p m en ts  d e r i v e d  i n  th e  t h e s i s .
C h a p te r  Ten c o n t a i n s  u s e r ’ s and p rogram m er’ s c o n s i d e r a t i o n s  
o f  th e  d e v e lo p e d  s o f tw a r e .  The f i r s t  s e c t i o n  d e s c r i b e s  g e n e r a l  
a s p e c t s  o f  th e  e n v iro n m e n t .  S e v e r a l  v e r s i o n s  o f  th e  s o f t w a r e  have 
been  d e v e lo p e d .  T h e i r  e f f i c i e n c y  and h a rd w a re  r e q u i r e m e n ts  a r e  
d i s c u s s e d  i n  t h e  second  s e c t i o n  o f  t h i s  c h a p t e r .  The t h i r d  chap ­
t e r  b r i n g s  a b r i e f  p i c t u r e  o f  u s e r - s o f t w a r e  com m unica tion . An 
exam ple o f  in p u t  d a t a  f o r  m a t e r i a l  p r e p r o c e s s i n g  p rogram  MATERIAL 
i s  g iv e n .  F i n a l l y ,  th e  f o u r t h  and l a s t  s e c t i o n  d e a l s  w i t h  t e c h n i ­
c a l  and p rogram m er’ s c o n s i d e r a t i o n s .  A s h o r t  d e s c r i p t i o n  o f  a l l  
s u b r o u t i n e s  u se d  i n  th e  s o f tw a r e  i s  g iv e n  a s  w e l l  a s  f o r  example 
p r o g ra m s ’ o v e r l a y  s t r u c t u r e s  e t c .  T h is  s e c t i o n  i s  v a l u a b l e  o n ly
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f o r  t h o s e  a im in g  to  enhance  th e  p rogram  e n v iro n m e n t .
The work i s  c o n c lu d e d  and sum m arized i n  C h a p te r  e l e v e n .
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2.  G e n e ra l continuum  g o vern in g  e q u a tio n s .
In  t h i s  c h a p t e r  t h e  g e n e r a l  g o v e rn in g  con tinuum  e q u a t i o n s  
f o r  n o n l i n e a r  a n a l y s i s  w i l l  be p r e s e n t e d .  I t  s h o u ld  be n o te d  t h a t  
t h e r e  a r e  many v a r i a n t s  o f  n o n l i n e a r  a n a l y s i s  d e p e n d in g  on how 
many n o n l i n e a r  e f f e c t s  a r e  a c c o u n te d  f o r .
Fo r  a l i n e a r  a n a l y s i s  we must s a t i s f y  t h e  f o l l o w i n g  
s i m p l i f i c a t i o n s :
1 /  The c o n s t i t u t i v e  e q u a t i o n s  must be l i n e a r ,  i n  o t h e r  w ords we 
u s e  t h e  g e n e r a l i z e d  form  o f  Hooke’ s law, l e a d i n g  to  a 
m a t e r i a l l y  l i n e a r  s o l u t i o n .
2 /  The g e o m e t r i c  e q u a t i o n s  r e l a t i n g  s t r a i n s  and d i s p l a c e m e n ts  
must be l i n e a r ,  t h a t  i s  q u a d r a t i c  te rm s  a r e  n e g l e c t e d .
3 /  B oth  l o a d in g  and b ounda ry  c o n d i t i o n s  must be c o n s e r v a t i v e .  
T h is  means t h a t  th e y  a r e  c o n s t a n t  th ro u g h o u t  t h e  w hole  a n a l y ­
s i s  i r r e s p e c t i v e  o f  s t r u c t u r e  d e f o r m a t io n ,  t im e  e t c .
P r o v id e d  a l l  t h r e e  r e s t r i c t i o n s  a r e  s a t i s f i e d  t h e  r e l a t i o n ­
s h i p s  be tw een  lo a d in g  and d e f l e c t i o n  a r e  l i n e a r .  A l i n e a r  s o l u ­
t i o n  i s  much s im p le r  th a n  a n o n l i n e a r  one and t h e r e f o r e  i t  i s  im­
p o r t a n t  t o  know when such  a s i m p l i f i c a t i o n  i s  a c c e p t a b l e  and 
t h e i r  a d o p t io n  do es  n o t  c a u se  to o  h ig h  an  e r r o r .
G e n e r a l ly  l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  can  be em ployed f o r  
a m a t e r i a l  w hich  i s  f a r  from i t s  f a i l u r e  p o i n t ,  u s u a l l y  up to  
a b o u t  50% o f  maximum s t r e n g t h .  Of c o u rs e  t h i s  d e pends  on th e  ty p e  
o f  m a t e r i a l ,  e . g .  r u b b e r  needs  to  be c o n s id e r e d  a s  a  n o n l i n e a r  
m a t e r i a l  much e a r l i e r .  But f o r  u s u a l  c i v i l  e n g i n e e r i n g  m a t e r i a l s  
t h i s  i s  s a t i s f a c t o r y .
G eo m etr ic  e q u a t i o n s  can  be l i n e a r i z e d  i f  t h e  d e f l e c t i o n s  o f  
a s t r u c t u r e  a r e  much s m a l le r  th a n  i t s  d im e n s io n s .  T h is  must be 
s a t i s f i e d  n o t  o n ly  f o r  th e  whole s t r u c t u r e  b u t  a l s o  f o r  i t s  
p a r t s .  The g e o m e t r i c  e q u a t i o n s  f o r  t h e  lo a d e d  s t r u c t u r e  can  th e n  
be w r i t t e n  u s in g  th e  o r i g i n a l  (u n lo a d e d )  geom etry .
A lso  im p o r ta n t  i s  t h a t  a l i n e a r  s o l u t i o n  i s  p e r m i s s i b l e  o n ly  
in  th e  c a s e  o f  sm a l l  s t r a i n s .  T h is  i s  c l o s e l y  r e l a t e d  t o  m a t e r i a l  
p r o p e r t i e s  b e c a u se  i f  s t r a i n s  a r e  h ig h ,  t h e  s t r e s s e s  a r e  u s u a l l y ,
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a l th o u g h  n o t  n e c e s s a r i l y ,  h ig h  a l s o .
D e s p i t e  th e  f a c t  t h a t  f o r  t h e  v a s t  m a j o r i t y  o f  s t r u c t u r e s  
l i n e a r  s i m p l i f i c a t i o n s  a r e  q u i t e  a c c e p t a b l e ,  t h e r e  a r e  s t r u c t u r e s  
when i t  i s  n e c e s s a r y  to  t a k e  i n  a c c o u n t  some n o n l i n e a r i t y .  The 
r e s u l t i n g  g o v e rn in g  e q u a t i o n s  a r e  th e n  much more c o m p l ic a te d  and 
n o r m a l ly  do n o t  have  a c lo s e d  form  s o l u t i o n .  C o n s e q u e n t ly  some 
n o n l i n e a r  i t e r a t i v e  s o l u t i o n  scheme must be u s e d .  In  a d d i t i o n  
c o m p u ta t io n  c o s t s  i n c r e a s e  e no rm ous ly  and w i th o u t  com puter  
s u p p o r t  p r a c t i c a l  n o n l i n e a r  a n a l y s i s  i s  im p o s s ib l e .  Hence th e  
f i r s t  aim o f  e v e ry  e n g in e e r  i s  t o  a p p ly  l i n e a r  r e l a t i o n s h i p s  i f  
a t  a l l  p o s s i b l e .
N o n l in e a r  a n a l y s i s  can  be c l a s s i f i e d  i n t o  v a r i o u s  l e v e l s :
a /  N o n l in e a r  m a t e r i a l  b e h a v io r  o n ly  n e e d s  to  be a c c o u n te d  f o r .  
T h is  i s  t h e  most common c a s e  f o r  o r d i n a r y  r e i n f o r c e d  c o n c r e t e  
s t r u c t u r e s .  B ecause  o f  s e r v i c e a b i l i t y  l i m i t a t i o n s ,  d e fo rm a ­
t i o n s  a r e  r e l a t i v e l y  s m a l l .  However t h e  v e r y  low t e n s i l e  
s t r e n g t h  o f  c o n c r e t e  n e e d s  to  be a c c o u n te d  f o r .
b /  D e fo rm a t io n s  ( e i t h e r  d i s p l a c e m e n ts  o n ly  o r  b o th  d i s p l a c e m e n ts  
and r o t a t i o n s )  a r e  l a r g e  enough t h a t  t h e  e q u i l i b r i u m  e q u a t i o n s  
must u s e  th e  deform ed  shape  o f  t h e  s t r u c t u r e .  However t h e  r e ­
l a t i v e  d e f o r m a t io n s  ( s t r a i n s )  a r e  s t i l l  s m a l l .  The co m p le te  
form o f  t h e  g e o m e t r ic  e q u a t i o n s ,  i n c l u d i n g  q u a d r a t i c  te rm s ,  
have to  be employed b u t  c o n s t i t u t i v e  e q u a t i o n s  a r e  l i n e a r .  
T h is  g roup  o f  n o n l i n e a r  a n a l y s i s  i n c l u d e s  most s t a b i l i t y  p r o ­
blem s .
c /  The l a s t  g roup  u s e s  b o th  m a t e r i a l  and g e o m e t r i c  n o n l i n e a r  
e q u a t i o n s .  In  a d d i t i o n  i t  i s  u s u a l l y  n o t  p o s s i b l e  t o  s u d d e n ly  
a p p ly  t h e  t o t a l  v a lu e  o f  lo a d  b u t  i t  i s  n e c e s s a r y  t o  i n t e g r a t e  
i n  t im e  a n d /o r  lo a d in g  in c r e m e n ts .  T h is  i s  t h e  m ost a c c u r a t e  and 
g e n e r a l  a p p ro a c h  b u t  u n f o r t u n a t e l y  i s  a l s o  th e  most c o m p l ic a te d .
B e fo re  c a r r y i n g  o u t  a complex n o n l i n e a r  a n a l y s i s  i t  i s
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a lw ay s  good p r a c t i c e  to  p e rfo rm  an  in d e p e n d e n t  l i n e a r  s o l u t i o n  in  
o r d e r  to  o b t a i n  some " f e e l "  f o r  t h e  r e s p o n s e  o f  a  s t r u c t u r e ,  and 
to  be a b l e  to  e v a l u a t e  th e  i n f l u e n c e  o f  l i n e a r  s i m p l i f i c a t i o n s  on 
t h e  r e s p o n s e  o f  t h e  s t r u c t u r e .  I t  som etim es h ap p en s  t h a t  a  n o n l i ­
n e a r  s o l u t i o n  w i l l  m iss  th e  lo w e s t  e n e rg y  s o l u t i o n .  F o r  example 
t h i s  i s  t h e  c a s e  f o r  t h e  p e r t u r b a t i o n  method w here  t h e r e  i s  no 
p r o o f  t h a t  " lo w e s t"  d e f o r m a t io n  mode h a s  r e a l l y  b e e n  fo u n d .  In  
t h e s e  s i t u a t i o n s  i t  i s  u s u a l l y  w o r th w h i le  t o  u n d e r s t a n d  th e  l i ­
n e a r  b e h a v io r  o f  a  s t r u c t u r e .
T here  a r e  two b a s i c  p o s s i b i l i t i e s  f o r  f o r m u l a t i n g  t h e  g e n e ­
r a l  s t r u c t u r a l  b e h a v io r  b a s e d  on i t s  defo rm ed  sh a p e :
L agrange  f o r m u la t io n .
In  t h i s  c a s e  we a r e  i n t e r e s t e d  i n  t h e  b e h a v io r  o f  i n f i n i t e ­
s im a l  p a r t i c l e s  o f  volume dV . T h e i r  volume w i l l  v a r y  d e p e n d e n t  on 
th e  lo a d in g  l e v e l  a p p l i e d  and , c o n s e q u e n t ly ,  on a  s c a l e  o f  c u r ­
r e n t  d e f o r m a t io n s .  T h is  method i s  u s u a l l y  u s e d  t o  compute s t r u c ­
t u r a l  b e h a v io r  i n  c i v i l  e n g in e e r i n g .
E u le r  f o r m u la t io n .
The e s s e n t i a l  i d e a  o f  E u l e r ’ s  f o r m u l a t i o n  i s  t o  s tu d y  th e  
"flow " o f  t h e  s t r u c t u r a l  m a t e r i a l  th ro u g h  i n f i n i t e s i m a l  and f i x e d  
volum es o f  t h e  s t r u c t u r e .  T h is  i s  t h e  f a v o u r i t e  f o r m u l a t i o n  f o r  
f l u i d  a n a l y s i s ,  a n a l y s i s  o f  g a s  f lo w , t r i b u l a t i o n  e t c .  where 
l a r g e  m a t e r i a l  f lo w s  e x i s t .
Fo r  s t r u c t u r a l  a n a l y s i s ,  how ever, L a g ra n g ia n  f o r m u l a t i o n  i s  
b e t t e r  and t h e r e f o r e  a t t e n t i o n  w i l l  be r e s t r i c t e d  t o  t h i s .  Two 
fo rm s o f  th e  L a g ra n g ia n  f o r m u la t io n  a r e  p o s s i b l e .  The g o v e rn in g  
e q u a t i o n s  can  e i t h e r  be w r i t t e n  w i th  r e s p e c t  t o  t h e  undeform ed 
o r i g i n a l  c o n f i g u r a t i o n  a t  t im e  i = 0 o r  w i th  r e s p e c t  t o  t h e  most 
r e c e n t  deform ed  c o n f i g u r a t i o n  a t  t im e  t .  The fo rm e r  c a s e  i s  
c a l l e d  T o ta l  L a g ra n g ia n  f o r m u la t io n  (TL) w h i l s t  t h e  l a t t e r  i s
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c a l l e d  t h e  U pdated  L a g ra n g ia n  f o r m u l a t i o n  (UL).
I t  i s  d i f f i c u l t  to  s a y  w hich  f o r m u l a t i o n  i s  b e t t e r  b e c a u se  
b o th  have  t h e i r  a d v a n ta g e s  and d raw backs .  U s u a l ly  i t  d ep en d s  on a 
p a r t i c u l a r  s t r u c t u r e  b e in g  a n a ly z e d  and w hich  one t o  u s e  i s  a 
m a t t e r  o f  e n g i n e e r i n g  judgm en t.  G e n e r a l ly ,  p r o v id e d  th e  
c o n s t i t u t i v e  e q u a t i o n s  a r e  a d e q u a te ,  th e  r e s u l t s  f o r  b o th  m ethods 
a r e  i d e n t i c a l .  The p rob lem  o f  w hich  one to  u s e  w i l l  be  d i s c u s s e d  
l a t e r  when th e  n e c e s s a r y  t h e o r e t i c a l  b ack g ro u n d  h a s  been  
d e v e lo p e d .
2 .1  G e n e ra l  p rob lem  f o r m u la t io n .
In  most c a s e s  a  s t r u c t u r e  must be lo a d e d  by many l o a d in g  i n ­
c re m e n ts  and a t  e a c h  in c re m e n t  an  i t e r a t i v e  scheme n e e d s  t o  be 
employed to  o b t a i n  a  s o l u t i o n .  T h is  i s  t h e  b a s i c  i d e a  o f  s o -  
c a l l e d  i n c r e m e n ta l  i t e r a t i v e  p r o c e d u r e s .
The t o t a l  l o a d in g  i s  d i v id e d  i n t o  many in c r e m e n ts  w hich  a r e  
s u b s e q u e n t ly  a p p l i e d  t o  t h e  s t r u c t u r e  a t  d i f f e r e n t  t im e s .  The 
main t a s k  o f  an  a n a l y s i s  i s  to  compute t h e  r e s p o n s e  o f  t h e  s t r u c ­
t u r e  a f t e r  a p p ly in g  a lo a d  in c re m e n t .  In  o r d e r  to  do t h i s  we need  
to  know th e  s t a t e  o f  t h e  s t r u c t u r e  a t  t im e  t  b e f o r e  a p p ly in g  th e  
l o a d in g  in c re m e n t  and we a n a ly z e  th e  s t r u c t u r a l  b e h a v io r  a t  t im e  t  
+ At  a f t e r  i t s  a p p l i c a t i o n .  T h is  p ro c e d u r e  i s  r e p e a t e d  a s  many 
t im e s  a s  n e c e s s a r y  t o  r e a c h  th e  f i n a l  ( t o t a l )  l e v e l  o f  l o a d in g .
T h is  i s  d e p i c t e d  i n  F ig u r e  2 .1 .  At t im e  t  = 0 t h e  volume o f  
s t r u c t u r e  i s  °V, t h e  s u r f a c e  a r e a  i s  °S and any  a r b i t r a r y  p o i n t  M 
h a s  c o o r d i n a t e s  °X , ° X a n d  °X3. S i m i l a r l y  a t  t im e  t  t h e  same 
s t r u c t u r e  h a s  a  volume V, s u r f a c e  a r e a  fcS and c o o r d i n a t e s  o f  
p o i n t  M t Xi> t X and fcX . S i m i l a r  d e f i n i t i o n s  a p p ly  f o r  t im e  t +dt  
a l s o  by r e p l a c i n g  t  by ( t  + A t) .
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C onfigurat ion  0
°X ' %X  ; t+dtX3 Configuration 1
°X ;*X ; li-aiX
C o n f i g u r a t i o n  t +dt
1 1
°X - ' X  ; t+dtX  
2  2  2
F ig .  2 .1  The movement o f  body o f  s t r u c t u r e  i n  C a r t e s i a n  c o o r d i n a ­
t e  sy s tem .
F o r  t h e  d e r i v a t i o n s  o f  n o n l i n e a r  e q u a t i o n s  i t  i s  im p o r ta n t  
t o  u s e  c l e a r  and s im p le  n o t a t i o n .  In  t h i s  t h e s i s  t h e  sy s tem  o f  
n o t a t i o n  u s e d  i n  [1] w i l l  be a d o p te d  t h r o u g h o u t ,  a l t h o u g h  some­
t im e s  i t  may n o t  be t h e  most c o n v e n ie n t .
-  D is p la c e m e n ts  a a r e  d e f i n e d  i n  a s i m i l a r  manner to  t h a t  
a d o p te d  f o r  c o o r d i n a t e s ,  hence  t u^  i s  t h e  i - t h  e le m e n t  o f  th e  
d i s p l a c e m e n t  v e c t o r  a t  t im e  t ,
-  u .=t+dtX - fcX i s  i - t h  e le m en t  o f  v e c t o r  o f  d i s p la c e m e n ti l l
in c r e m e n ts  a t  t im e  t ,  ( f o r  t h e  sa k e  o f  s i m p l i c i t y  in d ex  t  i s  
a l r e a d y  o m i t te d :  we a r e  a lw ays  i n t e r e s t e d  i n  t h e  " c u r r e n t "  t im e  
i n c r e m e n t ),
-  G e n e r a l ly  t h e  l e f t  s u p e r s c r i p t  d e n o te s  t h e  t im e  c o r r e s ­
p o n d ing  to  t h e  v a lu e  o f  th e  e n t i t y ,  t h e  l e f t  s u b s c r i p t  d e n o te s  
th e  c o n f i g u r a t i o n  w i th  r e s p e c t  t o  w hich th e  v a lu e  i s  m easured  and 
s u b s c r i p t s  on th e  r i g h t  i d e n t i f y  t h e  r e l a t i o n s h i p s  to  t h e  c o o r d i ­
n a t e  a x i s .  Thus f o r  example t+dt x .  . d e n o te s  e le m en t  i , j  o f
o i j
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s t r e s s  t e n s o r  r  a t  t im e  t +d t  w i th  r e s p e c t  t o  th e  o r i g i n a l  (unde­
fo rm ed) c o n f i g u r a t i o n .
-  Fo r  d e r i v a t i v e s  th e  a b b r e v i a t e d  n o t a t i o n  w i l l  be u s e d ,  
i . e .  a l l  r i g h t  s u b s c r i p t s  t h a t  a p p e a r  a f t e r  a  comma d e c l a r e  d e r i ­
v a t i v e s .  F o r  exam ple:
t+dt d t+dt
U = uo i , j  dX i
j
The g e n e r a l  g o v e rn in g  e q u a t i o n s  can  be d e r i v e d  i n  t h e  form  
o f  a  s e t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  ( f o r  exam ple  by u s in g  
th e  d i s p l a c e m e n t  method) o r  an  e n e rg y  a p p ro a c h  c an  be u s e d .  The 
f i n a l  r e s u l t s  a r e  th e  same.
One o f  t h e  most g e n e r a l  m ethods o f  e s t a b l i s h i n g  th e  g o v e r ­
n in g  e q u a t i o n s  i s  to  a p p ly  th e  p r i n c i p l e  o f  v i r t u a l  work. There  
a r e  t h r e e  b a s i c  v a r i a n t s  o f  t h i s :
1 /  The p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n t s ,
2 /  The p r i n c i p l e  o f  v i r t u a l  f o r c e s ,
3 /  The C la p e y ro n  d i v e r g e n t  theo rem .
U sing  th e  v i r t u a l  work th eo rem s i t  i s  p o s s i b l e  t o  d e r i v e  s e ­
v e r a l  d i f f e r e n t  v a r i a t i o n a l  p r i n c i p l e s  (L agrange  p r i n c i p l e ,  C la ­
p e y ro n  p r i n c i p l e ,  H e l l i n g e r - R e i s s n e r  p r i n c i p l e ,  Hu-Woshizu p r i n ­
c i p l e  e t c . ) .  These a r e  p o p u la r  e s p e c i a l l y  i n  l i n e a r  a n a l y s i s .  
They can  be u se d  to  e s t a b l i s h  e q u i l i b r i u m  e q u a t i o n s ,  to  s tu d y  
p o s s i b l e  d e f o r m a t io n  modes i n  f i n i t e  e le m e n t  d i s c r e t i z a t i o n  e t c .  
U n f o r t u n a t e l y  i n  n o n l i n e a r  a n a l y s i s  th e y  do n o t  a lw ays  work.
A l l  t h e  f o l l o w in g  d e r i v a t i o n s  w i l l  be p r e s e n t e d  i n  t h e i r  
d i s p l a c e m e n t  form and c o n s e q u e n t ly  t h e  p r i n c i p l e  o f  v i r t u a l  d i s ­
p la c e m e n ts  w i l l  be u se d  th ro u g h o u t  t h i s  t h e s i s .  D e t a i l s  o f  o t h e r  
f o r m u l a t i o n s  o f  th e  con tinuum  e q u a t i o n s  can  be fo u n d  i n  [3 ] .
The f o l l o w i n g  s e c t i o n  d e a l s  w i t h  t h e  d e f i n i t i o n  o f  t h e  
s t r e s s  and s t r a i n  t e n s o r s  which a r e  u s u a l l y  u se d  i n  n o n l i n e a r  
a n a l y s i s .  A l l  a r e  sym m etr ic .
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2 .2  S t r e s s  t e n s o r s .
Nowadays many d i f f e r e n t  ty p e s  o f  s t r e s s  t e n s o r  a r e  u se d  in  
n o n l i n e a r  m ech an ic s .  However o n ly  t h r e e  o f  them a r e  t o t a l l y  s a ­
t i s f a c t o r y  and t h e s e  w i l l  now be d e f i n e d :
Cauchy s t r e s s  t e n s o r .
T h is  t e n s o r  i s  w e l l  known from  l i n e a r  m ec h a n ic s .  I t  e x p r e s ­
s e s  t h e  f o r c e s  t h a t  a c t  on i n f i n i t e s i m a l  s m a l l  a r e a s  o f  t h e  d e ­
form ed body a t  t im e  t .  Som etimes t h e s e  a r e  a l s o  c a l l e d  " e n g i ­
n e e r in g "  s t r e s s .  The Cauchy s t r e s s  t e n s o r  i s  t h e  m ain  e n t i t y  f o r  
c h e c k in g  u l t i m a t e  s t r e s s  v a lu e s  i n  m a t e r i a l s .  In  t h e  f o l l o w i n g  
t e x t  i t  w i l l  be d e n o te d  by t .
2nd P i o l a - K i r c h h o f f  s t r e s s  t e n s o r .
The 2nd P i o l a - K i r c h h o f f  t e n s o r  i s  a  f i c t i t i o u s  e n t i t y ,  
h a v in g  no p h y s i c a l  r e p r e s e n t a t i o n  a s  i n  t h e  c a s e  o f  t h e  Cauchy 
t e n s o r .  I t  e x p r e s s s t h e  f o r c e s  w hich  a c t  on i n f i n i t e s i m a l  a r e a s  o f  
body i n  t h e  undeform ed c o n f i g u r a t i o n .  Hence i t  r e l a t e s  f o r c e s  to  
t h e  shape  o f  th e  s t r u c t u r e  w hich no lo n g e r  e x i s t s .
The m a th e m a t ic a l  d e f i n i t i o n  i s  g iv e n  by:
where t — i s  t h e  r a t i o  o f  d e n s i t y  o f  t h e  m a t e r i a l  a t  t im e  0
o
/ 2 . 1/
o
and t ,
t
t  i s  t h e  Cauchy s t r e s s  t e n s o r  a t  t im e  t
mn
°X i s  t h e  d e r i v a t i v e  o f  c o o r d i n a t e st  1 ,ra
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U sing  i n v e r s e  t r a n s f o r m a t i o n ,  we can  e x p r e s s  t h e  Cauchy 
s t r e s s  t e n s o r  i n  te rm s  o f  t h e  2nd P i o l a - K i r c h h o f f  s t r e s s  t e n s o r ,  
i . e . :
tT = S -  * t x * t s * t x
mn p 0 m, i 0 ij  O n , j
7 2 . 2 /
The e le m e n ts  X a r e  u s u a l l y  c o l l e c t e d  i n  t h e  s o - c a l l e d  o m, i
D e fo rm a t io n  g r a d i e n t  m a t r ix :
7 2 . 3 /
w here V = o- 3°X d°X 1 2 a°x
V  ■ [ % <  X I
The r a t i o  o^- can  be computed u s in g :
0 t  , , t „p = p * d e t  X o 7 2 . 4 /
E x p r e s s io n  / 2 . 4 /  i s  b a s e d  on th e  a s su m p t io n  t h a t  t h e  w e ig h t  
o f  an  i n f i n i t e s i m a l  p a r t i c l e  i s  c o n s t a n t  d u r in g  t h e  l o a d i n g  p r o ­
c e s s  .
Some im p o r ta n t  p r o p e r t i e s  can  be deduced  from  d e f i n i t i o n  
/ 2 . 1/ :
-  a t  t im e  0, i . e .  t h e  undeform ed c o n f i g u r a t i o n ,  t h e r e  i s  no
d i s t i n c t i o n  be tw een  2nd P i o l a - K i r c h h o f f  and Cauchy s t r e s s  t e n s o r s
t
b e c a u s e  qX = E, th e  u n i t y  m a t r ix ,  and th e  d e n s i t y  r a t i o  c£- = 1 . ,
-  2nd P i o l a - K i r c h h o f f  t e n s o r  i s  an  o b j e c t i v e  e n t i t y  i n  th e  
s e n s e  t h a t  i t  i s  in d e p e n d e n t  o f  any movement o f  t h e  body p r o v id e d  
th e  l o a d in g  c o n d i t i o n s  a r e  f r o z e n .  T h is  i s  a  v e ry  im p o r ta n t  p r o ­
p e r t y .  The Cauchy s t r e s s  t e n s o r  d oes  n o t  s a t i s f y  t h i s  b e c a u s e  i t  
i s  s e n s i t i v e  to  th e  r o t a t i o n  o f  th e  body.
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Jaumann s t r e s s  r a t e  t e n s o r .
C o n t r a r y  to  t h e  p r e v i o u s  t e n s o r s ,  t h e  Jaumann s t r e s s  r a t e  
t e n s o r  e x p r e s s e s  n o t  d i r e c t  s t r e s s  v a l u e s  b u t  t h e i r  r a t e s .  I t  i s  
a l s o  a f i c t i t i o u s  e n t i t y  and i s  u s u a l l y  u s e d  i n  t h e  m ost c o m p l ic a ­
t e d  n o n l i n e a r  a n a l y s i s  when lo a d  ( t im e )  i n c r e m e n ts  m ust be i n t e ­
g r a t e d  (and  n o t  a p p l i e d  s u d d e n ly ) .  I t  i s  a l s o  o b j e c t i v e  and i s  
d e f i n e d  by:
t°T =
d T
lj at ip pj jp pi 7 2 . 5 /
where
ij 2 -j "
a2 ta u-i
at at x  at at x  .
i j y
7 2 . 6 /
The v a lu e  o f  Jaumann s t r e s s  t e n s o r  d ep en d s  n o t  o n ly  on c u r ­
r e n t  l o a d i n g  c o n d i t i o n  b u t  a l s o  on th e  l o a d i n g  h i s t o r y  ( e . g .  i n  
t h e  c a s e  o f  h y p o e l a s t i c  m a t e r i a l s ) .
2 .3  S t r a i n  t e n s o r s .
S i m i l a r  to  s t r e s s  t e n s o r s ,  t h e r e  a r e  many s t r a i n  t e n s o r s  
s u i t a b l e  f o r  n o n l i n e a r  a n a l y s i s ,  b u t  we w i l l  r e s t r i c t  o u r  d e s ­
c r i p t i o n s  t o  t h e  f i v e  w hich  a r e  e n e rg y  c o n ju g a t e  w i t h  t h e  above 
s t r e s s  t e n s o r s :
G reen -L ag ran g e  s t r a i n
T h is  i s  t h e  e n e rg y  c o n ju g a t e  o f  t h e  2nd P i o l a - K i r c h h o f f  t e n ­
s o r  and i t s  p r o p e r t i e s  a r e  s i m i l a r  ( i . e .  o b j e c t i v e  e t c . ) .  I t  i s  
d e f i n e d  by:
t 1 ( t  t  t  t )e = — u + u + u * u / 2 . 7 a /0 1J 2 ( 0 i , j  o j , i o k, i o k, j  j
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I t  can  be p ro v ed  [1 ] ,  [3] t h a t  t h i s  t e n s o r  r e p r e s e n t s  a c c u ­
r a t e  v a l u e s  o f  s t r a i n s .  I t  can  be d e m o n s t r a te d  t h a t  i f  w e - c a l c u ­
l a t e  t h e  l e n g t h  o f  an  i n f i n i t e s i m a l  f i b r e  p r i o r  and a f t e r  d e f o r ­
m a t io n  i n  t h e  o r i g i n a l  c o o r d i n a t e s ,  we g e t  d i r e c t l y  t h e  te rm s  o f  
t h e  G re e n -L a g ran g e  t e n s o r .
Cauchy-G reen  t e n s o r
C auchy-G reen  t e n s o r  i s  an  a r b i t r a r y  t e n s o r  d e f i n e d  by:
fcc = / 2 . 8 /0 i j  0 k, i 0 k, j
and i s  o f t e n  u se d  t o  c a l c u l a t e  t h e  G re e n -L a g ran g e  t e n s o r  by:
t e = 4 -  f -  6 1 / 2 . 7 b /o i j  2 1 o i j  ij  J
w here 5 d e n o te s  t h e  K ro n e c k e r ’ s  d e l t a  t e n s o r ,  
ij
S t r a i n  r a t e  t e n s o r :
The S t r a i n  r a t e  t e n s o r  i s  t h e  e n e rg y  c o n ju g a t e  o f  t h e  J a u ­
mann s t r e s s  r a t e  t e n s o r  and i t s  p r o p e r t i e s  a r e  s i m i l a r .  I t s  d e f i ­
n i t i o n  i s  g iv e n  by:
 LL = J_
dt  2 d t * d t X d t * d t X .
j i 7
/ 2 . 9/
O rd in a r y  s t r a i n  t e n s o r :
T h is  i s  t h e  most commonly u se d  s t r a i n  t e n s o r ,  c o m p r is in g  
s t r a i n s  w hich  a r e  o f t e n  c a l l e d  E n g in e e r in g  s t r a i n s .  I t s  main im­
p o r t a n c e  i s  t h a t  i t  i s  u se d  i n  l i n e a r  m ech an ic s  a s  a  c o u n t e r p a r t  
to  t h e  Cauchy s t r e s s  t e n s o r .
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T h is  i s  a v e ry  im p o r ta n t  b u t  u n o b j e c t i v e  e n t i t y .  The f o l l o w ­
in g  v e r y  h e l p f u l  r e l a t i o n  c an  be p ro v ed :
m — 5 ( e )
t  mn / 2 . 11/
j
w here  5 i s  t h e  o p e r a t o r  f o r  v a r i a t i o n .
U sing  / 2 . 1 1 /  i t  i s  s im p ly  d e m o n s t r a te d  t h a t  t h e  2nd P i o ­
l a - K i r c h h o f f  t e n s o r  i s  t h e  e n e rg y  c o n ju g a t e  o f  t h e  G reen -L ag ran g e  
s t r a i n  t e n s o r .
A lm ansi s t r a i n  t e n s o r .
T h is  i s  t h e  e n e rg y  c o n ju g a t e  o f  t h e  Cauchy s t r e s s  t e n s o r  and 
i t s  p r o p e r t i e s  a r e  s i m i l a r  ( i . e .  n o n - o b j e c t i v e  e t c . ) .  I t  i s  d e f i ­
ned  by:
The Almansi s t r a i n  and Cauchy s t r e s s  t e n s o r s  a r e  som etim es 
p r e f e r r e d  to  th e  G reen -L ag range  and 2nd P i o l a - K i r c h h o f f  t e n s o r s  
when a m a t e r i a l  model d e f i n e d  i n  e n g in e e r i n g  s t r e s s e s  and s t r a i n s  
i s  u se d  and th e  a n a l y s i s  i s  d e f i n e d  i n  th e  UL f o r m u la t io n .
2 . 4 The p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n ts  a p p l i e d  t o  T o ta l  
and U pdated  L a g ra n g ia n  f o r m u la t io n s .
The o b j e c t i v e  o f  t h i s  s e c t i o n  i s  t o  p r e s e n t  how th e  
p r i n c i p l e  o f  v i r t u a l  d i s p la c e m e n t  can  be a p p l i e d  to  t h e  a n a l y s i s  
o f  a s t r u c t u r e .  For c o m p le te n e s s  b o th  t h e  L a g ra n g ia n  T o ta l  and
U pdated  f o r m u l a t i o n s  w i l l  be d i s c u s s e d .  In  a l l  d e r i v a t i o n s  i t  i s  
assumed t h a t  t h e  r e s p o n s e  o f  t h e  s t r u c t u r e  up t o  t im e  t  i s  known. 
Now a t  t im e  t  + At we a p p ly  a lo a d  in c re m e n t  and u s in g  th e  
p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n t  we can  d e f i n e  t h e  r e s p o n s e  o f  
th e  s t r u c t u r e  d u r in g  t h a t  t im e .  Hence we a r e  i n t e r e s t e d  i n  a 
s o - c a l l e d  in c r e m e n ta l  s o l u t i o n .
From v i r t u a l  work o f  t h e  s t r u c t u r e  we c an  w r i t e :  
f o r  T o ta l  f o r m u la t io n :
f /  t+dtS * S ( t+dte ) \  dV = t+dtR OyJX o ij o i j  /  o
f o r  Updated  f o r m u la t io n :
[ j  t+dtS * S ( t+dte dV = t+dtR / 2 . 1 4 /y l  t  u  t  ij  /  t
where  °V, V  d e n o te s  t h e  s t r u c t u r e  volume c o r r e s p o n d in g  to  
tim e  0 and t  and t+dtR i s  t h e  t o t a l  v i r t u a l  work o f  t h e  e x t e r n a l  
f o r c e s .  The symbol 5 d e n o te s  t h e  v a r i a t i o n  o f  t h e  f o l l o w i n g  e n t i ­
t y .
S in c e  e n e rg y  must be i n v a r i a n t  w i th  r e s p e c t  t o  t h e  r e f e r e n c e  
c o o r d i n a t e  sy s tem , / 2 . 1 3 /  and / 2 . 1 4 /  must l e a d  to  i d e n t i c a l  r e ­
s u l t s .  A f t e r  s u b s t i t u t i o n  we g e t :
a /  L agrange  t o t a l  f o r m u la t io n .
From / 2 . 1 /  and / 2 . 7 / ,
o
t + d t  p  0  t + d t  0
0  I J  t + d t  t + d t  i , m  mn t + d t  J , n
/ 2 . 1 5 /
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t+dta  + o j , is f tw lte 1 =I o ijJ 1 2 o i , j
it t+dt ^  /0 1 > .a * a  J / 2 . 1 6 /o k ,i o k ,j J
t+d+
In  i n c r e m e n ta l  form:
t+dtS = fcS + S / 2 . 1 7 /O ij  0 ij  0 ij
t+dte = + e  + T) / 2 . 1 8 /O ij O ij O ij O ij
where
e  o ij
I f  t  t  )= —  U + U + 11 * 1 1  + U * U
2 (o i , j 0 j , i 0 k , i  0 k, j  0 k , j  0 k , i j
= th e  l i n e a r  p a r t  o f  s t r a i n  in c re m e n t
/ 2 . 1 9 /
1
7) = u * u / 2 . 2 0 /o i j  2 o k, i o k,j
= t h e  n o n l i n e a r  p a r t  o f  s t r a i n  in c re m e n t
t+dtu = + u / 2 . 2 1 /o i , j  o i , j  o i , j
8 (t " > , j )  = 5 (oei j )  + 6 U J -  
5 ( 0% )  ■ °
S u b s t i t u t i n g  / 2 . 1 6 /  th ro u g h  / 2 . 2 1 /  i n  / 2 . 1 3 /  we g e t :
Pft+dtS * S ( t+dte ) }dV = f ^ S  + S ] * cyj   ^ o i j  o i j  J cyJ [o i j  o ijJ
* s f S :  + e  + 7) ) dV =[o i j  o i j  o ' ijJ
tS * <5( e ) dV + ( t h i s  i s  a lw ay s  z e r o )o i j  o ij
f * S cyJ o ij * S( e  ) dV + o ij
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+ f fcS * 5( 7) ) dV +cyj o ij o 'ij
+ °  J  °
+ f S o^J o ij
S * 6 ( t e ) dV + ( t h i s  i s  a l s o  z e r o )
ij  0 ij
* dV +
+ F S * S( 7j ) dV / 2 . 2 2 /
OyJ 0 i j 0 ' i j
I n t r o d u c in g  th e  c o n s t i t u t i v e  r e l a t i o n :
S = C * ( e  + 7] 1 / 2 . 2 3 /
O ij 0 ijrs to rs 0 rsj
[ i  C | e  + T ) \ * 8 ( e  + - q )  +
OyJ (0 iJrsto rs 0 rsj 0 ij 0 ij
0^ }
■ f t sO^ J 0 ij
+ V '  * 5( T) )1  dF = t+dtR -
0 ij   i j  J 0
* S( e  ) dV / 2 . 2 4 /
o ij
Now assum ing  l i n e a r i z a t i o n  o f  t h e  s t r a i n  in c re m e n t  i n  th e  
f i r s t  te rm  o f  / 2 . 2 4 /  we o b t a i n  t h e  f i n a l  fo rm  o f  t h e  g o v e rn in g
e q u a t i o n s :
e  + 7)  » e
0 rs rs O rs
f C e * 6 ( e ) d v r + f t s  * 5(  t) ) dV
O^ J O i j r s  0 rs 0 ij  J 0 ij  0 ij
f  t sO^ J 0 ijt+dtR -  I *S * 8{  e  ) dV / 2 . 2 5 /o oTJ o  o ij
b /  L a g ra n g ia n  Updated  f o r m u la t io n :
F or t h e  deform ed  c o n f i g u r a t i o n ,  t h e  d e r i v a t i o n  o f  t h e  e q u i -
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v a l e n t  e x p r e s s i o n  to  / 2 . 2 5 /  i s  s i m i l a r .  The o n ly  d i f f e r e n c e s  a r e  
t h a t  t h e  in d e x  f o r  t h e  r e f e r e n c e  c o n f i g u r a t i o n  i s  changed  from  0 
t o  £ and some te rm s  o f  / 2 . 1 9 /  can  be o m i t t e d .
From / 2 . 1 /  and / 2 . 7 / :
t+dt P t v  t+dt t „
t  i j  t+dt t+dt i,m mn t+dt j ,ns =
5 ft+dte 1 = 5 f -J- ( u + u h 
I t  ijJ i  2 t  i , j  t  j , i
7 2 . 2 6 /
u * u ) I : k, i t  k, j J 7 2 . 2 7 /
In  i n c r e m e n ta l  form :
t+dtS = fcT + S
t  i j  i j  t  i j
7 2 . 2 8 /
t+dt te = e + e  + 7i 
t  i j  t  i j  t  i j  t  ij
7 2 . 2 9 /
where
t c = 0 
t ij
e  = - i -  f u + u. ] t  i j  2 [ t  i , j  t  j , i J 7 2 .3 0 /
= t h e  l i n e a r  p a r t  o f  s t r a i n  in c re m e n t
7) = - Tr -  U *  11t  i j  2 t  k,i  t  k,J 7 2 .3 1 /
= th e  n o n l i n e a r  p a r t  o f  s t r a i n  in c re m e n t
S = C * [ e  + 7} 1
t  ij t  i j r s  ^t rs t  rsj
7 2 .3 2 /
S i m i l a r l y  to  t h e  T o ta l  f o r m u la t io n :
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t+dt
7 2 .3 3 /
A f t e r  l i n e a r i z a t i o n ,  e + T) -----» e  and  t h e  f i n a l  e q u a -
t  rs rs t  rs
t i o n  t a k e s  t h e  form :
t
C e
t  i j r s  t  rs
 * Si  e  ) dV + f t  * Si  T) ) dV = 
t  i j  J ij  t  ij
t+dt R t T * Si  e  ) dV 
ij  t  ij
7 2 .3 4 /
t t.
The work done by th e  e x t e r n a l  f o r c e s :
So f a r  o n ly  t h e  in c r e m e n ta l  v i r t u a l  work h a s  been  c o n s i ­
d e re d .  T h is  work i s  b a la n c e d  by th e  work done by t h e  e x t e r n a l  
f o r c e s ,  e x p r e s s i o n s  f o r  w hich a r e  now b r i e f l y  sum m arized. T h e i r  
d e r i v a t i o n  i s  s i m i l a r  to  t h a t  o b t a i n e d  u s in g  l i n e a r  m echan ic s ;  
m oreover t h e  d i f f e r e n c e s  be tw een  th e  T o ta l  and U pdated  f o rm u la ­
t i o n s  a r e  n e g l i g i b l e .  T h e r e f o r e  o n ly  t h e  f i n a l  e x p r e s s i o n  f o r  th e  
T o ta l  v a r i a n t  i s  p r e s e n t e d :
i n t e g r a t i o n  w i th  r e s p e c t  to  th e  s u r f a c e  w i th  t h e  p r e s c r i b e d  boun­
d a ry  f o r c e s  and th e  l a s t  term  o f  / 2 . 3 5 /  a c c o u n t s  f o r  i n e r t i a  f o r ­
c e s  ( a p p l i c a b l e  f o r  dynamic p rob lem s o n l y ) .
t+dt *t+dt
‘t+dt
a2 t+dt U
+ * Si  u ) dV0 i 7 2 .3 5 /
w here f s  , f b  a r e  s u r f a c e  and body f o r c e s ,  °S d e n o te s
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Thus a l l  t h e  r e l a t i o n s h i p s  f o r  i n c r e m e n ta l  a n a l y s i s  have  now 
been  p r e s e n t e d .  I t  s h o u ld  be n o te d  t h a t  th e  a s su m p t io n  o f - l i n e a ­
r i z a t i o n  i n  / 2 . 2 4 /  and / 2 . 3 3 /  l e a d i n g  to  / 2 . 2 5 /  o r  / 2 . 3 4 /  means 
t h a t  th e  s t r u c t u r e  must be s o lv e d  i n  an  i t e r a t i v e  m anner. In  
p r a c t i c e  a f t e r  e v e ry  i t e r a t i o n  ( e i t h e r  a t  t h e  same t im e  o r  a f t e r  
a t im e  in c re m e n t )  we must compare t h e  r e s u l t i n g  e x t e r n a l  and 
i n t e r n a l  f o r c e s  and i f  th e  d i f f e r e n c e s  a r e  u n a c c e p ta b ly  h ig h ,  
a n o th e r  i t e r a t i o n  i s  n e c e s s a r y  to  d i s s i p a t e  t h e  d i f f e r e n c e .  The 
a p p l i e d  f o r c e s  ( i . e .  t h e  R .H .S o f  / 2 . 3 4 /  o r  / 2 . 2 5 / )  become t h e s e  
u n b a la n c e d  f o r c e s .
The s o l u t i o n  e q u a t i o n s  were p r e s e n t e d  i n  t h e  compact a n a ­
l y t i c a l  form  b u t  f o r  p r a c t i c a l  exam ples  ( s t r u c t u r e s )  i t  i s  now 
n e c e s s a r y  to  d i s c r e t i z e  them (b o th  i n  s p a c e  and t im e ) .  A p a r t  from  
th e  lo a d in g  c o n d i t i o n  however, t h i s  depends  on th e  e le m e n ts  b e in g  
u se d  to  model th e  s t r u c t u r e .
Two s p e c i a l  g ro u p s  o f  e le m e n ts  w i l l  be  d i s c u s s e d  l a t e r .  
C h a p te r  Four d e a l s  w i th  p l a n e  s t r e s s ,  p l a n e  s t r a i n  and a x isy m - 
m e t r i c  e le m e n ts  w h i l s t  C h a p te r  F iv e  i s  c o n c e rn e d  w i t h  s h e l l  e l e ­
m en ts .  The d i s c r e t i z a t i o n  p r o c e d u r e  f o r  many o t h e r  e le m e n ts  a r e  
a v a i l a b l e  i n  t h e  l i t e r a t u r e  ( e . g .  [ 1 ] ) .
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3 . Co n s t it u t iv e  e q u a t io n s .
T h is  c h a p te r  i s  c o n c e rn e d  w i th  t h e  c o n s t i t u t i v e  e q u a t i o n s  
f o r  r e i n f o r c e d  c o n c r e t e  s t r u c t u r e s .  The f i r s t  p a r t  d e a l s  w i t h  e x ­
p e r i m e n t a l  e v id e n c e  a b o u t  c o n c r e t e  b e h a v io r .  The seco n d  p a r t  
f i r s t  i n t r o d u c e s  some b a s i c  m ec h a n ic a l  e n t i t i e s  ( e . g .  what i t  i s  
d e v i a t o r i c  o r  n p l a n e ,  d e f i n i t i o n  o f  s t r e s s  and s t r a i n  i n v a r i a n t s  
e t c .  ) and t h e r e a f t e r ^  a t t e n t i o n  i s  f o c u s e d  on n u m e r ic a l  m odeling  
o f  c o n c r e t e  b e h a v io r .  I t  i n c l u d e s  f a i l u r e  c r i t e r i a  and c o n s t i t u ­
t i v e  e q u a t i o n s ,  ( b o th  l i n e a r  and n o n l i n e a r ) .  F i n a l l y  t h e  m a t e r i a l  
m odels  u se d  i n  p rogram s CONCRETE and NONSAP a r e  d i s c u s s e d .
Nowadays many d i f f e r e n t  e x p r e s s i o n s  f o r  m o d e lin g  th e  b e h a ­
v i o r  o f  c o n c r e t e  and r e i n f o r c e d  c o n c r e t e  e x i s t .  D e s p i t e  t h i s ,  
t h e r e  i s  s t i l l  a l a c k  o f  g e n e r a l l y  a p p l i c a b l e  m odels . T h is  s i t u a ­
t i o n  i s  c a u se d  by th e  f a c t  t h a t  a l l  p r a c t i c a l  m a t e r i a l  m odels 
d e a l  w i th  c o n c r e t e  from  a m a c ro sc o p ic  p o i n t  o f  v iew . The m a t e r i a l  
m odels  a r e  c r e a t e d  e i t h e r  by d a t a  f i t t i n g  from  w hich  g e n e r a l  r e ­
l a t i o n s h i p s  be tw een  s t r e s s  and s t r a i n  a r e  o b t a i n e d  o r  some p u r e l y  
m a th e m a t ic a l  model i s  e x te n d e d  w hich  o f t e n  h a s  n o t h in g  i n  common 
w i th  t h e  r e a l  m a t e r i a l .
U n f o r t u n a t e l y  t h e s e  a l t e r n a t i v e s  can  n o t  be u s e d  i n  a l l  s i ­
t u a t i o n s .  U s u a l ly  th e y  work s a t i s f a c t o r y  p r o v id e d  t h a t  t h e  s t r u c ­
t u r e  i s  a n a ly z e d  i n  m a t e r i a l  c o n d i t i o n s  s i m i l a r  t o  t h o s e  d u r in g  
th e  e x p e r im e n t .  Over th e  y e a r s  many m odels have  been  p o s t u l a t e d  
which a r e  a p p l i c a b l e  f o r  s p e c i a l  c i r c u m s ta n c e s  b u t  u n d e r  o t h e r  
c o n d i t i o n s  g iv e  poo r  p e rfo rm a n c e .
R e c e n t ly  t h e r e  h a s  been  i n c r e a s i n g  i n t e r e s t  i n  t h e  s tu d y  o f  
c o n c r e t e  a t  m ic r o s c o p ic  l e v e l  b u t  p r a c t i c a l  u s a b l e  r e s u l t s  have 
n o t  y e t  been  p ro v id e d .
In  th e  f o l l o w in g ,  each  model w i l l  be accom panied  by a d e s ­
c r i p t i o n  o f  c o n d i t i o n s  f o r  w hich i t  i s  a p p l i c a b l e .  Some o f  th e  
m odels  w i l l  be g iv e n  in  t o t a l  form , some in  i n c r e m e n ta l  form  b u t  
i t  s h o u ld  be n o te d  t h a t  b o th  CONCRETE and NONSAP work i n  i n c r e ­
m en ta l  form o n ly .  The o n ly  e x c e p t io n  to  t h i s  s t r a t e g y  i s  i n  th e  
program  CONCRETE in  th e  t e n s i o n - t e n s i o n  zone f o r  c o n c r e t e  in
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o r d e r  t o  s i m p l i f y  t h e  f o r m u l a t i o n  o f  t e n s i o n  s t i f f e n i n g  r e l a ­
t i o n s .
3 .1  E x p e r im e n ta l  e v id e n c e  a b o u t  c o n c r e t e  b e h a v i o r .
C o n c re te  h a s  been  u se d  a s  a b u i l d i n g  m a t e r i a l  f o r  many y e a r s  
and t h e r e f o r e  an  enormous number o f  d i f f e r e n t  e x p e r im e n ta l  t e s t s  
have  been  done to  s tu d y  i t s  b e h a v io r .  To d a t e  u n i a x i a l  s t r e s s -  
s t r a i n  b e h a v io r  i s  w e l l  docum ented and many r e s u l t s  have  a l s o  
b een  c o l l e c t e d  f o r  two d im e n s io n a l  lo a d in g  s i t u a t i o n s .  One o f  th e  
m ost w id e ly  u se d  s t u d i e s  a r e  th e  r e s u l t s  p u b l i s h e d  by K upfe r  e t .  
a l .  [40] w hich  n e a r l y  c o v e rs  t h e  co m p le te  r a n g e  o f  p o s s i b l e  2D 
l o a d in g  c o n d i t i o n s .  In  th e  c a s e  o f  t h r e e  d im e n s io n a l  l o a d in g  th e  
s i t u a t i o n  i s  much w orse  and to  th e  a u t h o r ’ s  know ledge work s im i ­
l a r  to  [40] i s  s t i l l  l a c k i n g .  Of c o u r s e  t h i s  l a c k  o f  e x p e r im e n ta l  
d a t a  i s  c a u se d  by th e  l a r g e  amount o f  d i f f e r e n t  ty p e s  o f  3D l o a d ­
in g  p o s s i b i l i t i e s  a s  w e l l  a s  t h e  demand on l a b o r a t o r y  e q u ipm en t.
An e s p e c i a l l y  n e g l e c t e d  a r e a  i s  e x p e r im e n t s  d e a l i n g  w i th  
l o n g - te rm  lo a d in g .  U s u a l ly  a v a i l a b l e  d a t a  a r e  b a s e d  on m ea su re ­
m ents  done on some im p o r ta n t  r e a l  s t r u c t u r e  and h ence  a r e  a p p l i ­
c a b le  o n ly  f o r  s p e c i a l  ty p e s  o f  l o a d in g ,  s t r u c t u r a l  shape  and t y ­
pe o f  c o n c r e t e .  T h is  prob lem  w i l l  be d i s c u s s e d  i n  more d e t a i l  i n  
C h a p te r  6 w hich  c o n s i d e r s  t im e -d e p e n d e n t  phenomena f o r  c o n c r e t e ,  
i . e .  s h r in k a g e  and c re e p .
C o n c re te  i s  a  co m p o s i te  m a t e r i a l  o f  c o a r s e  a g g r e g a t e  and 
m o r ta r  w hich  c o m p r ise s  a m ix tu re  o f  sm a l l  a g g r e g a t e  p a r t i c l e s ,  
cement p a s t e  and w a te r .  I t s  p h y s i c a l  b e h a v io r  i s  v e ry  complex and 
de pends  on th e  s t r u c t u r e  o f  th e  c o m p o s i te  m a t e r i a l .  The m ost im­
p o r t a n t  p r o p e r t i e s  a r e  w a te r -c e m e n t  r a t i o ,  r a t i o  o f  cement t o  a g ­
g r e g a t e ,  a g g r e g a te  p r o p e r t i e s  e t c .  C o n c re te  i s  a  b r i t t l e  m a t e r i a l  
w i th  t e n s i l e  s t r e n g t h  a b o u t  one t e n t h  o f  i t s  c o m p re s s iv e  
s t r e n g t h .  T h is  c o m p l ic a te s  a l l  m odels  f o r  c o n s t i t u t i v e  e q u a t i o n s .  
I t s  s t r e s s - s t r a i n  b e h a v io r  i s  a f f e c t e d  m a in ly  by m ic r o -  and mac­
r o c r a c k s  w hich  a r e  l o c a t e d  m o s t ly  a t  t h e  i n t e r f a c e  be tw een  c o a r s e  
a g g r e g a te  and m o r ta r .  Many m ic r o c r a c k s  o c c u r  i n  c o n c r e t e  b e f o r e
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l o a d in g .  They a r e  c a u se d  by s h r in k a g e ,  th e rm a l  e x p a n s io n  o f  c e ­
ment p a s t e ,  s e g r e g a t i o n  e t c .  A f t e r  l o a d in g  th e  p r o g r e s s i o n  o f  
t h e s e  c r a c k s  and th e  c r e a t i o n  o f  new ones  i s  m a in ly  r e s p o n s i b l e  
f o r  n o n l i n e a r  s t r e s s - s t r a i n  b e h a v io r .
A t y p i c a l  s t r e s s - s t r a i n  c u rv e  i n  u n i a x i a l  c o m p re s s io n  t e s t  
i s  shown i n  F ig u r e  3 .1 .  T here  a r e  t h r e e  b a s i c  s t a g e s  i n  t h i s  d i a ­
gram. In  t h e  f i r s t  s t a g e  f o r  s t r e s s  up to  a b o u t  30% o f  maximum 
c o m p re s s iv e  s t r e s s  f ’ , t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p  i s  n e a r l y
c
l i n e a r .  The s t r e s s  0 . 3 f ’ i s  c a l l e d  th e  l i m i t  o f  e l a s t i c i t y .  F u r -
c
t h e r  on, up to  a b o u t  75% o f  f  , c o n c r e t e  e x h i b i t s  n o n l i n e a r  b e h a -
C
v i o r .  However t h e  c r a c k  p r o p a g a t io n  a t  t h i s  second  s t a g e  i s  s t i l l  
s t a b l e .  In  t h e  t h i r d  s t a g e ,  up to  f a i l u r e ,  u n s t a b l e  f r a c t u r e  p r o ­
p a g a t i o n  i s  t h e  main c h a r a c t e r i s t i c .  I t  i s  p r i m a r i l y  c a u se d  by 
c r a c k s  th ro u g h  th e  m o r ta r .  These c r a c k s  j o i n  bond c r a c k s  a t  th e  
s u r f a c e  o f  n e a rb y  a g g r e g a t e s  and form  c ra c k  z o n e s .  A f t e r  t h i s  
f u r t h e r  d e f o r m a t io n s  l o c a l i z e  and  f i n a l l y  m ajo r  c r a c k s  p a r a l l e l  
to  t h e  d i r e c t i o n  o f  a p p l i e d  lo a d  c a u se  f a i l u r e  o f  spec im en .
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F ig .  3 .1  T y p ic a l  u n i a x i a l  c o m p re s s iv e  s t r e s s - s t r a i n  d iag ra m  [40 ] .
U n ia x ia l  t e n s i o n  s t r e s s - s t r a i n  t e s t s  show t h a t  l i m i t  o f  
e l a s t i c i t y  i s  in  t h i s  c a s e  a b o u t  65-80% o f  th e  u l t i m a t e  t e n s i l e  
s t r e n g t h  f ’ . The reg im e o f  s t a b l e  c r a c k  p r o p a g a t io n  i s  much s h o r ­
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t e r  and th e  u n s t a b l e  c r a c k  p r o p a g a t io n  s t a r t s  v e r y  soon . T ha t i s  
why c o n c r e t e  i s  q u i t e  b r i t t l e  i n  n a t u r e .  The t y p i c a l  s t r e s s -  
s t r a i n  c u rv e  o f  c o n c r e t e  spec im en  s u b j e c t  t o  u n i a x i a l  t e n s i o n  i s  
d e p i c t e d  i n  F ig u r e  3 .2 .
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F ig .  3 .2  U n ia x ia l  t e n s i l e  s t r e s s - e l o n g a t i o n  c u rv e  [6 2 ] .
A v e r y  im p o r ta n t  p r o p e r t y  o f  c o n c r e t e  i s  s t r a i n  s o f t e n i n g .  
T h is  i s  a p p l i c a b l e  f o r  c o m p re s s io n  a s  w e l l  a s  f o r  t e n s i o n  r e g i ­
mes. F ig u r e  3 .3  shows t y p i c a l  u n i a x i a l  c o m p re s s iv e  s t r e s s - s t r a i n  
c u rv e s  o b t a i n e d  from  s t r a i n  c o n t r o l l e d  t e s t s .
I t  i s  s t i l l  d e b a te d  w h e th e r  th e  s o f t e n i n g  b r a n c h  o f  th e  
c u rv e s  r e f l e c t s  m a t e r i a l  p r o p e r t y  o r  i t  r e p r e s e n t s  r a t h e r  th e  
r e s p o n s e  o f  th e  s t r u c t u r e  form ed by th e  specim en  t o g e t h e r  w i th  
i t s  c o m p le te  l o a d in g  sys tem  (van M ier , 1984). The l a t t e r  h y p o th e ­
s i s  i s  s u p p o r te d  in  F ig u re  3 .4  which p r e s e n t s  p o s t - p e a k  u n i a x i a l  
c o m p re s s io n  s t r e s s - s t r a i n  c u rv e s  f o r  c y l i n d r i c a l  sp ec im en s  o f  
d i f f e r e n t  h e i g h t  (van M ier , 1984). The o b s e rv e d  c u rv e s  s i g n i f i ­
c a n t l y  d i f f e r .  However i f  we p l o t  t h e  s t r e s s e s  a g a i n s t  e lo n g a ­
t i o n s  ( d i s p l a c e m e n t s )  r a t h e r  th e n  s t r a i n s ,  th e  t h r e e  c u rv e s  e x h i ­
b i t  n e a r l y  i d e n t i c a l  p a t t e r n .
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F ig .  3 .3  U n ia x ia l  c o m p re s s iv e  s t r e s s - s t r a i n  c u rv e s  f o r  c o n c r e te  
[6 4 ] .
Even a f t e r  c r e a t i o n  o f  m ajor  c r a c k s  c o n c r e t e  s t i l l  c o n t r i b u ­
t e s  t o  t h e  t o t a l  s t r e n g t h  o f  r e i n f o r c e d  c o n c r e t e  e le m e n ts .  A r e a ­
son o f  t h i s ,  f o r  exam ple, i s  t h e  bond be tw een  r e i n f o r c e m e n t  and 
c o n c r e t e  m a c r o - p a r t i c l e s  w hich y e t  h a s  n o t  c ra c k e d  o r  c ru s h e d .  
T h is  phenomenon i s  c a l l e d  t e n s i o n  s t i f f e n i n g .  In  p r a c t i c e  i t  i s  
v e ry  d i f f i c u l t  to  d i s t i n g u i s h  be tw een  s t r a i n  s o f t e n i n g  and s t i f ­
f e n i n g  and t h e r e f o r e  th e  c o n s t i t u t i v e  e q u a t i o n s  u s u a l l y  s im u la t e  
them b o th  t o g e t h e r .
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F ig .  3 . 4  I n f l u e n c e  o f  specim en  h e i g h t  on u n i a x i a l  s t r e s s - s t r a i n  
c u rv e  [6 5 ] .
T y p ic a l  s t r e s s - s t r a i n  d iag ra m s  f o r  m u l t i a x i a l  c o m p re s s iv e  
lo a d in g  o f  c y l i n d r i c a l  spec im ens  a r e  shown i n  F ig u r e  3 .5  [6 1 ] .
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F ig .  3 .5  S t r e s s - s t r a i n  c u rv e s  unde r  m u l t i a x i a l  c o m p re ss io n  
( s t r e s s ,  s t r a i n  p o s i t i v e  in  c o m p re s s io n ) .
I t  i s  now w e l l  known t h a t  c o n c r e t e  b e h a v io r  i n  one d i r e c t i o n  
i s  s i g n i f i c a n t l y  i n f l u e n c e d  by s t r e s s  c o n d i t i o n s  i n  t h e  o t h e r  d i ­
r e c t i o n s .  The l a t e r a l  c o n f in in g  and a x i a l  s t r a i n s  a t  f a i l u r e  i n ­
c r e a s e  w i th  i n c r e a s i n g  c o n f i n i n g  s t r e s s ,  however beyond some 
t h r e s h o l d  t h e  f u r t h e r  i n c r e a s i n g  o f  l a t e r a l  s t r e s s e s  w i l l  d e c r e a ­
se  th e  v a lu e s  o f  a x i a l  s t r a i n s  a t  f a i l u r e .  T h is  p r o p e r t y  i s  o b v i ­
ous from  F ig u r e  3 .6  where v o lu m e t r i c  s t r a i n  i s  p l o t t e d  a g a i n s t  
th e  s t r e s s  i n  b i a x i a l  c o m p ress io n  t e s t s .
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F ig .  3 . 6  V o lu m e tr ic  s t r a i n  u n d e r  b i a x i a l  c o m p re s s io n  [40 ] .
I t  can  be s e e n  t h a t  u n d e r  c o m p re s s iv e  l o a d in g  w i t h  c o n f i n i n g  
p r e s s u r e  c o n c r e t e  e x h i b i t s  a  c e r t a i n  d e g re e  o f  d u c t i l i t y  b e f o r e  
f a i l u r e .  In  a  two d im e n s io n a l  e q u a l  c o m p re s s io n -c o m p re s s io n  
s t r e s s - s t a t e  t h e  c o n c r e t e  s t r e n g t h  i n c r e a s e s  a p p r o x im a te ly  by 20% 
compared to  t h e  u n i a x i a l  s t r e n g t h  f  ’ . The P o i s s o n ’ s r a t i o  i s
c
a b o u t  0 .1 8  f o r  n e a r l y  a l l  ty p e s  o f  c o n c r e t e s ,  ; The  h i g h e r  is
co m p re s s io n  s t r e n g t h  th e  low er v a lu e  o f  P o i s s o n ’ s r a t i o .  I t s  v a lu e  
i s  s t a b l e  u n t i l  a b o u t  75 % o f  peak  lo a d in g .  T h e r e a f t e r  i t  i n c r e a ­
s e s  to  0 .5  n e a r  to  th e  f a i l u r e  s t a g e ,  ( i . e .  i n c o m p r e s s ib le  s t a ­
t e  ).
A t y p i c a l  u n i a x i a l  w ork ing  d iag ram  o f  c o n c r e t e  s u b j e c t  to  
c y c l i c  lo a d in g  i s  d e p i c t e d  i n  F ig u r e  3 .7 .
The i n c r e a s i n g  number o f  c y c l e s  g r a d u a l l y  d e g ra d e s  t h e  m ate ­
r i a l  s t i f f n e s s .  T h is  p r o p e r t y  i s  w e l l  s im u la t e d  by p l a s t i c -  
f r a c t u r i n g  m a t e r i a l  m odels .
37
O”| ksi
4 - -
3 - -
2 - -
0 . 0 0 8  € ,0.000 0 . 0 0 40 .002 0 . 0 0 6
in /in
F ig .  3 .7  C y c l ic  u n i a x i a l  c o m p re s s iv e  s t r e s s - s t r a i n  c u rv e  [63 ] .
More i n f o r m a t io n  a b o u t  t h e  e x p e r im e n ta l  b e h a v io r  o f  c o n c r e t e  
i s  p r o v id e d  i n  r e f .  [2] w hich  g i v e s  an  o v e rv ie w  o f  t h e  e x p e r im e n ­
t a l  r e s u l t s .  O th e r  i n f o r m a t io n  i s  a l s o  p r e s e n t e d  i n  r e f .  [4 1 ] ,  
p a r t i c u l a r l y  f o r  p l a t e  b e n d in g  c o n d i t i o n s .
3 .2  B a s ic  e n t i t i e s .
The s t r e s s  s t a t e  a t  a p a r t i c u l a r  p o i n t  can  be e x p r e s s e d  w i th  
r e s p e c t  to  many c o o r d i n a t e  sy s te m s .  For th e  p u r p o s e s  o f  c o n s t i t u ­
t i v e  e q u a t i o n s  th e  most commonly u sed  a r e  Cauchy s t r e s s e s  ( i . e .  
r e a l  s t r e s s e s )  in  a c o o r d i n a t e  sy s tem  w hich  i s  d e f i n e d  by th e  d i ­
r e c t i o n s  o f  th e  p r i n c i p a l  s t r e s s e s  a t  t h i s  p o i n t .
The e s s e n t i a l  f e a t u r e  o f  t h i s  c o o r d i n a t e  sy s tem  i s  t h a t  vo­
l u m e t r i c  s t r a i n  a x i s  can be d e f i n e d  (o^ = cr^  = > p e r p e n d i c u l a r
to  w hich  a r e  o c t a h e d r a l  p l a n e s .  See F ig .  3 .8 .  The d e v i a t o r i c  p l a ­
ne i s  a s p e c i a l  c a se  o f  th e  o c t a h e d r a l  p l a n e  l y i n g  i n  th e  f i r s t  
q u a d r a n t  o f  p r i n c i p a l  s t r e s s  s p a c e .
The n p l a n e  i s  a d e v i a t o r i c  p l a n e  w hich s a t i s f i e s  t h e  e q u a ­
t i o n  I! o' -  0. t h a t  i s  th e  p la n e  in  w hich th e  h y d r o s t a t i c  p a r t  o f  
s t r e s s  e q u a l s  z e ro .
The f o l l o w i n g  n o t a t i o n  w i l l  be used :
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[ a'i ; cr^; cr^] -  c o o r d i n a t e  sy s tem  c r e a t e d  by th e  p r i n c i p a l  
s t r e s s  v e c t o r  a t  a  p a r t i c u l a r  p o i n t ,
[ I I  ; I 3] -  1 s t ,  2nd and 3 rd  i n v a r i a n t s  o f  t h e  Cauchy 
s t r e s s  t e n s o r ,
[ J i ; J 2 ; J 31 -  1 s t ,  2nd and 3 rd  i n v a r i a n t s  o f  t h e
d e v i a t o r i c  Cauchy s t r e s s  t e n s o r ,
w here
I  = a* = <r + cr + <r
1 i i  1 2 3
I  = * ( I 2 -  <r * <r )= <r * <r + < r * < r + < r * < r
2 2  1 i j i j  1 2  1 3 3 2
I  = * cr * cr * cr = o' * cr * o' / 3 . 1 /
3 3 ij ik jk 1 2 3
1 , 1 Tcr = — *c r  = —  * I = o' 
oct 3 i i 3 l m
s  = cr -  cr * S i j  ij  m ij
T  t =  ^ 3  *  J 2 o c t  3
T  = * J
m 5  2
and w here:
<r i s  an  e le m en t  o f  th e  Cauchy s t r e s s  t e n s o r ,
s  i s  an  e le m en t  o f  t h e  d e v i a t o r i c  Cauchy s t r e s s  t e n s o r ,
a r e  t h e  norm al and shea  
i n  t h e  d e v i a t o r i c  p l a n e ,  
r e  th e  norm al and sheai
a c t i n g  on an  i n f i n i t e s i m a l  s p h e re  o f  t h e  body.
cr and t  r  com ponents  o f  s t r e s s
o c t  o c t
<r and t a a r  com ponents  o f  s t r e s sm m
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Deviatoric stress invariants are computed by replacing cr
i  j
by s  . W e  can  a l s o  d e f i n e  s t r a i n  i n v a r i a n t s  I ’ , I ’ and I ’ and
i j  1 2  3
d e v i a t o r i c  s t r a i n  i n v a r i a n t s  and by r e p l a c i n g  th e  e l e ­
m ents  o f  t h e  s t r e s s  t e n s o r  by te rm s  o f  th e  s t r a i n  t e n s o r .
The s t r e s s  s t a t e  a t  a m a t e r i a l  p o i n t  can  a l s o  be d e s c r i b e d
by u s in g  £, x and 0 c o o r d i n a t e s .  The £ c o o r d i n a t e  r e p r e s e n t s  th e
v o l u m e t r i c  p a r t  o f  t h e  s t r e s s  ( th e  d i r e c t i o n  c o i n c i d e s  w i t h  th e  
norm al t o  t h e  n p l a n e ) ,  x  i s  d e v i a t o r i c  p a r t  o f  t h e  s t r e s s  ( a c t ­
in g  i n  t h e  n p l a n e )  and 0 d e f i n e s  t h e  a n g le  o f  s h e a r  i n  t h e  n 
p l a n e ,  m easu red  from  th e  p r o j e c t i o n  o f  t h e  <r c o o r d i n a t e  a x i s  on­
to  th e  rr p l a n e  to  t h e  v e c t o r  x • A n t i - c lo c k w is e  r o t a t i o n  i s  d e f i ­
ned  a s  p o s i t i v e  ( s e e  F ig .  3 . 8 ) .
Stress vector at point
Deviatoric p art X 
Hydrostatic part £
Deviatoric
plane
i  The normal o f deviatoric 
. \r  u f  and n  plane
F ig .  3 .8  S t r e s s  s t a t e  a t  p o i n t  P i n  p r i n c i p a l  s t r e s s  c o o r d i n a t e  
sys tem .
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The principal stresses are ordered according to:
cr > cr > cr 
1 2  3
73.2/
and t h e  f o l l o w i n g  r e l a t i o n s h i p s  e x i s t  f o r  x  and 0: 
£ =  Vi3)  * cr = Yi~3) * crm
x  =  t V c I T  *  T  =  Vi3)  *  T
o c t
o c t
c o s (  3 * 0  ) = V a n
J
J ( 3 /  2  )
0 < 0  < 7T/3 7 3 . 3 /
In  a d d i t i o n  th e  f o l l o w i n g  r e l a t i o n s h i p s  a l s o  e x i s t :
<r ' <rl o c t
<r <r
2 o c t
cr O'
L 3 o c t
v G T )
T 3 ) -
c o s (0 )
c o s (0  - — n)
, 2 C O S 1 0  +  7T*
n0 < 0  < ; <r > cr > <r3 l 2 3 7 3 . 4 /
The s t r a i n  l e v e l  a t  a p o i n t  i n  a  s t r u c t u r e  i s  d e s c r i b e d  by a 
s t r a i n  t e n s o r  e o r  t h e  v o lu m e t r i c  s t r a i n  e  and d e v i a t o r i c
ij v
s t r a i n  t e n s o r  e , d e f i n e d  by 
ij
e = e
ij ij 3
* e * S
ij
7 3 . 5 /
w here e  = e  = I ’
v ii 1
41
3 .3  F a i l u r e  c r i t e r i a  f o r  c o n c r e t e .
3 . 3 . 1  Overview  o f  f a i l u r e  c r i t e r i a .
F a i l u r e  c r i t e r i a  a r e  o f  c e n t r a l  im p o r ta n c e  i n  m odeling  
c o n s t i t u t i v e  e q u a t i o n s .  U s u a l ly  th e y  d i s t i n g u i s h  a  p r e - f a i l u r e  
m a t e r i a l  s t a t e  from  a m a t e r i a l  i n  t h e  f a t a l  s t a t e .  Many f a i l u r e  
c r i t e r i a  have  been  p o s t u l a t e d ,  most b e in g  d e r i v e d  from  ex p e r im e n ­
t a l  r e s u l t s .
The f o l l o w i n g  g e n e r a l  c h a r a c t e r i s t i c s  have  b e e n  i d e n t i f i e d  
f o r  c o n c r e t e  n e a r  f a i l u r e
- i n  p u re  h y d r o s t a t i c  c o m p re s s io n ,  f a i l u r e  c a n n o t  happen , 
- t h e  c u rv e  d e s c r i b i n g  m a t e r i a l  f a i l u r e  i s  d i r e c t l y  r e l a t e d  
t o  t h e  l e v e l  o f  h y d r o s t a t i c  s t r e s s  £ ( I  ) .  The h i g h e r  th e  
c o m p re s s io n  th e  h i g h e r  t h e  a l l o w a b l e  x,
- t h e  shape  o f  f a i l u r e  e n v e lo p e s  i n  d e v i a t o r i c  p l a n e s  i s
n e a r l y  c i r c u l a r  u n d e r  h ig h  h y d r o s t a t i c  c o m p re s s io n  and more 
t r i a n g u l a r  u n d e r  low h y d r o s t a t i c  c o m p re s s io n  o r  h y d r o s t a t i c  
t e n s i o n ,
- t h e  t e n s io n - c o m p r e s s io n  s t r e n g t h  r a t i o  ( th e  r a t i o  o f  th e
t e n s io n - c o m p r e s s io n  m e r id ia n )  i s  a lw ays  l e s s  t h a n  one , i . e .
 < 1, ( th e  c o m p re ss io n  and t e n s i o n  m e r id ia n s  c o r r e s p o n d
c
to  0 = 60°, and 0 = 0 °  r e s p e c t i v e l y ) ,
- f o r  t h e  n p l a n e ,  (Z cr = 0 ) ,  t h e  above r a t i o  ----- i s
li Xc
a p p ro x im a te ly  0 .5  w h i l s t  f o r  n e a r l y  h y d r o s t a t i c  c o m p re ss io n  
i t  i s  c l o s e  to  0 .8 ,
- t h e  e n v e lo p e  on th e  d e v i a t o r i c  p l a n e  and th e  m e r id ia n
f a i l u r e  e n v e lo p e  a r e  smooth and convex.
Some o f  t h e  most commonly used  f a i l u r e  m odels  w i l l  be b r i e f l y  
d i s c u s s e d .  They w i l l  be p r e s e n t e d  a c c o r d in g  to  t h e  number o f  v a ­
r i a b l e s  d e f i n i n g  th e  c r i t e r i o n .  More i n f o r m a t io n  can  be found  in  
r e f s .  [2] and [6 0 ] .  T h e i r  m e r id ia n s  and c r o s s  s e c t i o n s  n e a r  f a i ­
l u r e  a r e  shown in  F ig .  3 .9 .  F i n a l l y  f a i l u r e  m odels  u se d  i n  th e  
p r e s e n t  work w i l l  be p r e s e n t e d  in  more d e t a i l .
42
O N E  P A R A M E T E R  C R I T E R I A
T r esc a
Ra n k in e  Cu t - o ff
9  = 6 0 °
0 = 0 i 8  = 60 ° :  9 = 0 '
V o n  M is e s
TWO PARAMETERS CRITERIA
Mo h r  -  C o u l o m b
J e  —
e =60°
D r u c k e r  -  P r a g e r
THREE PARAMETERS CRITERIA
Wil l a m  -  Wa r n  ice
9  = 6 0 '
9 = 0 '
BRESLER -  PlSTER
FIVE PARAMETERS CRITERION
Wil l a m  -  Wa r n ic e
FOUR PARAMETERS CRITERION
H s ie h
F ig .  3 .9  D e v i a t o r i c  and m e r id ia n  c r o s s  s e c t i o n s  o f  f a i l u r e  
c r i t e r i a  d i s c u s s e d  in  Sec. 3 .3 .
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One p a ra m e te r  m o d e ls .
T h is  g roup  o f  f a i l u r e  c r i t e r i a  r e p r e s e n t s  t h e  most s im p le  
m odels  and p r o v id e  o n ly  a c o a r s e  a p p ro x im a t io n  to  r e a l  b e h a v io r .  
The f a i l u r e  s t a g e  o f  th e  m a t e r i a l  i s  c h a r a c t e r i z e d  by one m ate ­
r i a l  p a ra m e te r  w hich i s  r e a d i l y  i d e n t i f i e d .
The C u t - o f f  c r i t e r i o n  [2] i s  th e  most w id e ly  u se d  s t r e s s -  
b a s e d  c r i t e r i o n  and was f i r s t  p u b l i s h e d  by R ank ine  i n  1876. F a i ­
l u r e  o c c u r s  i f  any p r i n c i p a l  s t r e s s  e x c ee d s  t h e  f i x e d  v a lu e  d e f i ­
ned f o r  maximum norm al s t r e s s .  T h is  v a lu e  i s  q u i t e  in d e p e n d e n t  o f  
t h e  s t r e s s  c o n d i t i o n  i n  th e  m a t e r i a l  p r i o r  to  f a i l u r e .  I t  i s  
o f t e n  u se d  a s  an a d d i t i o n a l  c r i t e r i o n  to  o t h e r  f a i l u r e  c r i t e r i a ,  
and i s  m ost o f t e n  employed f o r  t e n s i o n  zones  i n  c o n c r e t e  w here i t  
h a s  p ro v id e d  s a t i s f a c t o r y  a c c u ra c y .
I t  was found  t h a t  f a i l u r e  i n  c o n c r e t e ,  e s p e c i a l l y  i n  com­
p r e s s i v e  z o n e s ,  i s  more s e n s i t i v e  to  t h e  v a lu e  o f  mean s h e a r  th a n  
p r i n c i p a l  s t r e s s e s .  T h is  i s  th e  main i d e a  o f  t h e  s h e a r - b a s e d  
T r e s c a  f a i l u r e  c r i t e r i o n .  In  t h i s ,  f a i l u r e  o c c u r s  i f  t h e  mean 
s h e a r  i n  c o n c r e t e  i s  h ig h e r  th a n  th e  maximum a l l o w a b l e  s h e a r .
T h is  c r i t e r i o n  f i t s  e x p e r im e n ta l  d a t a  much b e t t e r  th a n  th e  
R ank ine  C u t - o f f  c r i t e r i o n ,  b u t  u n f o r t u n a t e l y  i t  i s  n o t  smooth. 
T h is  can  c a u se  p rob lem s d u r in g  n u m e r ic a l  i t e r a t i v e  s o l u t i o n s .  An 
a l t e r n a t i v e  i s  th e  Von M ises f a i l u r e  c r i t e r i o n  where t h e  maximum 
mean s h e a r  i s  r e p l a c e d  by th e  maximum o c t a h e d r a l  s h e a r ,  l e a d in g  
to  a smooth f a i l u r e  s u r f a c e .
The T re s c a  and Von M ises f a i l u r e  c r i t e r i a  a r e  most s u i t a b l e  
f o r  c o n c r e t e  u n d e r  s t r e s s  c o n d i t i o n s  c lo s e  to  h y d r o s t a t i c  p r e s ­
s u r e .  In  p a r t i c u l a r  th e  Von M ises  c r i t e r i o n  i n  c o m b in a t io n  w i th  
t h e  R ankine  C u t - o f f  ( f o r  t e n s i o n )  p r o v id e s  r e a s o n a b le  r e s u l t s .
Two p a ra m e te r  m o d e ls .
E x p e r im e n ta l ly  o b t a in e d  s t r e s s - s t r a i n  c u rv e s  show t h a t  th e  
peak  s t r e s s  v a lu e  in  c o n c r e te  i s  d i r e c t l y  d e p e n d en t  on th e  v a lu e
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o f  h y d r o s t a t i c  s t r e s s .  Hence i t  i s  a d v a n ta g e o u s  t o  u s e  a v a r i a b l e  
f a i l u r e  t h r e s h o l d  w hich  depends  on th e  h y d r o s t a t i c  s t r e s s .  T h is  
i s  t h e  b a s i c  i d e a  o f  two p a ra m e te r  m odels  su c h  a s  Mohr-Coulomb 
and D r u c k e r - P r a g e r  m odels .
Two p a r a m e te r s  f a i l u r e  c r i t e r i a  u s e  v a r i a b l e  c r o s s - s e c t i o n s  
o f  th e  f a i l u r e  s u r f a c e .  However t h e r e  i s  a f f i n i t y  be tw een  them 
w hich  i s  c o n t r a r y  to  e x p e r im e n ta l  e v id e n c e .  D e s p i t e  t h i s  i n a c c u ­
r a c y  b o th  c r i t e r i a  a r e  o f t e n  u sed  (Mohr-Coulomb f o r  c o n c r e t e  and 
D r u c k e r - P r a g e r  f o r  r o c k s ) .
MOHR-COULOMB f a i l u r e  c r i t e r i o n :
A cco rd ing  to  Mohr-Coulomb, f a i l u r e  o c c u r s  i f  t h e  s h e a r  
s t r e s s  e x c e e d s  a v a lu e  w hich  i s  a  l i n e a r  f u n c t i o n  o f  norm al 
s t r e s s e s  <r. The T re s c a  c r i t e r i o n  i s  a  s p e c i a l  c a s e  o f  t h i s .  The 
f a i l u r e  s u r f a c e  i n  d e v i a t o r i c  p l a n e  i s  h e x a h e d ro n a l  i n  sh a p e .
Used i n  c o m b in a t io n  w i th  t h e  R ank ine  C u t - o f f  c r i t e r i o n  th e  
t h r e e  p a ra m e te r  Cowan c r i t e r i o n  [2] i s  o b t a i n e d ,  ( o r i g i n a l l y  pub­
l i s h e d  i n  1953). T h is  c r i t e r i o n  h a s  been  s a t i s f a c t o r i l y  u se d  in  
p r a c t i c e ,  and i s  a l s o  u se d  i n  program  NONSAP. I t  w i l l  be  d i s c u s ­
sed  i n  more d e t a i l  l a t e r .
DRUCKER -  PRAGER f a i l u r e  c r i t e r i o n :
T h is  c r i t e r i o n  i s  an  e x t e n s i o n  o f  t h e  Von M ises  c r i t e r i o n .
■Hit <L
The f a i l u r e  s u r f a c e  in  th e  d e v i a t o r i c  p l a n e  h a s  sh ap e  o f  cone. 
S e t t i n g  th e  c o n s t a n t  c o r r e s p o n d in g  to  h y d r o s t a t i c  c o m p re ss io n  
e q u a l  t o  z e ro  l e a d s  to  th e  Von M ises c r i t e r i o n .
T hree  p a ra m e te r  m o d e ls .
T here  a r e  two b a s i c  i n a c c u r a c i e s  a s s o c i a t e d  w i th  two param e­
t e r s  m odels . The f i r s t  i s  th e  a f f i n i t y  o f  c r o s s  s e c t i o n s  w i th  
r e s p e c t  to  v o lu m e t r i c  c o m p re ss io n  and th e  o t h e r  i s  t h e  l i n e a r  r e ­
l a t i o n s h i p  be tw een  v o lu m e t r i c  s t r e s s  and volume o f  f a i l u r e  en v e ­
lo p e s  in  d e v i a t o r i c  p l a n e s .  T h is  s h o u ld  be p a r a b o l i c  a t  l e a s t .
T h is  g roup  o f  f a i l u r e  models i s  c a p a b le  o f  a v o id in g  one o f
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t h e s e  d raw backs ,  w h i l s t  th e  o t h e r  r e m a in s .  Hence th e y  can  be d i ­
v id e d  i n t o  two b a s i c  g ro u p s :
Group a:
A p a r a b o l i c  r e l a t i o n s h i p  d e f i n e s  t h e  m e r id ia n  w h i l s t  t h e r e  
i s  a f f i n i t y  b e tw een  c r o s s  s e c t i o n s  w hich  re m a in  a lw ays  c i r c u l a r .  
The BRESLER-PISTER c r i t e r i o n  (1958) [2] i s  an  exam ple o f  f a i l u r e  
c r i t e r i a  o f  t h i s  g ro u p .  For low v a lu e  o f  £ i t  p r o v id e s  r e s u l t s  
c l o s e  to  th o s e  u s in g  th e  R ankine  C u t - o f f  c r i t e r i o n .
Group b:
The r e l a t i o n s h i p  be tw een  v o l u m e t r i c  s t r e s s  and th e  m e r id ia n  
v a lu e  re m a in s  l i n e a r  b u t  d e v i a t o r i c - c r o s s  s e c t i o n s  a r e  no lo n g e r  
c i r c u l a r ,  t h e i r  shape  b e in g  a f u n c t i o n  o f  t h e  a n g le  o f  s i m i l a r i ­
t y .  The WILLAM -  WARNKE c r i t e r i o n  [ 2 ] ,  [60] i s  p r o b a b ly  t h e  most
w id e ly  u se d  c r i t e r i o n  o f  t h i s  ty p e .  I t s  f a i l u r e  s u r f a c e  i s  smooth 
and convex . I t  c r e a t e s  a b a se  f o r  t h e  f i v e  p a ra m e te r  WILLAM- 
WARNKE c r i t e r i o n  [2] ( d i s c u s s e d  l a t e r ) .  A c c u ra te  r e s u l t s  have 
b e e n  o b t a i n e d  w i th  t h i s  c r i t e r i o n .
Nowadays t h e r e  a r e  many o t h e r  c r i t e r i a  o f  t h i s  ty p e  
a v a i l a b l e ,  f o r  example ARGYRIS (1 9 7 4 ) ,  [ 2 ] .  More i n f o r m a t io n  i s
p ro v id e d  i n  r e f s .  [2] and [60 ] .
Four p a ra m e te r  f a i l u r e  c r i t e r i a .
U sing  one more m a t e r i a l  p a ra m e te r ,  i t  i s  p o s s i b l e  to  e s t a b ­
l i s h  more a c c u r a t e  m odels f o r  f a i l u r e  p r e d i c t i o n .  However i n ­
c r e a s i n g  th e  number o f  m a t e r i a l  c o n s t a n t s  a l s o  i n c r e a s e s  th e  nu­
m e r i c a l  l a b o u r  and, more s e r i o u s l y ,  i t  becomes more d i f f i c u l t  to  
o b t a i n  t h e  r e l e v a n t  m a t e r i a l  c o n s t a n t s  u sed  by th e  model. Hence 
som etim es t h e  b e n e f i t  from u s in g  b e t t e r  f a i l u r e  c r i t e r i o n  i s  a 
p r i o r i  n e u t r a l i z e d  by u s in g  i n a c c u r a t e  in p u t  d a t a  f o r  th e  m ate ­
r i a l  c o n s t a n t s .
An example i s  th e  0TT0SEN f a i l u r e  c r i t e r i o n  (1 974 ) ,  [2 ] .  
T h is  c r i t e r i o n  i s  s u i t a b l e  f o r  any s t r e s s  c o m b in a t io n  in  c o n c re ­
46
t e ,  i t s  m e r id ia n  s e c t i o n s  a r e  p a r a b o l i c  and c r o s s - s e c t i o n s  change 
t h e i r  sh ap e  from  n e a r l y  c i r c u l a r  to  t r i a n g u l a r  d e p e n d in g  on th e  
v a lu e  o f  v o l u m e t r i c  s t r e s s .  W ith a p a ra m e te r  s e t t i n g  o f  c o n s t a n t  
th e  c r i t e r i o n  d e g ra d e s  to  t h e  Von M ises  c r i t e r i o n .
A no the r  example i s  th e  HSIEH f a i l u r e  c r i t e r i o n  [2] w hich  s a ­
t i s f i e s  a l l  c o n v e x i ty  r e q u i r e m e n ts .  However t h e  d e v i a t o r i c  c r o s s  
s e c t i o n s  a r e  n o t  smooth.
F iv e  p a r a m e te r s  f a i l u r e  c r i t e r i a .
An exam ple o f  f i v e  p a r a m e te r s  f a i l u r e  c r i t e r i a  i s  t h e  f i v e  
p a r a m e te r s  WILLAM-WARNKE f a i l u r e  c r i t e r i o n  [2] . T h is  i s  d i r e c t  
e x t e n s i o n  o f  t h e  t h r e e  p a ra m e te r  W illam  -  Warlike c r i t e r i o n  w hich 
h a s  been  a l r e a d y  m en tioned . A l l  e x p e r i m e n t a l l y  e s t a b l i s h e d  p r o ­
p e r t i e s  o f  t h e  f a i l u r e  s u r f a c e  a r e  s a t i s f i e d  (sm o o th n ess ,  conve­
x i t y  e t c . ).
The o n ly  draw back i s  t h a t  t h e  c o n v e x i ty  r e q u i r e m e n ts  l e a d s  
t o  f a i l u r e  when o n ly  h y d r o s t a t i c  c o m p re s s io n  i s  p r e s e n t ,  w hich 
c o n t r a d i c t s  e x p e r im e n ta l  e v id e n c e .
F a i l u r e  c r i t e r i a  b a sed  on f r a c t u r e  m e c h a n ic s .
The o t h e r  p o s s i b l e  a p p ro a c h  to  t h e  p rob lem  o f  c o n c r e te  
f a i l u r e  can  be b a sed  on f r a c t u r e  m ech an ic s .  Nowadays a m ass iv e  
l i t e r a t u r e  on t h i s  t o p i c  i s  a v a i l a b l e ,  f o r  exam ple w orks o f  Ba- 
z a n t  and T su b a sk i  [8] . The main c o n c e p t  i s  t h a t  o c c u r r e n c e  o f  
f a i l u r e  depends  n o t  o n ly  on th e  s t r e s s  s t a t e  a t  one d i s t i n c t  
p o i n t  b u t  a l s o  on i t s  s u r r o u n d in g  a r e a .  Energy  c r i t e r i a  th e n  d e ­
t e r m in a t e  w h e th e r  a c r a c k  w i l l  p r o p a g a te  i n t o  t h e  s u r r o u n d in g  
a r e a .  The r e s u l t  i s  t h a t  t h e s e  m odels a l s o  o b s e rv e  a r e a s  c l o s e  to  
t h e i r  p o s i t i o n  and p r e d i c t e d  r e s u l t s  a r e  u s u a l l y  more a c c u r a t e .  
U n f o r tu n a t e l y  t h e i r  u se  i s  a l s o  more c o m p l ic a te d .
We w i l l  n o t  d i s c u s s  t h e s e  m odels h e r e  i n  more d e t a i l  s i n c e  
i t  i n v o lv e s  th e  c o n c ep t  o f  damage th e o r y ,  w hich  i s  o u t s i d e  th e
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scope  o f  t h i s  work. F u r t h e r  d e t a i l s  c an  be found  i n  [60] and th e  
work o f  D o u g i l l  (1975 ,1976)  and o t h e r s .
3 . 3 . 2  Mohr-Coulomb f a i l u r e  c r i t e r i o n  combined w i th  R ankine  
C u t - o f f  u se d  i n  program  NONSAP.
The f a i l u r e  c r i t e r i o n  d e f i n e d  by a c o m b in a t io n  o f  t h e  Mohr- 
Coulomb and R ank ine  C u t - o f f  c r i t e r i a  r e p r e s e n t s  one o f  t h e  most 
p o p u la r  f a i l u r e  s u r f a c e s  f o r  two d im e n s io n a l  p ro b le m s.  The g iv e n  
a c c u r a c y  i s  u s u a l l y  s a t i s f a c t o r y  and th e  c r i t e r i o n  i s  a t  t h e  same 
t im e  s im p le  to  u s e .  Fo r  c o m p re s s io n -c o m p re s s io n  and c o m p re s s io n -  
t e n s i o n  zones  t h e  Mohr-Coulomb c r i t e r i o n  i s  u se d .  F o r  t h e  t e n -  
s i o n - t e n s i o n  zone, Mohr-Coulomb u s u a l l y  o v e r e s t i m a t e s  t h e  m ate ­
r i a l  s t r e n g t h  and th u s  th e  R ank ine  C u t - o f f  c r i t e r i o n  i s  u se d  i n ­
s t e a d  to  d e f i n e  th e  u l t i m a t e  t e n s i o n  i n  c o n c r e t e .
The u l t i m a t e  q u a n t i t y  d e f i n i n g  f a i l u r e  i s  mean s h e a r  s t r e s s  
and  t h i s  w i l l  now be d i s c u s s e d  i n  more d e t a i l  f o r  2D c o n d i t i o n .  
M a th e m a t ic a l ly  t h e  f a i l u r e  i s  e x p r e s s e d  by:
1 + s m $  1 -  s i n $  , .cr ——-------— -  cr ——------— = 1 / 3 . 0 6 /l 2C cos$  2 2C cos$
where <r > cr  ^ a r e  p r i n c i p a l  s t r e s s e s  and $, C a r e  two m ate ­
r i a l  c o n s t a n t s ,  t h e  a n g le  o f  i n t e r n a l  f r i c t i o n  and th e  m a t e r i a l  
c o h e s io n .  The d e r i v a t i o n  o f  / 3 . 0 6 /  i s  s t r a i g h t f o r w a r d  u s in g  Mohr 
c i r c l e s .
The m a t e r i a l  c o n s t a n t s  $ and C can  be i d e n t i f i e d  from 
u n i a x i a l  s t r e n g t h  i n  c o m p re ss io n  f* and t e n s i o n  f '  , (o r  a l t e r -
c  t
n a t i v e l y  i n  s h e a r  f* ) . S u b s t i t u t i n g  <r = - f ’ and cr = 0 i n t o
s  2 c  1
/ 3 . 0 6 /  l e a d s  t o  one e q u a t io n .  S i m i l a r l y  <r = f* , (o r  <r = f  ’ ) andI t  I s
cr = 0 l e a d s  t o  a second  e q u a t io n .  The s o l u t i o n  o f  t h e  r e q u i r e d  
m a t e r i a l  c o n s t a n t s  from th o s e  e q u a t i o n s  i s  t h e n  s t r a i g h t f o r w a r d .
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A t h i r d  m a t e r i a l  c o n s t a n t  i s  n e c e s s a r y  t o  d e f i n e  t h e  peak  
v a lu e  f o r  t e n s i o n  f o r  R ankine  C u t - o f f  c r i t e r i o n ,  u s u a l l y
th e  t e n s i l e  s t r e n g t h  f ’ i n  t h e  form:
max( cr ; cr ) = f  * / 3 .  0 7 /
1 2  t
3 . 3 . 3  F a i l u r e  c r i t e r i o n  u s e d  i n  program  CONCRETE.
The program  CONCRETE u s e s  an  e l a s t i c - p l a s t i c  m a t e r i a l  mo­
d e l  f o r  th e  c o n s t i t u t i v e  e q u a t i o n ,  i n  w hich  b o th  c o m p re s s io n  
h a rd e n in g  and t e n s i o n  s t i f f e n i n g  a r e  i n c lu d e d .  I t  im p l ie s  t h a t  
t h e  m a t e r i a l  s t a t e  i s  p r i m a r i l y  d e f i n e d  by a p l a s t i c i t y  Y ie ld  
f u n c t i o n  o r  a  s u b s e q u e n t  l o a d in g  s u r f a c e .  These  w i l l  be  p r e s e n t e d  
l a t e r  i n  t h e  s e c t i o n  c o n c e rn e d  w i t h  c o n s t i t u t i v e  e q u a t i o n  mode­
l i n g .  S i m i l a r  to  t h e  model u se d  i n  NONSAP, t h e  m ain  f a i l u r e  c r i ­
t e r i o n  h e r e  i s  a l s o  combined w i th  t h e  R ank ine  C u t - o f f  f o r  th e  
t e n s i o n - t e n s i o n  zone.
The f u n c t i o n  d e f i n i n g  th e  l o a d in g  s u r f a c e  a f t e r  t h e  b e g in ­
n in g  o f  p l a s t i c i t y  i n  a m a t e r i a l  must a l s o  be l i m i t e d .  T h e o r e t i ­
c a l l y  i t  i s  p o s s i b l e  to  d e s ig n  e x p r e s s io n s  f o r  lo a d in g  f u n c t i o n s  
so t h a t  th e y  a r e  a p p l i c a b l e  u n t i l  th e  m a t e r i a l  i s  c o m p le te ly  d e ­
s t r o y e d ,  however in  p r a c t i c e  t h i s  i s  v e ry  d i f f i c u l t  to  a c h ie v e  
and i s  n o t  v e ry  u s e f u l .  Due to  s e r v i c e a b i l i t y  and a d d i t i o n a l  r e a ­
so n s ,  i t  i s  s a t i s f a c t o r y  to  d e f i n e  lo a d in g  f u n c t i o n s  f o r  a l i m i ­
t e d  s t r e s s  o r  s t r a i n  r a n g e ,  so t h a t  i f  damage i n  t h e  m a t e r i a l  e x ­
c e ed s  some u l t i m a t e  l e v e l ,  th e  t o t a l  l o s s  o f  b o th  r i g i d i t y  and 
s t r e s s  i n  t h e  m a t e r i a l  can  be assumed.
T here  a r e  many p o s s i b i l i t i e s  f o r  d e f i n i n g  t h i s  a d d i t i o n a l  
u l t i m a t e  f a i l u r e  s u r f a c e .  In  program  CONCRETE an e x p r e s s i o n  v e ry  
s i m i l a r  to  th e  lo a d in g  s u r f a c e  i s  u se d  f o r  t h e  s a k e  o f  
s i m p l i c i t y .  The o n ly  d i f f e r e n c e  i s  t h a t  s t r e s s  e n t i t i e s  a r e  
r e p l a c e d  by s t r a i n  e n t i t i e s .  I t s  m a th e m a t ic a l  form  i s  g iv e n  by:
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f3 ( -3 J ’ ) + a / ’ = e 2
2 1 u
73.08/
where e i s  u l t i m a t e  v a lu e  o f  t o t a l  s t r a i n  e x t r a p o l a t e d  from
u
u n i a x i a l  t e s t  r e s u l t s ,
J ’ i s  t h e  second  d e v i a t o r i c  s t r a i n  i n v a r i a n t ,
2
I* i s  t h e  f i r s t  s t r a i n  i n v a r i a n t  andl
a ,  £ a r e  m a t e r i a l  c o n s t a n t s  and a r e  t h e  same a s  d e f i ­
ned  f o r  th e  y i e l d  f u n c t i o n .  T here  a r e  c a l c u l a t e d  
t o  f i t  t h e  K upfe r  e t .  a l  [40] f a i l u r e  s u r f a c e .  
These w i l l  be d i s c u s s e d  when p r e s e n t i n g  th e  Y ie ld  
f u n c t i o n  i n  S e c t i o n  3 . 5 . 3 .
The e x p r e s s io n  / 3 . 0 8 /  d oes  n o t  r e p r e s e n t  t h e  most s o p h i s t i ­
c a t e d  s o l u t i o n ,  n e v e r t h e l e s s  i t  works w e l l  f o r  m ost p r a c t i c a l  
exam p les .  Note t h a t  some o t h e r  a u th o r s  ( e . g .  H in to n  [4 2 ])  u s e  as  
a a n e g a t i v e  v a lu e  d e f i n e d  by / 3 . 1 / .
3 . 3 . 4  C ru sh in g  c o e f f i c i e n t .
A n a t u r a l  q u e s t i o n  i s  how to  d e f i n e  m a t e r i a l  b e h a v io r  a f t e r  
m a t e r i a l  f a i l u r e  h a s  o c c u r r e d  i n  a p a r t i c u l a r  p a r t  o f  th e  
s t r u c t u r e .
The s im p l e s t  s o l u t i o n  i s  to  om it r i g i d i t y  and s t r e s s e s  in  
th e  f a i l u r e  zone, b u t  t h i s  i s  a v e ry  c o a r s e  a p p ro x im a t io n .  
U s u a l ly  i t  i s  n e c e s s a r y  to  ad o p t  more a c c u r a t e  t r e a tm e n t  w i t h i n  
f a i l e d  a r e a s ,  a c c o r d in g  to  t h e i r  mode o f  f a i l u r e .  T h is  i s  th e  
main id e a  f o r  i n t r o d u c in g  a c r u s h in g  c o e f f i c i e n t .
G e n e r a l ly  t h e r e  a r e  two b a s i c  modes o f  c o n c r e t e  f a i l u r e .  The 
f i r s t  i s  th e  consequence  o f  e x c e s s i v e  v a lu e s  o f  t e n s i l e  s t r e s s ,  
( e i t h e r  due to  t e n s i o n  o r  s h e a r ) ,  l e a d in g  to  t h e  c r e a t i o n  o f  
c r a c k s .  The second  i s  th e  c r u s h in g  o f  c o n c r e t e  i n  w hich  c a s e  th e  
c o n c r e t e  d e g ra d e s  to  a m a t e r i a l  w i th  p r o p e r t i e s  s i m i l a r  to  a  l o o ­
se  m a t e r i a l  ( e .g .  s a n d ) .
In  th e  l a t t e r  c a se  com ple te  losfc o f  m a t e r i a l  r i g i d i t y  and 
i n t e r n a l  s t r e s s  i s  j u s t i f i e d  b u t  i n  th e  fo rm e r  we have  to  a c c o u n t
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f o r  m a t e r i a l  s t i f f n e s s  i n  d i r e c t i o n  p a r a l l e l  t o  c r a c k s .  T h is  i s
done by assum ing  an o r t h o t r o p i c  m a t e r i a l  w i th  n e a r l y  z e ro
r i g i d i t y  p e r p e n d i c u l a r  to  t h e  c r a c k  b u t  w i th  th e  o r i g i n a l
r i g i d i t y  v a lu e  p a r a l l e l  to  th e  c r a c k .  However i f  th e  m a t e r i a l  i s  
p a r t l y  d e s t r o y e d  by c r a c k in g  and p a r t l y  by c r u s h i n g ,  an  a c c u r a t e  
s o l u t i o n  i s  v e ry  d i f f i c u l t .  One p o s s i b i l i t y  i s  to  u s e  a l i n e a r  
c o m b in a t io n  o f  r i g i d i t i e s  c o r r e s p o n d in g  t o  b o th  f a i l u r e  modes. 
The c o e f f i c i e n t s  d e f i n i n g  t h i s  c o m b in a t io n  a r e  e s t a b l i s h e d  
a c c o r d in g  to  how much e a c h  p a r t i c u l a r  mode o f  f a i l u r e
p a r t i c i p a t e d  i n  th e  f a i l u r e  c o n d i t i o n .
The p u re  c r a c k  f a i l u r e  mode can  be r o u g h ly  c h a r a c t e r i z e d  by:
cr ^ 0; cr ><r > o' / 3 . 0 9 /
1 1 2  3
o r  a l t e r n a t i v e l y  u s in g  s t r e s s  i n v a r i a n t s :
The s im p l e s t  way to  m a th e m a t ic a l l y  c h a r a c t e r i z e  c r u s h in g  
f a i l u r e  mode i n  a  m a t e r i a l  i s  t o  assum e t h a t  a l l  s t r a i n s  
c o r r e s p o n d in g  to  p r i n c i p a l  s t r e s s e s  must be n e g a t i v e .  Thus:
Assuming e l a s t i c i t y  t h e  s u b s t i t u t i o n  o f  s t r e s s e s  to  / 3 . 1 0 /  
l e a d s  to
I * 0; 0° ^ 0  ^ 60°l
/ 3 . 1 0 /
<r -  u (<r + <r ) ^ 0
1 2  3
o r  / 3 . 1 1 /  i f  s t r e s s  i n v a r i a n t s  a r e  u se d
/3.11/
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A c o m p ar iso n  o f  / 3 . 0 9 /  and / 3 . 1 1 /  l e a d s  d i r e c t l y  to  t h e  so 
c a l l e d  c r u s h i n g  c o e f f i c i e n t :
I
a =  ------------   7 3 .1 2 /
2V 3 V J  co s0  
2
I f  a  s  1 we assume t h a t  m a t e r i a l  f a i l u r e  i s  due t o  a  p u re  
c r a c k in g  mode. On th e  o t h e r  hand i f  a  ~ ~j~ * > Pu r e  c r u s h in g
o c c u r s .  F o r  i n t e r m e d i a t e  v a lu e s  o f  a ,  a c o e f f i c i e n t  v  d e f i n e s  
t h e  r a t i o s  o f  f a i l u r e  modes su ch  t h a t  f o r  c r a c k in g  v  = 1 and f o r  
c r u s h i n g  v = 0 and i n t e r m e d i a t e  v a lu e s  a r e  l i n e a r l y
i n t e r p o l a t e d .
A f t e r  f a i l u r e  i t  i s  assumed t h a t  t h e  o r t h o t r o p i c  m a t e r i a l  
h a s  n e a r l y  z e ro  r i g i d i t y  p e r p e n d i c u l a r  t o  t h e  c r a c k  and v  t im e s  
t h e  r i g i d i t y  o f  t h e  o r i g i n a l  m a t e r i a l  f o r  d i r e c t i o n s  p a r a l l e l  to  
t h e  c r a c k .
T h is  a p p ro a c h  i s  o n ly  a f i r s t  a p p ro x im a t io n  f o r  d e a l i n g  w i th  
m u lt i -m o d e  f a i l u r e  c r i t e r i a ,  b u t  b a se d  on e x p e r i e n c e  w i t h  program  
NONSAP i t s  u se  i s  g e n e r a l l y  s a t i s f a c t o r y .
3 . 3 . 5  F a i l u r e  c r i t e r i a  f o r  s t e e l .
S t e e l  b ehaves  a s  a i s o t r o p i c  e l a s t i c - p l a s t i c  m a t e r i a l  and 
th u s  a f a i l u r e  c r i t e r i o n  can  be d e f i n e d  by th e  u l t i m a t e  lo a d in g  
s u r f a c e  s i m i l a r  to  i t s  Y ie ld  f u n c t i o n .  The s i t u a t i o n  i s  f u r t h e r  
s i m p l i f i e d  c o n s id e r in g  t h a t  r e i n f o r c i n g  b a r s  a r e  o n ly  one 
d im e n s io n a l  e le m e n ts .  T h is  a p p ro a c h  i s  employed i n  t h i s  work.
3 . 3 . 6 .  I n t e r a c t i o n  o f  c o n c r e te  and r e i n f  o r c i n g  b a r s  in  
c r a c k s .
E x p e r im e n ta l  e v id e n c e  shows t h a t  a f t e r  c r a c k s  have  been 
form ed c o n c r e t e  c o n t in u e s  to  c o n t r i b u t e  to  s t r u c t u r a l  r i g i d i t y  in
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a d i r e c t i o n  p e r p e n d i c u l a r  to  t h e  c r a c k s .  T h is  i s  b e c a u s e  c r a c k s  
o c c u r  a t  f i n i t e  i n t e r v a l s  and th e  s u r ro u n d  m a t e r i a l  be tw een  them 
can  s t i l l  c o n t r i b u t e  to  th e  s t r u c t u r a l  s t i f f n e s s ,  e s p e c i a l l y  i f  
r e i n f o r c e m e n t  i s  p r e s e n t .  Two p o s s i b l e  s o l u t i o n s  have  been  su g ­
g e s t e d  f o r  d e a l i n g  w i th  t h i s  phenomena. The f i r s t  one a c c o u n ts  
f o r  a  p o s t - c r a c k i n g  c o n c r e t e  c o n t r i b u t i o n  by a r t i f i c i a l l y  i n ­
c r e a s i n g  th e  r e i n f o r c i n g  b a r  r i g i d i t y  n e a r  e , t h e  c o n c r e t e  u l -
c r
t im a t e  s t r a i n  i n  t h e  u n i a x i a l  t e n s i o n  t e s t .
The second  a p p ro a c h ,  (u sed  h e r e ) ,  assum es some p o s t  c r a c k in g  
r e s i d u a l  m a t e r i a l  r i g i d i t y  i n  th e  c o n c r e t e .  T h is  i s  u s u a l l y  d e f i ­
ned by a  t e n s i o n  s t i f f e n i n g  r u l e  w hich w i l l  be  d i s c u s s e d  i n  S ec ­
t i o n  3 .4 .
More i n f o r m a t io n  a b o u t  b e h a v io r  c l o s e  t o  c r a c k s ,  w hich  i s  
n o t  r e l e v a n t  to  t h i s  t h e s i s ,  i s  summ arized i n  r e f .  [4 1 ] .  I t  
s h o u ld  be n o te d  t h a t  t h e  b o n d - s l i p  b e tw een  th e  c o n c r e t e  and 
r e i n f o r c i n g  b a r s  i s  im p o r ta n t  i n  some s i t u a t i o n s ,  e s p e c i a l l y  in  
d e t a i l e d  s t u d i e s .  F o r  t h e  sa k e  o f  s i m p l i c i t y  t h i s  phenomena a r e  
n o t  a c c o u n te d  f o r  i n  t h i s  work.
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3 .4  L in e a r  e l a s t i c  c o n s t i t u t i v e  m odels  f o r  c o n c r e te
a c c o u n t in g  f o r  c r a c k in g  and c r u s h in g .
The s i m p l e s t  c o n s t i t u t i v e  e q u a t i o n s  f o r  any m a t e r i a l ,  i n c ­
lu d in g  c o n c r e t e ,  i s  t h e i r  l i n e a r  m odeling  by H o o k e 's  law. I f  in  
a d d i t i o n ,  c r a c k  o c c u r r e n c e  i s  a c c o u n te d  f o r ,  t h e  r e s u l t i n g  m ate­
r i a l  model s e r v e s  a s  a  f a i r  a p p ro x im a t io n  t o  r e a l  m a t e r i a l  b e h a ­
v i o r .  T h is  model i s  q u i t e  a p p l i c a b l e  to  a  l a r g e  r a n g e  o f  s t r u c t u ­
r e s  w hich  f a i l  due to  y i e l d i n g  o f  r e i n f o r c e m e n t  r a t h e r  th a n  com­
p r e s s i o n  c o l l a p s e  o f  c o n c r e t e .  Hence i t  i s  e s p e c i a l l y  a p p l i c a b l e  
f o r  s h e l l  o r  m o d e r a te ly  deep  b e n d in g  s t r u c t u r e s  e t c .  In  t h e  c a se  
o f  h ig h  v o l u m e t r i c  c o m p re ss io n  l e v e l s  th e  r e s u l t s  te n d  to  o v e r ­
e s t i m a t e  c o n c r e t e  s t i f f n e s s  b e c a u s e  no d u c t i l i t y ,  ( o r  p l a s t i c i ­
t y ) ,  i s  assumed.
In  o r d e r  t o  s p e c i f y  c r a c k  c r e a t i o n  a s  w e l l  a s  c r u s h in g  o f  
c o n c r e t e ,  th e  m odels  need  t o  be su p p le m e n te d  by s im p le  f a i l u r e  
c r i t e r i a .  In  th e  c a se  o f  c r u s h in g  f a i l u r e  we u s u a l l y  assume a 
co m p le te  l o s s  o f  m a t e r i a l  r i g i d i t y  and s t r e s s e s  w h i l s t  i n  th e  c a ­
se  o f  c r a c k in g ,  an o r t h o t r o p i c  m a t e r i a l  i s  a d o p te d .  The o r t h o t r o ­
p i c  a x i s  a r e  assumed to  c o in c i d e  e i t h e r  w i th  t h e  p r i n c i p a l  s t r e s s  
a x e s  o r  w i th  d i r e c t i o n s  o f  p r i n c i p a l  s t r a i n s .  The s t i f f n e s s  in  
th e  d i r e c t i o n  p a r a l l e l  to  a c r a c k  i s  assumed unchanged . The s t i f ­
f n e s s  in  th e  p e r p e n d i c u l a r  d i r e c t i o n  i s  s e t  to  z e ro  and a p p ro ­
p r i a t e  norm al s t r e s s  i s  r e l e a s e d  u n l e s s  t e n s i o n  s t i f f e n i n g  i s  
a d o p te d .  I f  i n  s u b s e q u e n t  lo a d in g  h i s t o r y  t h e  c r a c k  c l o s e s  a g a in ,  
t h e  o r i g i n a l  i s o t r o p i c  m a t e r i a l  i s  r e i n s t a t e d .
Some models t a k e  i n t o  a c c o u n t  norm al and s h e a r  r e s i d u a l  
s t i f f n e s s  a c r o s s  th e  c r a c k ,  (due to  a g g r e g a te  i n t e r l o c k i n g ,  r e i n ­
f o r c i n g  dowel e t c . ) ,  and th e y  w i l l  be d i s c u s s e d  l a t e r .
In  c a s e s  o f  mixed c r a c k / c r u s h i n g  f a i l u r e  modes t h e  c r u s h in g  
c o e f f i c i e n t  a p p ro a c h  p r e s e n t e d  in  S e c t i o n  3 . 3 . 4  i s  o f t e n  employ­
ed.
In  t h e  f o l l o w in g ,  s im p le  l i n e a r  c o n s t i t u t i v e  m odels  w i l l  be 
p r e s e n t e d  f o r  t h e  c a s e  o f  two d im e n s io n a l  and  a x is y m m e tr ic  lo a d ­
in g  c o n d i t i o n s .  I t s  e x t e n s i o n  to  s h e l l  a n a l y s i s  i s  s t r a i g h t f o r ­
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ward and w i l l  n o t  be g iv e n  e x p l i c i t l y .  A lso  i n  t h i s  c a se  we 
assume t h a t  c r a c k s  can  o c c u r  p e r p e n d i c u l a r  t o  t h e  e le m en t  p la n e  
o n ly  and hence  th e  s i m i l a r i t y  w i t h  2D m odels .
C o n s t i t u t i v e  e q u a t i o n s  o f  t h i s  ty p e  a r e  b a s e d  on Hooke’ s law 
s p e c i f y i n g  l i n e a r  r e l a t i o n s h i p s  be tw een  s t r a i n s  and s t r e s s e s .  
T hese  e q u a t i o n s  a r e  w e l l  known and o n ly  f i n a l  e x p r e s s i o n s  a r e  
p r e s e n t e d .
F o r  g e n e r a l  t h r e e  d im e n s io n a l  lo a d in g :
E . pE A s
i j “ ( l  + (I) i j  (1 + | i ) ( l  -  2m) kk IjA<r = / 3 . 1 3 /
w here E i s  Young’ s  m odulus, p  i s  P o i s s o n ’ s r a t i o  and Act and
Ae a r e  s t r e s s  and s t r a i n  in c r e m e n ts .  5 i s  t h e  K ro n e c k e r ’ s  5
ij
t e n s o r  ( 5 = 1  f o r  i  = j ,  5 = 0  f o r  i  * j )ij  J ij J
In  t h e  c a s e  o f  2D p rob lem s / 3 . 1 3 /  can  be a b b r e v i a t e d  to :
A x isvm m etric  p rob lem  ( z - a x i s  i s  a x i s  o f  sy m m etry ) :
(v  = T,., = t  = t _  = 0 ) .  See F ig .  3 .1 0  showing th e  a d o p te d  
Z0 0 r  z 0  0 r
n o t a t i o n .
A o'
r
(1 -  p) p 0 p Ae
r
A O'
z E (1 -  p) 0 p Ae z
At
r z
(1 + p ) (1 -  2p) (1 -  2 p ) /2  0sym. Ar r z
A(r_
0
(1 -  p) Ace
/ 3 . 14//
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I
I
c l
B io .
oI-
F ig .  3 .1 0  N o ta t io n  f o r  a x isy m m e tr ic  prob lem . 
P la n e  s t r a i n  i n  p la n e  ( x - v ) :
( e = r  = y  = t  = t  = 0 )  
z  z y  z x  z y  z x
A ct>
A(r
>
Axxy.
(1 + UMI -  2fi)
(1 -  p) M
(1 -  Ji)
sym.
0
0
(1 -  2 \ i ) / 2
Ae
X
Ae
y
A r
l x y .
/ 3 . 15 /
Atr can  be c a l c u l a t e d  u s in g  / 3 . 1 3 / :
Act = E n-  f 1 . „ W1 oTT" ^ e  + A e ) =  ^(A < r + A<r ) / 3 . 1 6 /z  1 1 +  j U j ( l  “  2f l )  x  y  x  y
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P la n e  s t r e s s  i n  p l a n e  (x -y )
( c r = r  =  y  =  t  =  t  = 0 )  
z  z y  z x  z y  zx
A <r>
Act
j
At xy_
(1 -  /LI )
1
sym.
0
0
(1 -  2 \ i ) / 2
A ?
X
A y
y
At
. *y.
/ 3 . 1 7 /
A<r = 0 ,
z
Ae = -----——r~ (Ae + Ae )
z  H — 1 x  y / 3 . 1 8 /
A lthough  e q u a t i o n s  / 3 . 1 4 /  th ro u g h  / 3 . 1 8 /  were p r e s e n t e d  f o r  
s t r e s s  and s t r a i n  in c r e m e n ts ,  b e c a u s e  o f  t h e i r  l i n e a r i t y  t h e  same 
form  can  be u se d  f o r  r e l a t i o n s h i p s  be tw een  t o t a l  v a lu e s .
P ro c e e d in g  to  t h e  c o n s t i t u t i v e  e q u a t i o n  f o r  c ra c k e d  c o n c re ­
t e ,  b e c a u s e  o f  ou r  r e s t r i c t i o n  t o  2D p ro b le m s ,  a  c r a c k  can  be 
c r e a t e d  i n  th e  x - y  p la n e  o n ly  ( s e e  F ig u r e  3 .1 1 ) .  The c o o r d i n a t e  
sy s tem  x ’ - y ’ p a r a l l e l  w i th  th e  c r a c k  i s  b a se d  on th e  a s su m p t io n  
t h a t  x ’ a x i s  i s  norm al to  d i r e c t i o n  o f  p r i n c i p a l  s t r e s s  r e s p o n ­
s i b l e  f o r  th e  c r a c k  c r e a t i o n .  The a n g le  be tw een  a x e s  x and x ’ i s  
d e n o te d  /3 and i s  p o s i t i v e  f o r  an  a n t i - c l o c k w i s e  r o t a t i o n .
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y ( z ) y ( z )
'xy
x<r) x ( r )
F ig .  3 .1 1  C rack  p a t t e r n  i n  x - y  p l a n e .
A f t e r  c r a c k  o c c u r r e n c e  t h e  e q u a t i o n s  / 3 . 1 4 /  t o  / 3 . 1 8 /  a r e  
r e p l a c e d  by / 3 . 1 9 / :
A<r
x ’
A<r
y ’
At
x ’ y ’
Act
z
y’
sym.
0 ^ X -
0 0
X 0
x ’ y ’
E
Ae
x ’
Ae ,
y ’
t o  ,  ,x ’ y ’
Ae
z
/ 3 . 1 9 /
where E = E = E ’ i s  th e  o r i g i n a l  Young’ s modulus and E
x ’ z  y ’
and G a r e  r e s i d u a l  v a lu e s  o f  Young’ s modulus p e r p e n d i c u l a r  to  
x y
th e  c r a c k  and th e  s h e a r  modulus a lo n g  th e  c r a c k .
For t h e  c a s e s  o f  p la n e  s t r a i n  and ax isym m etry  a f t e r  th e
c ra c k  f o r m a t io n ,  we d e a l  w i th  a p la n e  s t r e s s  p rob lem  i n  p l a n e  x ’ -
Ez and hence  E ’ = ------------- , w h i l s t  i n  th e  c a se  o f  a  p la n e  s t r e s s
1 21 -  fl
prob lem  a f t e r  c r a c k in g  th e  s o l u t i o n  d e g ra d e s  to  a one d im ens ion  
s i t u a t i o n  w i th  E’ = E. Here E i s  Young’ s modulus f o r  a v i r g i n  
c o n c r e te  i n  one d im e n s io n ,  p i s  P o i s s o n ’ s  r a t i o .  N o t ic e  t h a t  
P o i s s o n ’ s r a t i o  in  th e  x ’ - y ’ p l a n e  i s  assumed z e ro  (p = 0 ) .
x ’ y ’
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T h is  i s  j u s t i f i e d  ( s e e  f o r  example r e f s .  [ 9 ] ,  [1 0 ] ,  [ 1 4 ] ) .
E q u a t io n s  / 3 . 1 9 /  a r e  p r o v id e d  i n  x ’ - y ’ c o o r d i n a t e  sy s tem  and 
t h e r e f o r e  i t  i s  n e c e s s a r y  to  t r a n s f o r m  them to  t h e  o r i g i n a l  x - y  
sy s tem . T h is  t a k e s  t h e  form:
Ao* = D Ae ,
w h e re :
D =
' C4 ; S2C? S C? fiC2'
S4 ; S3C; fiS2
c 2-2sym. S C; fisc E* +
- 1
' S4 ; S2C2; - S  C3; 0 '
C4 ; - S 3C ; 0
sym. S2C2 ; 0 E + y ’
• o -
' 2S2C2 ; -2S2C2 ; -SC(C2-  s2) 0 '
2S2C2; sccc2-  s2) 0
sym. (c 2-  S2)2/ 2 0
. 0 -
x  ’ y ’
/ 3 . 20 /
where C = cos/3, S = sin/3 and /3 i s  t h e  c r a c k  a n g le .
(3 i s  computed u s in g  th e  d i r e c t i o n  o f  p r i n c i p a l  s t r e s s e s  j u s t  
p r i o r  to  f a i l u r e :
n = 1
X
n =
<r -  <r
X  1
y t / 3 . 2 1 /
x y
( n ^13 = a r c t g l - ^ j
X
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Note t h a t  <r > cr^, and i s  t h e  i n - p l a n e  p r i n c i p a l  s t r e s s  
p r i o r  t o  c r a c k in g .
S i m i l a r  t o  e q u a t i o n  / 3 . 2 1 /  we can  d e r i v e  t r a n s f o r m a t i o n  r e ­
l a t i o n s  f o r  t h e  s t r e s s  v e c t o r  [o' ,cr , t  , <r ] t o  t h e  x - y  c o o r -
x ’ y ’ x ’ y ’ z  J
d i n a t e  sy s tem .
2 2 <r = <r co s  |3 + <r s i n  |3 -  s in 2 0  t  
x x* y* x*y*
2 2 <r = cr s i n  /3 + cr cos  £ + s in 2 3  t  
y  x ’ y ’ x ’ y ’
t  = (o' - cr ) sin/3 cos|3 + t cos20
x y  x ’ y* x ’ y*
N ote , t h a t  i n  o r d e r  to  be a b l e  to  u s e  t h e  t r a n s f o r m a t i o n  r u -
1
l e  f o r  t e n s o r s ,  m  Ae we have t o  c o n s id e r  n o t  j  b u t  e
— x y  x y  2  xy
[3] and a f t e r  t r a n s f o r m a t i o n  to  r e s e t  y back  a g a in .
xy
E q u a t io n s  / 3 . 2 0 /  and / 3 . 2 1 /  were p r e s e n t e d  f o r  an  x - y - z  c o o r d i ­
n a t e  sy s tem  w i th  a c ra c k  in  t h e  x - y  p l a n e .  F o r  a x is y m m e tr ic  s i ­
t u a t i o n  i t  i s  n e c e s s a r y  to  r e p l a c e  in d e x e s  x , y ,  z by r ,  s ,  © 
r e s p e c t i v e l y .  In  th e  c a s e  o f  p l a n e  s t r e s s  (p la n e  s t r a i n )  p rob lem s 
cr (e ) e q u a l s  z e ro  and e x p r e s s io n s  s i m i l a r  to  / 3 . 1 8 /  and / 3 . 1 6 /
z  z
must be d e r i v e d .
An im p o r ta n t  f e a t u r e  o f  t h i s  model i s  t h a t  a f t e r  c r a c k s
have o c c u r r e d ,  th e  r e s i d u a l  r i g i d i t i e s  E and G a r e
y > x > y >
r e t a i n e d .
T h is  i s  i n  ag reem en t  w i th  e x p e r im e n ta l  e v id e n c e .  N e v e r th e l e s s ,  
some a u t h o r s  ( f o r  th e  sa k e  o f  s i m p l i c i t y )  n e g l e c t  them b o th  
l e a d i n g  to  t h e  f o l l o w in g  e x p r e s s io n s  (recommended i n  [ 2 ] ) :
a /  P la n e  s t r e s s  (p la n e  x - y ) :
T
o' = [ c t ; o' ; t ] . . .  s t r e s s  v e c t o r
— x y x y
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e = [ e ; e ; e ]T . . .  s t r a i n  v e c t o r
— x y x y
T
Act =  [ A(7 ; Act ; At  ]
— x y x y
in c re m e n t  o f  s t r e s s  due to
in c re m e n t  o f  s t r a i n  Ac
TAc = [ Ae ; Ae ; Ae ]
— x  y  x y
s t r a i n  in c re m e n t
/3 . . . a n g le  o f  c r a c k .
b(/3)T = [ c o s 2 ( / 3 ) ,  s i n 20 ) ,  s in ( |3 ) * c o s ( £ )  ] 
b l O ) T = [ c o s 2 ( p ) ,  s i n 2 (|3), 2 s i n ^ ) * c o s ( £ )  ]
E . . .  Young’ s modulus 
I . . .  i d e n t i t y  m a t r ix  
fi . . . P o i s s o n ’ s  r a t i o  
Atr = ( E {b(|3)*b(|3)T) * Ae
- (  I - { b ( 0 ) * b l ( 0 ) T) * <r / 3 . 2 2 /
b /  P la n e  s t r a i n :
A<r = ( ----    {b(j3)*b(|3)T) * Ae
1 -  H2 ~~
- (  I —{b (0 )* b l( /3 )X) * <r 7 3 .2 3 /
61
c /  A x isym m etric  p roblem :
A o' Ae ■
r
Act
z E
b ( 0 ) * b ( 0 ) T ; pb(/3) rAe
2
At
r z
. Av
1-M2 Mb(/3)T ; 1
W
Ae
r z  
. AE0 .
-i <r
( I - b ( 0 ) * b l ( 0 ) T); 0 rO'
0  ; 0
* z
T
r z
V
/ 3 . 2 4 /
Note t h a t  e q u a t i o n s  / 3 . 2 2 /  th ro u g h  / 3 . 2 4 /  co m p r ise  s t r e s s  
c hanges  Act due to  s t r a i n  changes  Ae ( f i r s t  te rm ) and a l s o  s t r e s s  
c hanges  due to  c r a c k  o c c u r r e n c e  ( r e l e a s e d  s t r e s s e s ,  i n  t h e  second  
te rm  o f  R .H .S ) .  Hence th e y  a r e  a p p l i c a b l e  o n ly  f o r  t h e  s t e p  when 
th e  c o n c r e t e  h a s  j u s t  c ra c k e d .  For th e  f o l l o w in g  s t e p s  (o r  i t e r a ­
t i o n s )  t h e  second  te rm s  o f  / 3 . 2 2 /  to  / 3 . 2 4 /  a r e  o m i t te d .
R e tu rn in g  to  th e  g e n e r a l  c a se  w hich  i n c l u d e s  r e s i d u a l  m ate­
r i a l  r i g i d i t i e s  a f t e r  c r a c k in g ,  i t  i s  n e c e s s a r y  to  s p e c i f y  c o r ­
r e c t l y  t h e  s h e a r  modulus G and Young modulus E i n  e q u a t i o n
x ’ y  y ’
/ 3 . 2 0 / .  In  t h e  f o l l o w in g ,  f o u r  o f t e n  u sed  m ethods a r e  p r e s e n t e d .  
Model a / .
The s im p l e s t  way o f  e s t a b l i s h i n g  G . and E i s  shown in
x ’ y ’ y ’
F ig u r e  / 3 . 1 2 / :
62
S,c r , Ss /c r y
F ig .  3 .1 2  E v a l u a t io n  o f  cr and G -  method a / .y> x’y ’
The model assum es a p i e c e  w ise  l i n e a r  r e l a t i o n s h i p  d iag ram
f o r  t h e  norm al s t r e s s  p e r p e n d i c u l a r  to  t h e  c r a c k .  The model
assum es t h a t  th e  s t r a i n  norm al to  th e  c r a c k ,  e , can  be t a k e n  a s
y’
a m easure  o f  th e  c r a c k  w id th .  The w id e r  th e  c r a c k  th e  s m a l l e r  th e
norm al s t r e s s .  Beyond e ( th e  u l t i m a t e  t e n s i l e  u n i a x i a l  s t r a i n )
ut a  of*
t h e  c o r r e s p o n d in g  s t r e s s  i s  c o n s t a n t  and e q u a l  to  f r a c t i o n  th e
o r i g i n a l  t e n s i l e  s t r e n g t h .  Young’ s modulus E , i s  computed by
t a k i n g  th e  d e r i v a t i v e  o f  tr w i th  r e s p e c t  t o  e .
y’
The s h e a r  modulus a f t e r  c r a c k in g  i s  a l s o  re d u c e d  to  ab o u t  
10% i t s  o r i g i n a l  v a lu e  and k e p t  c o n s t a n t  f o r  f u r t h e r  lo a d in g .  
M a th e m a t ic a l ly  th e  model i s  e x p re s s e d  by:
Normal s t r e s s :
f  , £ -  £
tucr = ——  [ 1 + -----------— I f o r  c >  c  ^ e
y *  2 I £  -  £  J  ut y ’ cr
ut cr
d a -  f  
E  SL’ — t. / 3 - 2 5 /y ’ d £  2 x _
y cr ut
and
f
(r ; E = 0 f o r  £ > £
y ’ 1U y ’ y ’ ut
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where f  i s  u l t i m a t e  t e n s i o n  norm al to  t h e  c r a c k  j u s t  
tu
b e f o r e  i t s  c r e a t i o n ,  
e i s  s t r a i n  e c o r r e s p o n d in g  to  f  , ( u s u a l l y  f  =f ’ )
cr y tu tu t ’
e i s  u l t i m a t e  one d im e n s io n a l  s t r a i n  .
ut
S h e a r  modulus:
T h is  model r e p r e s e n t s  a  v e ry  s im p le  a p p ro a c h  w hich  c a u se s  
some d i f f i c u l t i e s  w i th  th e  n u m e r ic a l  t r e a tm e n t  o f  t h e  p rob lem  ( to  
be d i s c u s s e d  l a t e r ) .  More d e t a i l s  a r e  a v a i l a b l e  i n  r e f .  [9 ] .
Model b / .
In  o r d e r  t o  p r o v id e  a more a c c u r a t e  model t h e  f o l l o w i n g  e x ­
p r e s s i o n s  have  a l s o  been  recommended [1 0 ] ,  and a r e  shown i n  F ig .  
3 .1 3 .  These c o m p rise  a l s o  l i n e a r  r e l a t i o n s h i p s .
Normal s t r e s s :
G 0.05G to  0.15G / 3 . 2 6 /
a  f  (a  -  —^ - 1  
2  tu I i e J 
cr f o r  a  e  > e ^ e
1 cr y’ cr
/ 3 . 2 7 /<r a  -  1
and <r = 0; E = 0 f o r
y >  y >
S h e a r  m odulus:
n  — n  1 ^
x’y’ U  W 3 -  IT ( v  - f e ) + Gcr
/ 3 . 2 8 /
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G = (B G f o r  c > p e
x ’ y» ' 2  y ’ 3 c r
The a d d i t i o n a l  m a t e r i a l  c o n s t a n t s  a  , a  , fB , IB and B a r e
1 2 1 ' 2 1 3
s e t  e x p e r i m e n t a l l y  o r  n u m e r i c a l ly .
G ~
'1
e  ac r c rc r
F ig .  3 .1 3  E v a l u a t io n  o f  <r and G -  method b / .y> x  y
Based on r e s u l t s  p r e s e n t e d  i n  [10] th e  f o l l o w i n g  v a lu e s  a r e  
s u g g e s te d :
a  = 10; a  = 0 . 6 ;  (B = 1; /3 = 0 .1 ;  /3 = 10l 2 1 2 3
The o t h e r  p o s s i b i l i t y  i s  to  r e l a t e  c o n s t a n t s  a  and a  to  
f r a c t u r e  e n e rg y  Gf o f  c o n c r e te  ( i . e .  e n e rg y  w hich i s  n e c e s s a r y  to  
c r e a t e  a c r a c k  o f  u n i t  s u r f a c e ) :
a  e
o' 1 dc] / 3 . 2 9 /
y» c J
£
c r
where 1 i s  a c h a r a c t e r i s t i c  c ra c k  l e n g th .
Gf=
1 c r
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S u b s t i t u t i n g  / 3 . 2 7 /  to  / 3 . 2 9 /  we g e t :
G = 0 . 5 a  a  1 f  e
f  1 2 c tu cr
2 G
i . e .  a  a  = _f  / 3 . 3 0 /i 2  1 f  e
c tu cr
and l e n g t h  1 can  be assumed f o r  2D s i t u a t i o n s  a s :
c
=  / 71 V A / 3 . 3 1 /
c
where A i s  t h e  a r e a  c o r r e s p o n d in g  to  t h e  s a m p l in g  p o i n t .  The 
f r a c t u r e  e n e rg y  f o r  norm al c o n c r e t e s  v a r i e s  be tw een  50 N/m to  
200N/m.
Model c / .
T h is  model r e p r e s e n t s  a  d i f f e r e n t  a p p ro a c h .  The b a s i c  id e a
i s  to  d i v i d e  t h e  t o t a l  v a lu e  o f  s t r a i n  i n  t h e  d i r e c t i o n  norm al to
th e  c r a c k  e , i n t o  two p a r t s .  The f i r s t  p a r t  Ae c o r r e s p o n d s  to  
y co
t h e  s t r a i n  i n  t h e  u n c ra c k e d  c o n c r e t e  and th e  seco n d  p a r t  Ae to
cr
t h e  s t r a i n  i n  t h e  c r a c k  [1 4 ] ,  i . e .  e = Ae + Ae .
y co cr
The above e q u a t i o n s  can  be d e r i v e d  from  th e  a s su m p t io n  t h a t  
a f t e r  c r a c k in g  s t r e s s  e q u i l i b r i u m  must be s a t i s f i e d :
Act =  Act  =  Act  
y cr co
w h e re :
A(r = Ae E s t r e s s  i n  c r a c k  ( th e  second  p a r t  o f  s t r a i n ) ,  
cr cr t
A<r = Ae E s t r e s s  i n  v i r g i n  c o n c r e t e  ( t h e  f i r s t  p a r t  o f
C O  C O
s t r a i n ) ,
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and th e  c o m p a t i b i l i t y  c o n d i t i o n :
Ae = Ae + Ae .
y *  cr C O
U sing  th e  above e q u a t i o n s  we can  w r i t e :
E E
A<r =-= i - A e  , / 3 . 3 2 /
y ’ E -  Efc y ’
AT = - P.. f _ g   1 Ay
x ’ y ’ 1 -  3  [ 2 ( 1  + JLl) J x ' y*  
and f o r  u n lo a d in g  p h a se :
E ES ACA<r = — Ae , / 3 . 3 3 /
y ’ E -  E y ’
s e c
ATx ’ y ’ = 1 -  /3 ( 2 d  + p ) )  A y x ’ y'  
where:
Act , Ae Ay , At a r e  a s  p r e v i o u s l y  d e f i n e d ,
y y* x ’ y ’ x ’ y*
Et  i s  Young’ s modulus w hich r e l a t e s  t h e  change o f  s t r e s s  i n
t h e  d i r e c t i o n  norm al to  th e  c r a c k  A<r to  t h e  change
y’
o f  s t r a i n  i n  d i r e c t i o n  norm al to  th e  c r a c k  e , ( th e
y  * c r
f i r s t  p a r t ) ,
E i s  th e  s e c a n t  modulus b a sed  on cr and e ( f o r  u n lo a d -
s e c  y ’ y*
in g  o n l y ) ,
/3 i s  a  m a t e r i a l  p a ra m e te r  d e f i n i n g  s h e a r  r e d u c t i o n  a f t e r  
c r a c k  fo rm a t io n .
The s h e a r  and Young’ s modulus a r e  c a l c u l a t e d  a s  u s u a l  by t a ­
k in g  a p p r o p r i a t e  d e r i v a t i v e s .
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Model d / .
The above m odels p r o v id e  r e s u l t s  o f  s a t i s f a c t o r y  a c c u ra c y ,  
b u t  u n f o r t u n a t e l y  t h e i r  d i s c o n t i n u i t i e s  som etim es c a u s e s  s e r i o u s  
t r o u b l e  f o r  n o n l i n e a r  e q u a t i o n  s o l v e r s .  Thus sm oo ther  m ethods o f  
m odeling  th e  r e s i d u a l  r i g i d i t i e s  have  been  recommended [39 ]:
« £ f t
G
Gx'y '
t ®
\ /  ( s v ’)\ g y
V
1
1 _____ Q—  -■in
'c r c r
F ig .  3 .1 4  The f u n c t i o n s  f  (e ) and f  (e ) i n  model d / .<r y* G y’
T h is  model i s  s i m i l a r  i n  shape  to  model b /  b u t  th e  p i e c e  
w ise  l i n e a r  r e l a t i o n s h i p s  a r e  r e p l a c e d  by a h y p e r b o l i c  f u n c t i o n  
f o r  b o th  cr and G a s  f o l lo w s :
y’ x' y'
y = f  (e ) = a 
y’ e -  b y
/ 3 . 3 4 /
where y and f ( e  ) a r e  e i t h e r  cr o r  G and c o n s t a n t s  a,y> y» x ’y ’
b, k a r e  computed from th e  r e q u i r e m e n ts  t h a t  f ( e  ) must f i t
y’
p o i n t s  1, 2 and i s  t a n g e n t i a l  to  a c o n s t a n t  r e s i d u a l  v a lu e  ( se e  
F ig u re  3 .1 4 ) ,  i . e .  p o i n t  3 i s  a t  00 .
T h is  l e a d s  to :
= G
x' y ’
c -  b)
13 + (1 -  13 ) cr r
2  2 e -  b
y'
73.35/
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w here 3 , 3 and 13 a r e  t h r e e  m a t e r i a l  c o n s t a n t s  t o  be s e t  1 2  ' 3
e x p e r i m e n t a l l y  o r  n u m e r i c a l ly  and 
AC -  B
b = x ^ i -
where
A - T f i  -  f )  ; B = e c /- C +
S i m i l a r l y  f o r  <r : 
y*
e -  b
( € = t )
<r = f  | —-  — | / 3 .  3 6 /
y* tu
~ y'
w here a  , a  a r e  a d d i t i o n a l  m a t e r i a l  c o n s t a n t s  and 
1 2
AC -  Bb = A -  1 
w here
a  e
A = ; B = e ; C = —| L ( i + a ) .
Z cr 2 2
Young’ s modulus i s  c a l c u l a t e d  by t a k i n g  th e  d e r i v a t i v e :
3<r e -  b
E y’ = - f  ——--------  / 3 . 3 7 /
y’ aey. Ce -b)2
y’
Some f i n a l  rem arks  on th e  above m a t e r i a l  m o d e l s : .
The l a s t  model, method d / ,  was im plem ented  i n t o  NONSAP and 
some p r e v i o u s l y  r e p o r t e d  n u m e r ic a l  t r o u b l e s ,  su ch  a s  o s c i l l a t i o n  
a ro u n d  th e  s t r u c t u r a l  r e s p o n s e  c o r r e s p o n d in g  to  c ra c k e d  and un­
c ra c k e d  m a t e r i a l  c o n d i t i o n s ,  d i s a p p e a r e d .  Fo r  s h e l l  a n a l y s i s ,  
(program  CONCRETE), method b /  i s  u sed  t h r u  t h i s  work.
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The v a lu e  f  i n  model / d  i s  n o t  c o n s t a n t ,  ( p r o v id in g  t h a t
tu
t h e  Mohr-Coulomb c r i t e r i o n  f a i l e d )  and depends  p a r t i c u l a r l y  on 
th e  l e v e l  o f  v o lu m e t r i c  s t r e s s .  Hence f o r  e v e ry  sa m p lin g  p o i n t  
w i th  a  c r a c k ,  i n  o r d e r  to  p r e s e r v e  th e  c o n t i n u i t y  o f  th e  normal 
s t r e s s  a c r o s s  th e  c r a c k ,  th e  peak  t e n s i o n  f  must be remembered.
tu
I f  more c r a c k  d i r e c t i o n s  a r e  a l lo w e d  th e n  f o r  e v e ry  new d i r e c t i o n  
an  a d d i t i o n a l  v a lu e  must be s t o r e d .  O b v io u s ly  t h i s  s t r a t e g y  d e ­
mands a l o t  o f  com puter s t o r a g e .  For t h i s  r e a s o n  some a u th o r s  
(m odels  a / ,  b / )  p r e f e r  to  s a c r i f i c e  th e  c o n t i n u i t y  and u se  a r e ­
duced  u n i a x i a l  t e n s i o n  s t r e n g t h  f^  i n s t e a d .  In  a d d i t i o n ,  a s im i ­
l a r  s i t u a t i o n  a r i s e s  w i th  t h e  s h e a r  m o d u l i i  i n  c r a c k s .
I f  r e s i d u a l  r i g i d i t i e s  a r e  n e g l e c t e d  a f t e r  c r a c k in g  th e n  th e  
s t r e s s  s t a t e  d e g ra d e s  to  o n e fa  d im e n s io n a l  p rob lem , and h ence  th e  
n e x t  f a i l u r e  l e a d s  to  t o t a l  f a i l u r e .
I f ,  however, r e s i d u a l  r i g i d i t i e s  a r e  t a k e n  i n t o  a c c o u n t ,  i t  
a l l o w s  c r e a t i o n  o f  an  a d d i t i o n a l  s e t  o f  c r a c k s  a f t e r  some f u r t h e r  
lo a d in g .  There  a r e  two p o s s i b i l i t i e s  f o r  t r e a t i n g  t h e s e .  The 
f i r s t  i s  b a sed  on th e  s im p le  a s su m p t io n  t h a t  t h e  second  s e t  o f  
c r a c k s  must be norm al to  th e  p r e v i o u s  c r a c k s  and no a d d i t i o n a l  
s e t  i s  p o s s i b l e .  T h is  i s  u sed  i n  program  CONCRETE. The second  
a p p ro a c h  i s  to  c a l c u l a t e  th e  d i r e c t i o n  o f  t h e  second  s e t  o f  
c r a c k s  u s in g  th e  c u r r e n t  s t r e s s  s t a t e .  I t  i s  assumed a g a in  t h a t  
t h e  c r a c k  d i r e c t i o n  i s  th e  d i r e c t i o n  o f  th e  p r i n c i p a l  s t r e s s  <r .
In  a d d i t i o n  to  th e  above a p p ro a c h e s  we s h o u ld  m en t io n  s o -  
c a l l e d  f i x e d  and r o t a t i n g  c r a c k  m odels . The b a s i c  c o n c e p t  o f  th e  
fo rm e r  i s  t h a t  a c r a c k ,  once c r e a t e d ,  d o e s n ’ t  change i t s  d i r e c ­
t i o n .  The l a t t e r  c a l c u l a t e s  a new c ra c k  d i r e c t i o n  e v e ry  t im e  th e  
m a t e r i a l  r i g i d i t y  m a t r ix  i s  e v a lu a t e d .  In  p r a c t i c e  t h i s  c a u se s  
t h e  c r a c k  to  " r o t a t e " .  T h is  id e a  i s  j u s t i f i e d  by some e x p e r i ­
m en ta l  e v id e n c e  which s u g g e s t s  a s i n g l e  c r a c k  i s  n e v e r  c r e a t e d  
b u t  r a t h e r  sm a l l  a r e a s  o f  m icro  c r a c k s  o c c u r s .  The p a r t i c u l a r  d i ­
r e c t i o n  o f  m a t e r i a l  weakening  i s  th e n  a f u n c t i o n  o f  c u r r e n t  l o a d ­
in g  (o r  s t r e s s )  s t a t e  in  a p p r o p r i a t e  zone.
The f i x e d  c ra c k  m odels a r e  a d o p te d  t h r u  t h i s  work.
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A f i n a l  s o u rc e  o f  d oub t  i s  w h e th e r  to  b a s e  c r a c k  d i r e c ­
t i o n s  on p r i n c i p a l  s t r e s s e s  o r  on p r i n c i p a l  s t r a i n s .  th e
a u t h o r ’ s  o p in io n  t h i s  q u e s t i o n  h a s  n o t  y e t  been  r e s o l v e d -  N ever­
t h e l e s s  p r i n c i p a l  s t r e s s e s  a r e  u se d  more f o r  t h e i r  e a s i e r  t r e a t ­
ment r a t h e r  th a n  f o r  more a c c u r a t e  r e s u l t s .
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3.5 Nonlinear constitutive equation for concrete.
The o b j e c t i v e  o f  t h i s  s e c t i o n  i s  to  p r e s e n t  some o f  t h e  most 
w id e ly  u s e d  n o n l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  f o r  c o n c r e t e .  They 
a r e  u s u a l l y  combined w i th  th e  l i n e a r  m odels d i s c u s s e d  i n  t h e  p r e ­
v io u s  s e c t i o n  and can  be u se d  w i th  any o f  t h e  f a i l u r e  c r i t e r i a  
d i s c u s s e d  p r e v i o u s l y .
G e n e r a l ly  n o n l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  a r e  u s u a l l y  u sed  
o n ly  f o r  th e  c o m p re s s io n  reg im e w h i l s t  th e  t e n s i o n  reg im e  i s  co ­
v e re d  a d e q u a t e ly  by l i n e a r  r e l a t i o n s h i p s .  T here  a r e  many ty p e s  o f  
n o n l i n e a r  e q u a t i o n s ,  f o r  example h y p e r e l a s t i c ,  h y p o e l a s t i c ,  e l a s ­
t i c - p l a s t i c ,  e n d o c h ro n ic  e t c .  and t h e r e  a r e  s p e c i a l  g ro u p s  b a sed  
on f r a c t u r e  m echan ic s .  As i n  th e  p r e v io u s  s e c t i o n  n o n l i n e a r  mo­
d e l s  can  a l s o  be t r e a t e d  a s  sm eared o r  d i s c r e t e .  An im p o r ta n t  
a d d i t i o n a l  d i v i s i o n  o f  n o n l i n e a r  m odels i s  w h e th e r  th e y  a r e  
assumed to  p r e d i c t  c o n c r e te  r e s p o n s e  f o r  m ono ton ic  o r  c y c l i n g  
lo a d in g  c o n d i t i o n s  o r  even  f o r  dynamic l o a d in g .  Some m odels  a r e  
o f  t h e  s e c a n t  ty p e  ( h y p e r e l a s t i c  m odels)  where t h e  c u r r e n t  
s t r e s s - s t r a i n  r e l a t i o n s h i p s  i s  in d e p e n d e n t  o f  p r e v i o u s  h i s t o r y ;  
h y p o e l a s t i c  m odels , on th e  o t h e r  hand, a r e  exam ples  o f  c o n s t i t u ­
t i v e  e q u a t i o n s  w hich  a c c o u n t  f o r  a l l  p r e v i o u s  lo a d in g  p a t h s .
In  t h e  f o l l o w i n g ,  exam ples  o f  i n i t i a l l y  i s o t r o p i c ,  o r t h o t r o ­
p i c  and e l a s t i c - p l a s t i c  models a r e  p r e s e n t e d  b e c a u s e  th e y  a r e  th e  
most f r e q u e n t l y  u sed  m a t e r i a l  m odels i n  c u r r e n t  n o n l i n e a r  f i n i t e  
e le m e n ts  m ethods.
3 .5 .1  I s o t r o p i c  m odels.
T h is  g roup  o f  m odels i s  c h a r a c t e r i z e d  by th e  a s su m p t io n  o f  
i n i t i a l  i s o t r o p y  i n  t h e  c o n c r e t e .  D uring  th e  lo a d in g  p r o c e s s  an 
a n i s o t r o p i c  m a t e r i a l  i s  c r e a t e d .  There  a r e  two b a s i c  ty p e s  in  
t h i s  g roup . The f i r s t  e x t r a p o l a t e s  u n i a x i a l  n o n l i n e a r  s t r e s s -  
s t r a i n  b e h a v io r  to  2D and 3D s o l u t i o n s  u s in g  a form  o f  c o n s t i t u ­
t i v e  e q u a t i o n s  s i m i l a r  to  / 3 . 1 3 /  w i th  v a r i a b l e  Young’ s modulus
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and P o i s s o n ’ s r a t i o .  The second  ty p e  i s  b a se d  on n o n l i n e a r  r e l a ­
t i o n s  d e f i n i n g  th e  b u lk  and s h e a r  modulij ,
3. 5. 1. 1 Model w i th  v a r i a b l e  E and p
T h is  i s  one o f  th e  s im p l e s t  n o n l i n e a r  m odels  f o r  c o n c r e te .  
The b a s i c  e n t i t i e s  a r e  v a r i a b l e  Young’ s modulus E and P o i s s o n ’ s
s
r a t i o  fj. . In  o r d e r  to  e x te n d  u n i a x i a l  r e l a t i o n s h i p s  f o r  E and fi
s s s
t o  2D o r  3D s i t u a t i o n  a n o n l i n e a r i t y  in d ex  £ i s  i n t r o d u c e d  which 
d e f i n e s  t h e  r a t i o  o f  t h e  maximum c u r r e n t  s t r e s s  t o  th e  c r i t i c a l  
c o m p re s s io n  s t r e s s  a t  f a i l u r e .
The c o m p re ss io n  a t  f a i l u r e  i s  computed u s in g  any f a i l u r e  
c r i t e r i o n  i n  w hich th e  r a t i o s  o f  main and l a t e r a l  s t r e s s e s  a r e  
t h e  same a s  f o r  th e  c u r r e n t  lo a d in g  c o n d i t i o n .  In  o t h e r  words th e  
c r i t i c a l  c o m p re s s io n  s t r e s s e s  a r e  assumed t o  be a m u l t i p l e  o f  th e  
c u r r e n t  s t r e s s e s .
Fo r  t h e  u n i a x i a l  r e l a t i o n s h i p  be tw een  E and s t r a i n  c S a r g in
S
(1971) [2] d e r i v e d  th e  f o l l o w in g  r e l a t i o n s h i p :
-O'
~
c
-A (t) + (t) 2c c
1 -  (A-2) ( - £ - )  D ( - £ - ) '
/ 3 . 3 8 /
E
where A i s  r a t i o  th e  -=r— ,L
c
Eq i s  i n i t i a l  ( v i r g i n )  Young’ s  m odulus, 
f  ’
E = —— i s  t h e  s e c a n t  modulus a t  f a i l u r e ,  
c e
c
D i s  a p a ra m e te r  d e f i n i n g  th e  shape  o f  
d e s c e n d in g  p a r t  o f  t h e  s t r e s s - s t r a i n  d iag ram , 
i s  t h e  maximum c o m p re s s iv e  s t r a i n  a t  
f a i l u r e ,
c i s  th e  c u r r e n t  c o m p re ss io n  s t r a i n .
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A = 2 ,  D = 1
- 0 . 5
A = 2 ,  D=1
- 1 - 2
F ig .  3 .1 5  Diagram f o r  cr -  e a c c o r d in g  t o  S a g r in  -  ( u n i a x i a l  
c a s e ) .
The f u n c t i o n  f o r  P o i s s o n ’ s  r a t i o  p i s  recommended i n  th e
S
form :
/  /  0  “ £ a
Hs = (nf - a oy  1 -  ( j r y - j
p  = P_ f o r  0 ^ 3
s O a
/ 3 . 3 9 /
w here 0 i s  t h e  n o n l i n e a r i t y  in d ex ,
0^ i s  s e t  a p p ro x im a te ly  t o  0 .7 ,
p  and p a r e  th e  s e c a n t  and i n i t i a l  P o i s s o n ’ s r a t i o s ,
s 0
p i s  P o i s s o n ’ s r a t i o  a t  f a i l u r e  ( 0 . 5 ) .f
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0.5 "
0.40.20
F ig .  3 .1 6  The p -  /3 d iag ram .
s
In  p r a c t i c e  a f a c t o r  A, t h e  m u l t i p l e  o f  c u r r e n t  l o a d in g  com­
p a re d  to  f a i l u r e ,  i s  f i r s t  c a l c u l a t e d ;  ^ = A 1. The second  s t e p  
i s  to  o b t a i n  th e  maximum c o m p re s s io n  s t r a i n  e c o r r e s p o n d in g  to
C
f a i l u r e .  T h e r e a f t e r  th e  r a t i o  e / e  i s  c a l c u l a t e d  from  w hich th e
c
s t r e s s  cr and P o i s s o n ’ s r a t i o  p a r e  computed u s in g  e q u a t io n s  
/ 3 . 3 8 /  and / 3 . 3 9 / .  Hence u s in g  th e  v a lu e s  o f  <r and e th e  c u r r e n t  
s e c a n t  modulus i s  c a l c u l a t e d  w hich  i s  th e n  s u b s t i t u t e d  i n t o  
e q u a t i o n  / 3 . 1 3 /  w i th  P o i s s o n ’ s r a t i o  i n  o r d e r  to  c a l c u l a t e  a l l  
s t r e s s e s .
The main a d v a n ta g e s  o f  t h i s  model i s  i t s  s i m p l i c i t y  and th e  
smooth m odeling  o f  th e  d e s c e n d in g  p a r t  o f  th e  s t r e s s - s t r a i n  d i a ­
gram. The u n i a x i a l  s t r e s s  -  s t r a i n  r e l a t i o n s h i p  p ro v id e d  by S a r -  
g i n  can  be r e p l a c e d  by any o t h e r  s u i t a b l e  e q u a t io n .
3 . 5 . 1 . 2  Model w i th  v a r i a b l e  b u lk  K and s h e a r  G m odulus.s —s
The main id e a  o f  t h i s  model i s  v e ry  s i m i l a r  to  th e  p r e v io u s  
m odel, th e  o n ly  d i f f e r e n c e  b e in g  t h a t  th e  v a r i a b l e  m a t e r i a l  con­
s t a n t s  E and p a r e  r e p l a c e d  by v a r i a b l e  b u lk  modulus K and
s s s
s h e a r  modulus G .
s
A pproxim ate  f u n c t i o n s  f o r  b o th  K and G a r e  e s t a b l i s h e d  by
s s
f i t t i n g  numerous e x p e r im e n ta l  r e s u l t s  f o r  2D s t r e s s  s t a t e s  to
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f u n c t i o n s  K =K ( I  ) and G =G ( J  ) o r  K =K (cr ) and G =G (x ).
s s l  s s 2  s s  oct  s s oct
The in d e p e n d e n t  v a r i a b l e s  and J  a r e  u s e d  i n  o r d e r  to  en ­
s u r e  t h e  ind ep en d en ce  o f  th e  l o a d in g  h i s t o r y .  A l t e r n a t i v e l y  
s t r a i n  e n t i t i e s  can  be u se d  i n s t e a d .  These m odels  can  be s u b d i v i ­
ded i n t o  th o s e  w hich u se  s e c a n t  r e l a t i o n s h i p s  o r  t h o s e  w hich  u se  
t a n g e n t i a l  r e l a t i o n s h i p .
a /  S e c a n t  r e l a t i o n s h i p s .
1 /  2D s t a t e :  K =K ( y  ) ,  G =G (y )
s s oct  s s oct
7 3 . 4 0 /
T
L x y j
4G (3K +G )
s s s
3K +4G
s s
; 3K -2G ;
s s
2 (3K +G )
s s
(  3*Kg-2*Gs} ; 1 ; 0
12(3*K +4*K i  
0 ;3K +4G
s s
4(3K +G )
s s
1
'e
X
e
y
e
.  *y.
/ 3 . 4 1 /
The e x p e r i m e n t a l l y  d e r i v e d  f u n c t i o n s  K , G a r e  su p p lem en ted
S S
by th e  f a i l u r e  c r i t e r i o n :
cr = f ’ > cr f o r  t h e  t e n s i o n - t e n s i o n  zone , l t  2
o'i = (1 + 0 . 8  o* / f ’ ^  t  ^ ° r  t e n s io n - c o m p r e s s io n  zone ,
r x 2( cr cr I <r cr
+ + - r ~  + 3 -6 5 i p -  = 0
k c c J c c
( 0^ 2: o*2) f o r  t h e  c o m p re s s io n -c o m p re s s io n  zone.
/ 3 . 4 2 /
where f ’ , f ’ a r e  th e  u n i a x i a l  t e n s i l e  and c o m p re s s iv e
t  c
s t r e n g t h s  r e s p e c t i v e l y ,
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e , y a r e  th e  o c t a h e d r a l  v o l u m e t r i c  and s h e a r
o c t  o c t
s t r a i n s  r e s p e c t i v e l y .
2 /  3D p rob lem : K =K (e ) ,  G =G (y )
s  s  o c t  s  s  o c t
F o r  t h e  3D c a s e  we must u se  K =K (e ) and G =G (y ) be-
s  s  o c t  s  s  o c t
c a u se  t h e  p r e v i o u s  a s su m p t io n  K =K (y  ) i n v o lv e s  a  l i n e a r  r e l a -
s  s  o c t
t i o n s h i p  be tw een  v o lu m e t r i c  changes  and h y d r o s t a t i c  s t r e s s  [ 2 ] .
The d e t a i l e d  d e r i v a t i o n  o f  e q u a t i o n s  s i m i l a r  t o  / 3 . 4 1 /  i s
t r i v i a l .  S u i t a b l e  e x p r e s s io n s  f o r  f u n c t i o n s  K and G [2] a r e :
s  s
(e / c )
K (e ) = K [ a  b + d ]
s  o c t  0
(-r  / r )
G (y ) = G [ m q °c -  n y + t ]
s  o c t  0  o c t
/ 3 . 4 3 /
where a , b , c , d , m , q , r , n , t  a r e  m a t e r i a l  c o n s t a n t s  and Kq and Gq 
a r e  t h e  i n i t i a l  b u lk  and s h e a r  m o d u l i i .  They must be i d e n t i f i e d  
e x p e r i m e n t a l l y .
The 3D s i t u a t i o n  / 3 . 4 3 /  must a l s o  be accom panied  by a p p ro ­
p r i a t e  f a i l u r e  c r i t e r i a .
b /  T a n g e n t i a l  r e l a t i o n s h i p s .
T a n g e n t i a l  r e l a t i o n s h i p s  a r e  b a se d  on t h e  same f u n c t i o n s  f o r  
b u lk  and s h e a r  m o d u l i i  a s  th e  s e c a n t  r e l a t i o n s h i p s  b u t  now i t  i s  
n e c e s s a r y  to  t a k e  a p p r o p r i a t e  d e r i v a t i v e s .  F o r  t h e  3D c a s e  th e s e  
t a k e  t h e  form:
dG
At = G + y * —  Ay = G Ay
o c t  I s  o c t  dy J o c t  T o c t  
o c t
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(  3 K C
A(r = 3 |K +e * - 5—^
o c t  ^ s  o c t  0 £
o c t
Ae = K Ae
o c t  T o c t
/3.44/
w here Ax , A<r , Ay and Ae a r e  in c r e m e n ts  o f  c o r -
oct oct oct oct
r e s p o n d in g  e n t i t i e s .
F o r  t h e  2D c a s e ,  ( i . e .  K =K (y ) ,  G =G (y ) ) ,  th e  e q u a -
S  S oct S 3 oct
t i o n  f o r  A<r i s  r e p l a c e d  by:
,  e dK .
A<r = I 6  K + 4 — * - 3—^—  e j Ae
oct I ki s y 3y kl J kl
v oct oct y
7 3 .4 5 /
where 6  i s  k , l  e le m en t  o f  t h e  K ro n e c k e r ’ s  d e l t a  t e n s o r  andkl
e i s  e le m en t  k , l  o f  t h e  d e v i a t o r i c  s t r a i n  t e n s o r ,  kl
A f t e r  some m a n ip u la t io n  s i m i l a r  e q u a t i o n s  t o  / 3 . 4 1 /  i n  i n ­
c re m e n ta l  form  can  be o b ta in e d .
I t  s h o u ld  be n o te d  t h a t  t h e s e  m odels a r e  o n ly  s u i t a b l e  f o r  
m onoton ic  l o a d in g  c o n d i t i o n s  and t h a t  t h e  v o l u m e t r i c  and s h e a r  
b e h a v io r  a r e  t r e a t e d  in d e p e n d e n t ly  o f  e a ch  o t h e r .  T h is  i s  con­
t r a r y  to  e x p e r im e n ta l  e v id e n c e  and th e  f o l l o w i n g  model a t t e m p t s  
t o  remedy t h i s .
E x p e r im e n ta l  e v id e n c e  shows t h a t  p u re  d e v i a t o r i c  s t r e s s  c au ­
s e s  n o t  o n ly  d e v i a t o r i c  b u t  a l s o  v o lu m e t r i c  s t r a i n s .  Hence th e  
b a s i c  i d e a  o f  t h i s  model i s  to  c a l c u l a t e  some "pseudo" v o lu m e t r i c  
s t r e s s  <r’ due to  e d e s p i t e  th e  f a c t  t h a t  i t  i s  a c t u a l l y
oct oct
ca u se d  by x , i . e .
oct
<r’ = 3 K e / 3 . 4 6 /
oct s  oct
The v a lu e  f o r  cr’ i s  g iv e n  by e q u a t i o n  / 3 . 4 7 / ,  w hich i s
oct
b a sed  p u r e l y  on e x p e r im e n ta l  r e s u l t s :
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1.3 T
oct
c c
73.47/
Thus th e  s t r a i n  -  s t r e s s  r e l a t i o n s h i p s  t a k e  t h e  form:
T
oct
^oct G
s
[cr + cr’
oct octe 3K 7 3 .4 8 /oct
s
Having e s t a b l i s h e d  t h e s e  c o n s t i t u t i v e  e q u a t i o n s  f o r  o c ta h e d ­
r a l  s t r a i n s  t h e i r  m o d i f i c a t i o n  i n t o  a  form  s i m i l a r  t o  e q u a t i o n  
/ 3 . 4 1 /  i s  s t r a i g h t f o r w a r d .
3 . 5 . 2  O r t h o t r o p i c  m odels .
O r t h o t r o p i c  m odels r e p r e s e n t  a n o th e r  l a r g e  g roup  o f  c o n s t i ­
t u t i v e  e q u a t i o n s  u sed  to  model c o n c r e t e  b e h a v io r .  The b a s i c  id e a  
i s  to  c o n s id e r  c o n c r e t e  a s  a o r t h o t r o p i c  m a t e r i a l  i n  w hich  i t s  
p r o p e r t i e s  i n  a p a r t i c u l a r  d i r e c t i o n  a r e  c a l c u l a t e d  w i th  r e g a r d  
to  th e  s t r e s s  l e v e l  i n  t h i s  d i r e c t i o n .
I n s t e a d  o f  u s in g  e in  d i r e c t i o n  i  we i n t r o d u c e  a s i n g l e  
s t r a i n  e w hich s im u l a t e s  t h e  e f f e c t  o f  c , (J = 1, 2, 3 ) ,  i n -
iu i j
to  th e  ID s t a t e .
e
e 7 3 .4 9 /
iu
w here <r i s  p r i n c i p a l  s t r e s s  i n  d i r e c t i o n  i .
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o^,(Tk are principal stresses in lateral directions 
j , k .
B ecause  e ( i  = 1, 2, 3) f u l l y  r e p r e s e n t s  t h e  s t r a i n s  in
iu
t h e  m a t e r i a l  e s t a b l i s h e d  u n d e r  t h e  a s su m p t io n  o f  one d im e n s io n a l  
c o n d i t i o n s ,  we can  now s im p ly  u se  any u n i a x i a l  s t r e s s  -  s t r a i n  
r e l a t i o n s h i p  a p p l i e d  in d e p e n d e n t ly  f o r  e a ch  d i r e c t i o n  i  = 1, i  = 
2 e t c .  and o b t a i n  th e  c o r r e s p o n d in g  s t r e s s e s .
A l t e r n a t i v e l y  i t  i s  a l s o  p o s s i b l e  t o  u s e  a d i r e c t  f o rm u la ­
t i o n  o f  o r t h o t r o p i c  e q u a t i o n s .  However t h e  p r e s e n t e d  a p p ro a c h  i s  
u s u a l l y  u se d  b e c a u se  o f  i t s  s i m p l i c i t y  and c l a r i t y .
3 . 5 . 2 . 1  O r t h o t r o p i c  model f o r  m onoton ic  lo a d in g .
The above c o n c e p t  w i l l  be now d e m o n s t ra te d  on a  s im p le  3D 
h y p o e l a s t i c  model f o r  c o n c r e t e  ( i . e .  t h e  model i s  d e p e n d e n t  on 
lo a d in g  h i s t o r y ) .
The e s s e n t i a l  u n i a x i a l  r e l a t i o n s h i p  be tw een  t h e  s t r a i n  e 
and s t r e s s  <r i s  assumed i n  t h e  form  [2 ] :
cr n iu
<r / 3 . 5 0 /
ic n -  1 + (^ ) ic
where i s  th e  p r i n c i p a l  s t r e s s  i ,  i  = 1, 2, 3,
<r i s  u l t i m a t e  v a lu e  o f  t h e  p r i n c i p a l  s t r e s s  i ,
ic
e i s  u l t i m a t e  s t r a i n  c o r r e s p o n d in g  to  <r ,
ic ic
g is the uniaxial strain simulating the effect of 
iu
g ^ ,  j - 1, 2, 3; d e f i n e d  by / 3 . 4 9 / ,  
n i n f l u e n c e s  t h e  shape  o f  th e  c u rv e  d e f i n e d  by 
/ 3 . 5 0 /  and i s  g iv e n  by:
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n =
E e
0 ic
E e -  cr 
o ic ic
73.51/
where Eq i s  t h e  i n i t i a l  Young’ s m odulus.
T ak ing  th e  d e r i v a t i v e  o f  / 3 . 5 0 /  we o b t a i n  t h e  t a n g e n t i a l  
Young’ s modulus E  ^ i n  t h e  form:
So*
E =
[> - on - -»>
L v ic ' J ic
i d e
iu [— * onv i c y J
7 3 .5 2 /
Hence th e  f i n a l  form  o f  c o n s t i t u t i v e  e q u a t i o n s  i s :
A<rl r e  •i 0 '
i----rl
(0<1
A<r2 = E2 • Ac2
AtL 13 . sym G13 J AcL 13-1
E ( 1 - j L t  2 )  ; V e E  ( / i  n  + f i  ) ; V e T e  (
1 3 2  1 2 1 2  2 3  13  1 3  ' 1 2 '  3 2  ' 13
E (1-fl )
2  1 3
;VE~E.
M )! ; 0 ; o ; 0
^ 1 3 + ^ 2 3 ^
; o :; o ; 0
:2  ) ; o ;; 0 ; 0
1 2
G ;1 o ; 0
1 2
G ; 0
2 3
13
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* $
Ac
1
Ac,
Ae^
Aci
Ac,
Ac
12
23
13
73.53/
w h e re :
2 2 2 
u  = f i  II ; II =  u  f i  ; (I = f i  II 12 12 21 13 13 31 23 23 32
$  =  ( 1  -  n 2  -  n 2 -  m2 -  2/Ll II II )
*12  13 2 3 12 13 23
G = 4 * "  [ E + E -  2m VE E -  fjn / e  + fi V e |  |
U 4 $  L i j i j  i J I Jk i ki j j  J
The v o l u m e t r i c  and s h e a r  p r o p e r t i e s  a r e  q u i t e  in d e p e n d e n t .  
These r e l a t i o n s h i p s  have  been  p r e s e n t e d  f o r  t h e  3D s i t u a t i o n  b u t  
i t s  m o d i f i c a t i o n  f o r  2D o r  a x isy m m e tr ic  c o n d i t i o n s  i s  s t r a i g h t ­
fo rw a rd .
3 . 5 . 2 . 2  O r t h o t r o p i c  model f o r  c y c l i c  lo a d in g .
T h is  model [11] i s  s i m i l a r  to  t h e  model p r e s e n t e d  i n
th e  p r e v i o u s  s e c t i o n  b u t  now th e  u n i a x i a l  s t r e s s  -  s t r a i n  r e l a ­
t i o n s h i p s  a l s o  i n c lu d e  u n lo a d in g  and s u b s e q u e n t  r e l o a d i n g  s t a g e s .  
(See F ig .  3 .1 7 ) .  U sing  n o t a t i o n  d e f i n e d  i n  F ig .  3 .1 7  th e n :
1. Load ing  p h a s e :
F o r  l o a d in g  ( i . e .  t h e  p a th  A i n  F ig .  3.17.) t h e  p r e v io u s  
model f o r  m onoton ic  l o a d in g  i s  u se d .
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F ig .  3 .1 7  Loading  c o n d i t i o n .
2. U n lo ad in g  from  th e  e n v e lo p e  c u r v e :
The u n lo a d in g  c u rv e  i s  d e f i n e d  by a p a r a b o l a  h a v in g  i n f i n i t e  
s lo p e  a t  (o'* ; c ’ ) ,  i . e .  t h e  p o i n t  where u n lo a d in g  o c c u r s  ( se e
i u i u
p a th  B i n  F ig .  3 .1 7 ) :
e f e ’ 1 f G’ 1
r — 0  1 i u + 0 .3 3 4 iuU .  U6
G G G
ic . i c  , l c  >
T h is  c u rv e  i n t e r s e c t s  t h e  s t r a i n  a x i s ,  i . e .  f o r  0^= 0 . ,  a t  
s t r a i n  c :
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0 .3 3 4 s ’ 2
. , iu / 3 . 5 4 b /s  = 0 . 162s +--------------
r iu e
i c
and f i n a l  e x p r e s s i o n s  f o r  t h e  u n i a x i a l  u n lo a d in g  a r e  th e n :
S t r e s s - s t r a i n  c u rv e :
( e ’ -  e )
(s  - e ’ ) = -------- —----- —  |cr -  <r’ / 3 . 5 4 c /
iu iu ,2 i . . i
<T
iu
( v  "-'iu)
T a n g e n t i a l  Young’ s  modulus:
E = ---------------------=-------------------------  / 3 . 5 4 d /
iu
3. U n lo ad in g  a t  i n t e r m e d i a t e  s t r e s s :
U n load ing  p h a se  from  i n t e r m e d i a t e  s t r e s s ,  i . e .  from  th e  
p o i n t  (<r ; e ) ,  ( p a th  C i n  F ig .  3 .1 7 ) ,  i s  s i m i l a r  t o  t h e  p a th  S.
V  V
E q u a t io n s  / 3 . 5 4 /  a r e  used  a g a in ,  b u t  th e  p o i n t  (cr* ; s ’ ) i s  r e -
i u i u
p la c e d  by th e  p o i n t  (<r ; e ).
V  V
4. R e lo a d in g  a t  i n t e r m e d ia t e  c a se :
In  t h i s  c a s e ,  ( p a th  D i n  F ig .  3 .1 7 ) ,  s i m i l a r  e x p r e s s io n s  to  
th o s e  f o r  t h e  lo a d in g  p h ase  A a r e  u se d .  However th e  i n i t i a l  
Young’ s  modulus Eq i s  r e p l a c e d  by E ^  d e f i n e d  by
iu d
where th e  p o i n t  (cr ; e ) i s  t h e  p o i n t  from  w hich  r e l o a d i n g
d d
o c c u rs .  The f i n a l  e x p r e s s io n s  f o r  t h e  s t r e s s - s t r a i n  c u rv e  and 
Young’ s modulus a r e  th e n  i n  th e  f o l l o w in g  form:
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S t r e s s - s t r a i n  c u rv e :
cr -  cr
cr -  cr 
i  c  d
n  -  1 +
e -  e
i u  ]
e -  c
i c  ]
£  -  £  
i u  r
e -  e
i c  1
/3.55b/
n =
E (e -  £ )
r O i  i c  d
E (e -  e ) -  (<r -  cr )
r O i  i c  d  i c  d
/ 3 . 5 5 c /
Young’ s m odulus:
1 -
e -  e
i u  1
e -  e
i  c  r
n ( n  -  1)
cr -  cr
i c  d
£  -  £  
i c  i
E =
n -  1 +
e -  £
i  u  r
e -  £
i  C 1
/ 3 . 5 5 d /
3 . 5 . 3 .  E l a s t i c - p l a s t i c  m odels .
One o f  th e  most w id e ly  u sed  m a t e r i a l  model a r e  e l a s t i c -  
p l a s t i c  c o n s t i t u t i v e  e q u a t i o n s .  S i m i l a r  to  t h e  p r e v i o u s  m odels , 
th e s e  e q u a t i o n s  a r e  u s u a l l y  u sed  o n ly  f o r  c o m p re s s io n  and mixed 
c o m p r e s s io n - te n s io n  lo a d in g  c o n d i t i o n s  w h i l s t  f o r  p u re  t e n s i o n  
zones l i n e a r - e l a s t i c  m odels w i th  c r a c k in g  p r o c e d u r e s  a r e  s a t i s ­
f a c t o r y .
The e l a s t i c - p l a s t i c  m a t e r i a l  model i s  b a sed  on th e  e x i s t e n c e  
o f  th e  f o l l o w in g  f u n c t i o n s :
- a  y i e l d  f u n c t i o n  which d e f i n e s  u n d e r  what s t r e s s  c o n d i t i o n s  
p l a s t i c  y i e l d i n g  in  th e  m a t e r i a l  s t a r t s ,
- a  f lo w  r u l e  which d e f i n e s  th e  r e l a t i o n s h i p  be tw een  th e  s t r e s s e s  
and p l a s t i c  d e fo r m a t io n s ,
- a  lo a d in g  f u n c t i o n  which m o d if ie s  th e  d e f i n i t i o n  o f  t h e  Y ie ld
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f u n c t i o n  w i th  r e s p e c t  to  t h e  amount o f  p l a s t i c  d e fo r m a t io n .  
T h is  i s  a c h ie v e d  by u s in g  a s o - c a l l e d  h a rd e n in g  f u n c t i o n .
In  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y  t h e  t o t a l  s t r a i n s  a r e  d i -
t  Ev id e d  i n t o  two p a r t s .  The f i r s t ,  e , c o r r e s p o n d s  to  e l a s t i c  b e ­
h a v io r  o f  m a t e r i a l  ( i . e .  s t r a i n  due to  Hooke’ s law) and th e  s e -
t  P t  t  E
cond p a r t ,  e , c o r r e s p o n d s  t o  p l a s t i c  f lo w ,  i . e .  e i j = Cij + 
fceP . Assuming i s o t h e r m ic  c o n d i t i o n s  and i s o t h e r m ic  h a rd e n in g  r u ­
l e s  we c an  w r i t e :
t f ( t o'i j ) -  fcK(k) = 0  o r
V( V , fcK) = 0  / 3 .  5 6 /
U
w here fcK(k) i s  a  h a rd e n in g  f u n c t i o n  o f  an  a r b i t r a r y  p a ra m e te r
k , ( u s u a l l y  p l a s t i c  s t r a i n s  fc£P ) ,  
t  t  ^f (  <r ) i s  a Y ie ld  f u n c t i o n  (o r  l o a d in g  s u r f a c e  f o r  
h i g h e r  lo a d in g  l e v e l s ) ,
^ ( V  , fcK) i s  a n o th e r  form  o f  t h e  Y ie ld  f u n c t i o n .
I t  sh o u ld  be n o te d  t h a t  b o th  t f ( t o '^ )  and ^ ( k )  r e p r e s e n t  
s t r e s s e s  and a r e  i n  u n i t s  o f  s t r e s s e s .
The s im p l e s t  d e f i n i t i o n  o f  f lo w  r u l e  i s  t h e  s o - c a l l e d  n o r ­
m a l i t y  r u l e  w hich assum es p l a s t i c  s t r a i n s  to  be norm al t o  th e  
lo a d in g  s u r f a c e  V t V  , fcK), hence  i t s  name.
M a th e m a t ic a l ly  t h i s  can  be e x p re s s e d  by:
5ep =   / 3 . 5 7 /
lJ a V
i j
w here i s  a s c a l a r  f a c t o r  d e p e n d en t  on th e  l o a d in g  h i s t o ­
ry .  T here  a r e  some o b j e c t i o n s  to  th e  u s e  o f  t h i s  f lo w  r u l e  f o r  
c o n c r e te  b e c a u se  e x p e r im e n ta l  e v id e n c e  s u g g e s t s  t h a t  t h e r e  i s  no 
a f f i n i t y  be tw een  th e  y i e l d  and f a i l u r e  s u r f a c e s .  In  a d d i t i o n  con-
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c r e t e  p r o p e r t i e s  i n  c o m p re ss io n  d i f f e r  from th o s e  i n  t e n s i o n .  
C o n se q u e n t ly  o t h e r  n o n a s s o c i a t i v e  and n o n p r o p o r t i o n a l  r u l e s  have 
been  d e v e lo p e d  ( e .g .  [4] and [ 6 0 ] ) .  However, f o r  t h e  s a k e - o f  s im ­
p l i c i t y ,  th e  n o r m a l i t y  r u l e  i s  s t i l l  u se d  most o f t e n  f o r  c o n c re ­
t e ,  w i th o u t  s a c r i f i c i n g  to o  much a c c u ra c y .
The main prob lem  w i th  n o n a s s o c i a t i v e  r u l e s  i s  t h a t  th e y  p r o ­
duce nonsym m etric  m a t e r i a l  r i g i d i t y  m a t r i c e s .  N o n p r o p o r t io n a l  r u ­
l e s ,  i n  a d d i t i o n ,  assume a n o n l i n e a r  form  o f  th e  p l a s t i c  s t r a i n  
d e f i n i t i o n  i n  / 3 . 5 7 / .
As a l r e a d y  m en tioned  th e  ^ ( k )  f u n c t i o n  e x p r e s s e s  h a rd e n in g  
in  t h e  m a t e r i a l  beyond th e  i n i t i a l  y i e l d i n g  s u r f a c e .  B a s i c a l l y  
t h e r e  a r e  t h r e e  p o s s i b i l i t i e s  (F ig .  3 .1 8 ) :
1 /  F u n c t io n  fcK(ic) i s  c o n s t a n t ,  in d e p e n d e n t  o f  t h e  p l a s t i c  s t a t e  
i n  t h e  m a t e r i a l  and l e a d s  to  a p e r f e c t l y  p l a s t i c  m a t e r i a l  mo­
d e l .
2 /  K in e m a tic  s t r a i n  h a rd e n in g ,  i n  w hich c a s e  t h e  volume o f  th e  
y i e l d  s u r f a c e  i s  c o n s t a n t  b u t  th e  Y ie ld  f u n c t i o n  i t s e l f  moves 
w i th  r e s p e c t  to  p l a s t i c  s t r a i n s .
3 /  I s o t r o p i c  s t r a i n  h a rd e n in g ,  when th e  Y ie ld  f u n c t i o n  d o e s  n o t  
move b u t  i t s  volume changes  d e p e n d en t  on th e  p l a s t i c  s t r a i n s .  
Based on th e  e x p e r im e n ta l  e v id e n c e  i t  was found  t h a t  f o r  con­
c r e t e  t h i s  i s  th e  b e s t  c h o ic e  and th u s  i n  th e  f o l l o w in g  t h i s  
ty p e  o f  h a rd e n in g  w i l l  be u se d .
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P e r fe c t ly  p lastic  Material ,
L o a d i n g
s u r f a c e
I n i t i a l  Y i e l d
s u r f a c e
Is o tro p ic  s tra in  hardening,
L o a d i n g
s u r f a c e
I n i t i a l  Y i e l d  
s u r f a c e
K i n e m a t i c  s t r a i n  h a r d e n i n g ,
F ig .  3 .1 8  H arden ing  r u l e s .
The p a ra m e te r  k  i n  th e  h a rd e n in g  f u n c t i o n  ^ ( k )  r e p r e s e n t s  
work h a rd e n in g  due to  p l a s t i c i t y  and i s  d e f i n e d  by:
k = V  = f V  (d t GP ) dV / 3 . 5 8 /
p J fc ij ij
v
t t t pHence i f  we assume f (  anc  ^ Ei j a r e  in d e p e n d e n t ,  we can
w r i t e :
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h a k )  = ^ ( V  ) / 3 . 5 9 /
w hich  s t a t e s  o n ly  t h a t  t h e  h a rd e n in g  f u n c t i o n  i s  a  f u n c t i o n  
o f  p l a s t i c  s t r a i n s .
B ecause  V  = 0 and a l s o  d fcF = 0 we can  w r i t e :
afcF at F p5<r + — —  Sc = 0 / 3 . 6 0 /
^  iJ a cr a c
ij ij
and u s in g  th e  n o t a t i o n
q. . = — :—  / 3 . 6 1 /iJ aV
t  a f
p .  =  -
i j
t
1J afcoPa e 
i j
t a T = t fcq , , *q , 2*l q  , 2*fcq , 2*fcq  ]
n l l ’ m2 2  3 3  U 2  2 3  1 3
t p T = [ fcp , bp , , 2 * fcp , 2 * fcp , 2 * fcp ]
* 1 1  2 2  3 3  1 2  2 3  * 1 3
/ 3 . 6 2 /
we can  w r i t e  f o r  th e  f a c t o r  t \  u s in g  e q u a t i o n  / 3 . 5 7 / :
t .  q  C 5eX = --------- ^ -------- -----------  / 3 . 6 3 /
t  T t  t  T _ E  tp  q  + q  C q
and f o r  th e  s t r e s s  in c re m e n t  5cr we can  w r i t e r
F P FP
6cr = C (5e -  5e ) = C 6e / 3 . 6 4 /
Ewhere C i s  e l a s t i c  r i g i d i t y  m a t e r i a l  m a t r ix ,
EPC i s  e l a s t i c - p l a s t i c  m a t e r i a l  m a t r ix ,
p
5e and Sc a r e  th e  t o t a l  and p l a s t i c  s t r a i n  in c re m e n ts
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r e s p e c t i v e l y .
EPThe e l a s t i c  p l a s t i c  m a t r ix  C i s  d e f i n e d  by:
_ e  t  f r ,E t  x T
C = CE  C g  (C ______  7 3 .6 5 /
t  T t  t  T _ E  t
e  a  +  a  c  a
The e q u a t i o n s  / 3 . 6 4 /  and / 3 . 6 5 /  a r e  d e f i n e d  f o r  t h e  l o a d in g  
c o n d i t i o n s ,  i . e . :
a VcV )
dfcf =  :---------- dV. > 0 /3. 66/
ijaV iJ
o r  t h e  e q u i v a l e n t  c o n d i t i o n :
V c V  , t_AtK) > 0 / 3 . 6 7 /
In  o t h e r  c a s e s ,  i . e  u n lo a d in g  and r e l o a d i n g  up t o  t h e  maxi­
mum lo a d in g  l e v e l  re a c h e d  b e f o r e ,  we assume an e l a s t i c  m a t e r i a l  
EP Eo n ly  and hence  C = C .
t  T tThe s c a l a r  p r o d u c t  q  q  i s  a d e r i v a t i v e  o f  s o - c a l l e d  h a r -
t  Pd en in g  f u n c t i o n  K( e ) . I t s  b a s i c  f e a t u r e s  a r e  b e s t  i l l u s t r a t e d
i j
by r e f e r e n c e  to  th e  u n i a x i a l  lo a d in g  c a s e  (F ig .  3 .1 9 ) .  I t  i s  a s ­
sumed t h a t  i n  th e  e l a s t i c  ra n g e ,  Hook’ s law w i th  Young’ s modulus 
E i s  a p p l i c a b l e  and beyond i t ,  can  be u se d .
V c V  , l K) = V  -  K (eP) = 0
_ arF _ , t_ _ afF _ ,_p,
a  -  S F —  1 : E -  - ~ J -  -  K (e >a e
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K - ( V  ) .
,J S c p
dcr
dc ~ dc d£ -  dg p p
do- da- t
1 -  E /Et
7 3 .6 8 /
,EPS u b s t i t u t i n g  / 3 . 6 S /  i n t o  / 3 . 6 5 /  l e a d s  to  C = E i n  th e  
p l a s t i c i t y  ra n g e .
.E
F ig .  3 .1 9  U n ia x ia l  c a s e  f o r  K’ (eP)
E s t a b l i s h i n g  th e  h a rd e n in g  f u n c t i o n  f o r  a  r e a l  m a t e r i a l  un­
d e r  m u l t i a x i a l  lo a d in g  i s  a v e ry  d i f f i c u l t  p rob lem  and hence  th e  
r e s u l t s  from  th e  u n i a x i a l  c a se  a r e  n o rm a l ly  u s e d .  T h is  i s  done by 
in t r o d u c in g  an  e f f e c t i v e  o r  g e n e r a l i z e d  s t r e s s  V  and p l a s t i c
t~Ps t r a i n  c t h a t  r e p r e s e n t s  th e  lo a d in g  c o n d i t i o n  in  t h e  m a t e r i a l .
7 3 .6 9 /
t~p / 2  t  P t  p
c = 'i/-7r e e 
V 3 ij ij
t  t  Pwhere s  , e a r e  t h e  d e v i a t o r i c  s t r e s s  and d e v i a t o r i c
ij ij
p l a s t i c  s t r a i n  r e s p e c t i v e l y .
I t  can  be shown t h a t  f o r  th e  u n i a x i a l  c a s e  (V * 0, V =
t 1 2
o' = 0; t e P * 0, fceP = t eP= - fce P due to  p l a s t i c  f lo w )  t h e s e  
3 1 ’ 2 3 2 1 ^t  t  Pc o r r e s p o n d s  t o  cr and e , th e  t o t a l  s t r e s s  and p l a s t i c  s t r a i n ,  as
f o l l o w s :
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Thus i n  p r a c t i c e ,  th e  h a rd e n in g  p a ra m e te r  i s  m easured  f o r  
th e  u n i a x i a l  t e s t  and i t s  e x t r a p o l a t i o n  to  t h e  m u l t i a x i a l  c a s e  i s  
a c h ie v e d  by em ploying  e f f e c t i v e  s t r e s s  and e f f e c t i v e  p l a s t i c  
s t r a i n  i n  p l a c e  o f  u n i a x i a l  s t r e s s  and p l a s t i c  s t r a i n .
A d i f f e r e n t  p o s s i b l e  a p p ro a c h  to  e x t r a p o l a t e  t h e  h a rd e n in g  
p a ra m e te r  from th e  u n i a x i a l  c o n d i t i o n s  i s  a s  f o l l o w s :
From th e  p r e v io u s  d e f i n i t i o n  o f  p l a s t i c  s t r a i n  (eq . / 3 . 5 7 / ) ,  
(eq . / 3 . 6 2 / )  and k  (eq . / 3 . 5 8 / )  we can  w r i t e :
t  p e t-At P e
ij
ij
7 3 .7 2 /
,  , t  P x . . .  ~  t _ A t  A(d e ) dV = <t A
v
S i m i l a r l y  f o r  th e  u n i a x i a l  c a se :
<r X = f (
7 3 .7 3 ’ /
Hence com paring  / 3 . 7 3 /  and 7 3 .7 2 /  we can  w r i t e :
,t-A t . t  f  I cr) X and
t 7 3 .7 4 /
E x p r e s s io n  / 3 . 7 4 /  f o r  i s  t h e r e a f t e r  u se d  d i r e c t l y  in
t  P/ 3 . 7 3 /  w hich  l e a d s  to  c t h e  f o r  u n i a x i a l  c a s e  and hence  we can
t  Puse  t h e  h a rd e n in g  f u n c t i o n  K’ ( e ) f o r  th e  u n i a x i a l  c o n d i t i o n .
The program  CONCRETE u s e s  t h i s  l a t t e r  a p p ro a c h .
I t  s h o u ld  be n o te d  t h a t  th e  whole p rob lem  i s  n o n l i n e a r  b e ­
c au se  i n  o r d e r  to  compute th e  s t r e s s e s ,  we need  to  know th e  p l a s ­
t i c  s t r a i n s  and v i c e  v e r s a .  T h e re fo re  a l l  th e  e q u a t i o n s  above a r e  
s o lv e d  s t e p - b y - s t e p  ( i . e .  a  fo rw ard  i n t e g r a t i o n  o f  t h e  h a rd e n in g  
f u n c t i o n )  and a f t e r  s e v e r a l  s t e p s  i t  i s  n e c e s s a r y  to  r e d u c e  th e  
s t r e s s e s  back  to  t h e  lo a d in g  s u r f a c e  [1 ] ,  [4 3 ] .  The f o l lo w in g
number o f  i n t e g r a t i o n  s t e p s  a r e  recommended i n  [43 ]:
t h e  a s su m p t io n  o f  e l a s t i c  b e h a v io r  i n  t h e  c u r r e n t  in c re m e n t ,  
f ’ i s  e i t h e r  th e  y i e l d  v a lu e  from th e  p r e v io u s  s t e p  o r  f o r  th e  
c u r r e n t  s t e p  when th e  c o n c r e te  j u s t  s t a r t s  to  be p l a s t i c .
f ( V  - r 7 3 .7 5 /
C
where
f* i s  c o n c r e t e  co m p re ss iv e  s t r e n g t h  ( p o s i t i v e ) ,c
f (  <r ) i s  t h e  y i e l d  v a lu e  f o r  s t r e s s  l e v e l  computed u n d e r
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An example o f  one th e  s im p l e s t  y i e l d  f u n c t i o n s  f o r  c o n c r e te  
i s  th e  VON MISES c r i t e r i o n  combined w i th  t h e  n o r m a l i t y  r u l e s ,
i . e . :
t,K / 3 . 7 6 /
where t s  a r e  t h e  d e v i a t o r i c  s t r e s s e s ,  
ij
More complex y i e l d  f u n c t i o n s  w i th  n o n - a s s o c i a t i v e  p l a s t i c  
s t r a i n  f lo w  r u l e  a r e  p r e s e n t e d ,  f o r  exam ple, i n  [ 4 ] ,  ( f o r  2D c a ­
s e ) ,  and i n  [6 0 ] ,  ( f o r  3D c a s e ) .
In  t h i s  work, f o r  p la n e  s t r e s s ,  p l a n e  s t r a i n  and ax isym - 
m e t r i c  a n a l y s i s  an  e l a s t i c - p l a s t i c  model i s  u s e d .  I t  c o m p r ise s  
VON-MISES Y ie ld  c o n d i t i o n  and h a rd e n in g  d e f i n e d  s i m i l a r l y  to  
/ 3 . 6 8 / .  In  o t h e r  words two v a lu e s  need  to  be d e f i n e d  f o r  Young’ s 
m odulus, one c o r r e s p o n d in g  to  t h e  e l a s t i c  reg im e (E) and one c o r ­
r e s p o n d in g  to  t h e  p l a s t i c  reg im e (Et ).
For s h e l l  a n a l y s i s  a more a c c u r a t e  y i e l d  s u r f a c e  i s  d e f in e d  
by th e  f u n c t i o n :
where I , J  a r e  f i r s t  and second  d e v i a t o r i c  s t r e s s  1 2
i n v a r i a n t s ,
a ,  f3 a re  m a t e r i a l  c o n s t a n t s ,
V  i s  t h e  e q u i v a l e n t  e f f e c t i v e  s t r e s s  t a k e n  from 
th e  c o m p re s s iv e  s t r e s s  o f  a u n i a x i a l  t e s t ,
and th e  s i g n  o f  J  c o r r e s p o n d  to  th e  d e f i n i t i o n  / 3 . 1 / .
E q u a t io n  / 3 . 7 7 /  can  be a l s o  e x p re s s e d  i n  te rm s  o f  
p r i n c i p a l  s t r e s s e s  by:
V(J , J  , \ r  ) = / 13( -3 J  ) + OLl - t l 
1 2  0  2 1
cr = 0 o / 3 . 7 7 /
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o r  i n  a g l o b a l  form  a s :
Q[ 2 t  2 t  2 » , t t  ^ t t  t  t  >8 ( < r  + <r + <r ) -  ( <r <r + cr cr + <r <r ) +I 11 22 ““ "  "33 11 22 11 33 22 33
. f t  2 t  2 t  2 ^ 1  t  , t  . t  2+ 3 t  + t  + t  + a ( c r  + <r + <r ) = <r  ^ 12 13 23JJ 11 22 33 0
/ 3 . 7 9 /
T h is  Y ie ld  f u n c t i o n  i s  u se d  f o r  t h e  t h e  s h e l l  e le m en t  i n  
which t <r s t r e s s  i s  z e r o ,  and hence  i t s  f i n a l  form  i s :33
_ f , t  2 t 2 v t t - f t  2 t 2 t 2 ’H£ ( < r  + (T ) -  (TO* + 3 t  + T + T |_ 11 22 11 22 i 12 13 23JJ
+ <x(V + V ) = V  /3 .80/
11 2 2  0
The m a t e r i a l  c o n s t a n t s  a ,  IB were s e t  a c c o r d in g  to  t h e  r e ­
s u l t s  o f  K upfer  e t .  a l .  [40] a s  f o l lo w s :
a  = 0 .3 5 5  fc<ro
/ 3 . 8 1 /
13 = 1 .355
These c o r r e s p o n d  to  b i a x i a l  d a t a  i n  w hich  th e  e q u a l  b i a x i a l  
c o m p re ss iv e  s t r e n g t h  i s  16% g r e a t e r  th a n  th e  u n i a x i a l  c o m p ress io n  
s t r e n g t h .  I f  we assume a  = 0 and 3 = 1 ,  e q u a t i o n  / 3 . 8 0 /  d e g ra d e s  
to  th e  VON MISES y i e l d  s u r f a c e .
S u b s t i t u t i n g  a  and (3 i n t o  / 3 . 8 0 /  l e a d s  to  t h e  f i n a l  e x p r e s -
-  V  V  + 3 f t T 2 +  t T 2 +  t T 2  1 1 \  / 3 . 8 2 /
11 2 2  [  1 2  1 3  2 3 j  J J
CLwhere p a ra m e te r  y = — = 0 .1 7 7 5 .Z(To
The r e s u l t i n g  f a i l u r e  c r i t e r i o n  and lo a d in g  f u n c t i o n s  a r e  
d e p ic t e d  i n  F ig .  3 .2 0  and F ig .  3 .21  r e s p e c t i v e l y .
To a c c o u n t  f o r  c o m p re ss io n  h a rd e n in g  and l a t e r  s t r a i n  
s o f t e n i n g  e f f e c t s  t h e  m a t e r i a l  model employs t h e  c o n v e n t io n a l  
"Madrid P a r a b o la "  [42] f o r  th e  a s c e n d in g  p a r t  o f  F ig .  3 .2 2  and 
a n o th e r  p a r a b o l i c  f u n c t i o n ,  d e r i v e d  h e r e ,  f o r  t h e  d e s c e n d in g  
p a r t .
In  t h e  a s c e n d in g  p a r t  t h e  m a t e r i a l  i s  assumed t o  be i n  e l a s ­
t i c  reg im e  up to  u n i a x i a l  s t r e s s  0 . 3 f ’ . Beyond t h a t  we can  w r i t e :
c
E
V  = E e - 4 ----- —  e 2 / 3 . 8 3 /o o  2 eo
w here E i s  th e  i n i t i a l  e l a s t i c i t y  m odulus, o J
e  i s  t o t a l  u n i a x i a l  s t r a i n ,  e ^ e ,o
e i s  t o t a l  u n i a x i a l  s t r a i n  a t  peak  s t r e s s  f ’ ( i . e .  a to c
f a i l u r e ) .
e  <rS u b s t i t u t i n g  f o r  e l a s t i c  s t r a i n  e =-=- / 3 . 8 3 / ,  th e n.Lo
V  = -  E e p + /  2E2 e eP / 3 . 8 4 /
0 0 0 0
f o r  0 . 3 f ’ ^ V ^  f ’ .
c o c
p ,
where e i s  t h e  p l a s t i c  component o f  th e  u n i a x i a l  s t r a i n  and 
2 f  ’
e can  be t a k e n  a s  — — , o r  in  o t h e r  words we assume t h a t  n e a r  o Eo
f a i l u r e  th e  p l a s t i c  and e l a s t i c  p a r t s  o f  s t r a i n  a r e  e q u a l .  The
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t pf u n c t i o n  K’ ( e ) i s  d e r i v e d  by t a k i n g  th e  d e r i v a t i v e  o f  / 3 . 8 4 /  
w i th  r e s p e c t  to  p l a s t i c  s t r a i n :
d <^r
K’ (V *  ) = ------ °
dcP
/ 3 . 8 5 /
F or th e  d e s c e n d in g  p a r t ,  e e (e ; e ) ,  a n o th e r  p a r a b o l i c
0 max
f u n c t i o n  i s  d e r i v e d  from  th e  f o l l o w in g  r e q u i r e m e n ts :  
- c o m p a t i b i l i t y  o f  a s c e n d in g  and d e s c e n d in g  b ra n c h e s  a t  s t r a i n  e , 
( f u n c t i o n a l  v a lu e s  and t h e i r  d e r i v a t i v e s ) ,
- f o r  e = e must <r = 0 .
max 0
The d e r i v a t i o n  o f  t h i s  p a r a b o l i c  f u n c t i o n  i s  s i m i l a r  t o  th e  
one f o r  t h e  a s c e n d in g  b ra n c h  and th u s  o n ly  t h e  f i n a l  e q u a t io n s  
a r e  p r e s e n t e d :
t = -b * Y b2- toe
o 2a
where:
a = E"2 o
2  Pe 2e -  4e
, max max
b + — E----------
c 0
4 f  (e -  e )
c max , P%2 2
C = --------------   +  ( e  ) -  G
h, max
and g is maximum compressive uniaxial strain in concrete.
Beyond t h i s  v a lu e  t h e  m a t e r i a l  i s  assumed to  c r u s h  r e s u l t i n g  in
t Pz e ro  r i g i d i t y  and z e ro  s t r e s s e s .  The f u n c t i o n  K* ( e  ) i s  e q u a l  to  
z e ro  th ro u g h o u t  th e  whole d e s c e n d in g  p a r t .
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Note t h a t  e x t r a p o l a t i o n  from th e  u n i a x i a l  s t a t e  i n  / 3 . 8 5 /  to  
th e  3D s t a t e  i s  p e rfo rm e d  u s in g  e q u a t i o n s  / 3 . 7 4 /  th ro u g h  / 3 . 7 5 /  
and n o t  by th e  e f f e c t i v e  s t r e s s  and s t r a i n  a p p ro a c h  a s  e x p re s s e d  
by e q u a t i o n  / 3 . 6 9 / .
 ---------  l cu i 191 k p / c m J
o— — o f ClJ i 3 1 1  k p / c m 1
cu
0 .2 -
- 1 2 - G8  - 0 6  - 0 i ____ - 0 2 cu
-Q6
-10
F ig .  3 .2 0  2D r e p r e s e n t a t i o n  o f  f a i l u r e  c r i t e r i o n  i n  CONCRETE.
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compression
Kupfer
Max S t ress 
C r i t e r i o n  / - 0-6
Von Mises
-02
- 0-2
F ig .  3 .21  Y ie ld  and lo a d in g  f u n c t i o n s  i n  t h e  program  CONCRETE.
P e r f e c t  p l a s t i c  model  
S t r e s s e s  ~  ' —— ~
, V o r f - h a r d e n i n a  model u s e d
Unloaa-r  e toao
iTension s t i f f e n i n g
F ig .  3 .2 2  H arden ing  f u n c t i o n  H’ in  th e  program  CONCRETE.
3 . 5 . 4  O th e r  ty p e s  o f  c o n s t i t u t i v e  e q u a t i o n s .
In  a d d i t i o n  to  th e  above c o n s t i t u t i v e  e q u a t i o n s  t h e r e  a r e  
many o t h e r  ways o f  c r e a t i n g  m a t e r i a l  m odels f o r  c o n c r e t e .  U s u a l ly
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t h e s e  a r e  more s o p h i s t i c a t e d  and p o t e n t i a l l y  more a c c u r a t e ,  b u t  
c a r e f u l  c o n s i d e r a t i o n  s h o u ld  be g iv e n  a s  t o  w h e th e r  a  more a c c u ­
r a t e  model i s  w o r th w h i le  o r  n o t .  Sometimes i n a c c u r a c i e s  i n  an 
a n a l y s i s  due to  o t h e r  phenomenon a r e  more im p o r ta n t  th a n  in a c c u ­
r a c i e s  due to  t h e  m a t e r i a l  m odel, f o r  example t h e  f i n i t e  e lem en t  
d i s c r e t i z a t i o n ,  l o a d in g  and boundary  c o n d i t i o n s ,  in p u t  m a t e r i a l  
c o n s t a n t s  e t c .
G e n e r a l ly ,  im provem ents o f  c o n c r e te  m odels  i n c l u d e  th e  f o l ­
lowing f e a t u r e s :
1 /  Account i s  t a k e n  n o t  o n ly  o f  th e  s t r e s s - s t r a i n  c o n d i t i o n  
a t  a p a r t i c u l a r  p o i n t  b u t  a l s o  o f  c o n d i t i o n s  in  i t s  
n e ig h b o rh o o d .
2 /  U n lo ad in g  and r e l o a d i n g  p a th s  i n  c o n c r e t e  a r e  more a c c u ­
r a t e l y  d e f in e d .
3 /  Account i s  t a k e n  o f  th e  a d d i t i o n a l  f a c t o r s  such  a s  c r e e p ,  
s h r in k a g e ,  t e m p e ra tu re  and h u m id i ty  e f f e c t s  e t c .
4 /  The b e h a v io r  o f  c o n c r e te  u n d e r  dynamic c o n d i t i o n s  i s  i n c ­
lu d ed  i n  o r d e r  to  c a r r y  o u t  th e  dynamic a n a l y s i s  o f  r e i n ­
f o r c e d  c o n c r e t e  s t r u c t u r e s .
Among th e  more im p o r ta n t  work c o n c e rn in g  more s o p h i s t i c a t e d  
c o n c r e te  m odeling  a r e ,  f o r  exam ple, th e  p r o g r e s s i v e  f r a c t u r e  mo­
d e l  d e v e lo p e d  by DOUGILL [5 ] ,  th e  e n d o c h ro n ic  m odels  o f  SOERENSEN 
[6] and m odels p r e s e n t e d  by BA2ANT [7] b a sed  on f r a c t u r e  mecha­
n i c s .
3. 6 C o n s t i t u t i v e  m odels f o r  s t e e l .
In  t h e  p r e v io u s  s e c t i o n  we were c o n c e rn e d  w i th  c o n s t i t u t i v e  
e q u a t io n s  and f a i l u r e  c r i t e r i a  f o r  c o n c r e t e .  M odeling  o f  s t e e l  
b e h a v io r  i s  much s im p le r  b e c au se  s t e e l  i s  an  i s o t r o p i c  m a t e r i a l  
and i t s  p r o p e r t i e s  i n  th e  t e n s i o n  and c o m p re ss io n  reg im es  a r e  s i ­
m i l a r .  An im p o r ta n t  p r o p e r t y  o f  th e  s t r e s s - s t r a i n  d iag ram  i s  a 
r e l a t i v e l y  h ig h  d u c t i l i t y .
These p r o p e r t i e s  make m odeling  o f  r e i n f o r c i n g  s t e e l
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s t r a i g h t f o r w a r d .  The most w id e ly  used  m odels f o r  c o n s t i t u t i v e  
e q u a t i o n s  a r e  p i e c e  w ise  l i n e a r  e l a s t i c  i s o t r o p i c  m odels  and e l a s ­
t i c  p l a s t i c  m odels  i n  w hich th e  VON MISES Y ie ld  f u n c t i o n  i s  
employed. H ard en in g ,  i f  a c c o u n te d  f o r ,  i s  assumed t o  be l i n e a r  
a s  d e p i c t e d  i n  F ig .  3 .1 9 .
S t e e l  s o f t e n i n g  i s  n e g le c t e d .  The f a i l u r e  c r i t e r i o n  i s  
u s u a l l y  d e f i n e d  by th e  RANKINE Cut O ff  c r i t e r i o n  o r  by a f a i l u r e  
f u n c t i o n  i n  t h e  shape  o f  th e  VON MISES Y ie ld  f u n c t i o n .
The f a c t  t h a t  most r e i n f o r c i n g  e le m e n ts  can  be assumed a s  
one d im e n s io n a l  a l s o  s i m p l i f i e s  t h e i r  m odeling .
3 .7  C o n s t i t u t i v e  e q u a t i o n s  f o r  r e i n f o r c e d  c o n c r e t e .
B a s i c a l l y  t h e r e  a r e  two m ethods f o r  d e a l i n g  w i t h  r e i n f o r c e d  
c o n c r e te .  The f i r s t  i s  to  u se  s o - c a l l e d  sm eared  m odeling  and th e  
second  i s  to  employ d i s c r e t e  m odels .
The e s s e n t i a l  i d e a  o f  th e  f i r s t  g roup  o f  m odels  i s  t o  smear 
th e  h e t e r o g e n i t y  cau sed  by m a t e r i a l  f a i l u r e ,  ( e .g .  c r a c k s ) ,  w i t ­
h in  some a r e a ,  w hich i s  th e  a r e a  u s u a l l y  a s s o c i a t e d  w i th  an  i n ­
t e g r a t i o n  p o i n t  o f  t h e  f i n i t e  e le m en t  mesh. R e in fo r c e d  c o n c r e te  
c o n s t i t u t i v e  e q u a t i o n s  a r e  d e f i n e d  by s u p e r im p o s in g  c o n c r e t e  and 
s t e e l  c o n t r i b u t i o n s  i n  th e  R/C co m p o s i te .  T h is  im p l ie s  th e  adop­
t i o n  o f  i d e n t i c a l  s t r a i n s  a t  any p o i n t  in  t h e  r e i n f o r c e d  c o n c r e te  
m a t e r i a l  and th u s  b o n d - s l i p  e t c .  i s  n o t  a c c o u n te d  f o r .  Hence s i n ­
ce m a t e r i a l  models f o r  c o n c r e te  and s t e e l  h a s  a l r e a d y  been  s p e c i ­
f i e d ,  th e  c o n s t i t u t i v e  e q u a t io n s  f o r  r e i n f o r c e d  c o n c r e t e  a r e  a l s o  
d e f in e d .  T h is  a p p ro a c h  i s  r e l a t i v e l y  s im p le  and can  be u sed  to  
compute l a r g e  and complex shaped  s t r u c t u r e s .  I f  we a r e  i n t e r e s t e d  
in  o v e r a l l  s t r u c t u r a l  a n a l y s i s  t h i s  s i m p l i f i c a t i o n  i s  q u i t e  j u s ­
t i f i e d .
In  t h e  second  g roup  c o n c r e te  and r e i n f o r c i n g  s t e e l  a r e  
t r e a t e d  s e p a r a t e l y  and in  a  d i f f e r e n t  way p r i o r  and p o s t  f a i l u r e .  
These m odels a r e  c a l l e d  d i s c r e t e  m odels . U sing  th e  f i n i t e  e lem en t
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method i t  i s  n e c e s s a r y  to  employ d i f f e r e n t  ty p e s  o f  f i n i t e  e l e ­
ment f o r  th e  s t e e l  b a r s ,  th e  s u r r o u n d in g  c o n c r e t e  and a l s o  p e r ­
haps  th e  i n t e r f a c e  e le m e n ts  w hich c o n n e c t  th e  c o n c r e t e  and  s t e e l .  
These m odels  a r e  a c c u r a t e  and can  a c c o u n t  f o r  n e a r l y  a l l  pheno­
mena o f  a r e i n f o r c e d  c o n c r e t e  c o m p o s i te .  U n f o r t u n a t e l y  th e y  a r e  
v e ry  c o m p u t a t i o n a l l y  e x p e n s iv e .  Thus t h i s  ty p e  o f  m odels  i s  b e s t  
r e s t r i c t e d  to  l o c a l  a n a l y s i s  o r  a n a l y s i s  o f  s t r u c t u r a l  d e t a i l s .  
An a d d i t i o n a l  d i s a d v a n ta g e  i s  t h a t  d i f f e r e n t  t y p e s  o f  f i n i t e  e l e ­
ment a r e  needed  f o r  m odeling  c r a c k s ,  c ru s h e d  zones  and so on. 
T h is  i m p l ie s  t h a t  we must a p r i o r i  s p e c i f y  w here th e  f a i l u r e  zo­
nes  w i l l  o c c u r  and i f  p u r e l y  e s t i m a t e d  th e  r e s u l t s  o f  a  lo n g  a n a ­
l y s i s  can  be n o n se n se .  Hence due to  th e  ty p e  o f  t h e  p r e s e n t  a n a ­
l y s i s ,  t h e  c o m p u ta t io n a l  demands and th e  above d i f f i c u l t i e s  o f  
d i s c r e t e  m odels , i n  t h i s  work th e  f i r s t  g ro u p ,  i . e .  sm eared  mo­
d e l s ,  i s  p r e f e r r e d .
3 .8  M a te r i a l  and f a i l u r e  m odels  u se d  i n  p rogram s NONSAP and 
CONCRETE.
In  summary a b r i e f  o ve rv iew  w i l l  be now g iv e n  o f  t h e  models 
u sed  i n  t h i s  work in c l u d in g  an  e x p l a n a t i o n  why t h e s e  m odels were 
employed.
Both  NONSAP and CONCRETE u se  sm eared  ty p e  c o n s t i t u t i v e  equa ­
t i o n s  i n  w hich th e  r e s p o n s e  o f  r e i n f o r c e d  c o n c r e t e  i s  e v a lu a t e d  
by s u p e r im p o s in g  c o n c r e t e  and s t e e l  r e s p o n s e s .  No bond s l i p  
betw een c o n c r e t e  and r e in f o r c e m e n t  i s  a c c o u n te d  f o r .
NONSAP.
C o n c re te :
The p i e c e  w ise  l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  d e f i n e d  i n  Sec . 
3 .4  were u se d  to  model c o n c r e te  b e h a v io r .  T h is  model i s  
supp lem en ted  by th e  Mohr-Coulomb and R ank ine  C u t-O ff  f a i l u r e
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c r i t e r i a  (Sec. 3 . 2 . 2 )  and th e  t e n s i o n  s t i f f e n i n g  model / d /  (eq. 
/ 3 . 3 5 / - / 3 . 3 7 / ) .
A f t e r  c r u s h in g  no m a t e r i a l  r i g i d i t y  and s t r e s s e s  a r e  a s s u ­
med. The p o s t - c r a c k i n g  reg im e i s  g o ve rned  by a t e n s i o n  s t i f f e n i n g  
law and o n ly  one s e t  o f  c r a c k s  i n  a  f i x e d  d i r e c t i o n ,  p a r a l l e l  to  
th e  maximum p r i n c i p a l  s t r e s s  when th e  c r a c k  o c c u r r e d ,  i s  d e f in e d .  
For c a s e s  when p a r t  c r u s h in g  and p a r t  c r a c k in g  f a i l u r e  o c c u r  th e  
c r u s h in g  c o e f f i c i e n t  i s  u se d  (Sec. 3 . 3 . 4 ) .
In  a d d i t i o n  th e  e l a s t i c  p l a s t i c  model w i th  h a rd e n in g  was 
a l r e a d y  a v a i l a b l e  i n  t h e  NONSAP l i b r a r y  o f  m a t e r i a l  m odels ,  
i n c l u d in g  th e  VON MISES Y ie ld  f u n c t i o n .
S t e e l :
R e in fo rc em e n t  i s  modeled by one d im e n s io n a l  s t e e l  e lem en t  
f o r  w hich  p i e c e  w ise  l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  a r e  u se d .  
S hea r  e f f e c t s  a r e  n e g le c t e d  and hence  no dowel i s  a c c o u n te d  f o r .
These m a t e r i a l  m odels have  been  i n c o r p o r a t e d  i n t o  NONSAP b e ­
cau se  o f  t h e i r  s i m p l i c i t y .  I t  i s  c o n s id e r e d  t h a t  NONSAP i s  c r e a ­
t e d  p r i m a r i l y  f o r  dynamic a n a ly s e s  and th u s  no s o p h i s t i c a t e d  and 
tim e consuming m odels a r e  f e a s i b l e .
CONCRETE.
C o n c re te :
C o n c re te  i s  modeled by e l a s t i c  p l a s t i c  c o n s t i t u t i v e  equa ­
t i o n s ,  (Sec. 3 . 5 . 3 ) .  The Y ie ld  f u n c t i o n  and s u b s e q u e n t  l o a d in g
s u r f a c e s  a r e  d e f i n e d  by eq . / 3 . 8 2 / .  F a i l u r e  c o n d i t i o n s  a r e  d e t e r ­
mined by e x p r e s s io n s  p r e s e n t e d  i n  Sec. 3 . 3 . 3 .  A f t e r  c r u s h in g  no 
m a t e r i a l  s t r e s s e s  and r i g i d i t y  a r e  assumed. For t e n s i o n  reg im es ,  
th e  R ankine  C u t-O ff  c r i t e r i o n  i s  u sed  and th e  c r a c k in g  reg im e i s  
governed  by th e  th e  s t i f f e n i n g  model / b  (eq . / 3 . 2 7 / - / 3 . 3 1 / ) .  The 
f i x e d  c r a c k  a p p ro a c h  i s  u sed  w i th  th e  second  s e t  o f  c r a c k s  b e in g
p e r p e n d i c u l a r  to  t h e  f i r s t  one. The h a rd e n in g  and s o f t e n i n g  p a r a -
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bolas (eqs. /3.85/ ,/3.85V) in compression were also implemen­
ted.
S t e e l :
R e in fo rc e m e n t  i s  modeled by l a y e r s  c o n s i s t i n g  o f  sm eared 
u n i a x i a l  s t e e l  b a r s .  For  c o n s t i t u t i v e  e q u a t i o n s  t h e  e l a s t i c  p l a s ­
t i c  model w i th  l i n e a r  h a rd e n in g  i s  u sed .
Most o f  t h e s e  c o n s t i t u t i v e  e q u a t i o n s  were a l r e a d y  i n  th e  
o r i g i n a l  v e r s i o n  o f  t h e  program . In  t h i s  work c o m p re s s io n  h a rd e n ­
ing  and s o f t e n i n g  were im plem ented  to  improve th e  h ig h  com pres­
s io n  reg im e b e h a v io r .  C o l l e c t i v e  e x p e r i e n c e  p ro v e s  t h i s  model to  
be a good compromise be tw een  c o m p u ta t io n a l  c o s t  and r e s u l t i n g  a c ­
c u ra c y .
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4 . TWO DIMENSIONAL AXISYMETRIC, PLANE STRESS AND PLANE 
STRAIN ELEMENTS.
T h is  C h a p te r  p r e s e n t s  th e  com ple te  f o r m u la t io n  f o r  two/ th e  
d im e n s io n a l  i s o p a r a m e t~ ic  b i l i n e a r  and b i q u a d r a t i c  e le m e n ts  used  
in  t h i s  work. I n t e r e s t  w i l l  f o c u s  on th e  o v e r a l l  f o r m u la t io n  o f  
e le m en t  m a t r i c e s  p e r t a i n i n g  to  th e  e le m en t  geom etry .  The i s o p a ­
r a m e t r i c  f o r m u la t io n  o f  one, two and t h r e e  d im e n s io n a l  e le m e n ts  
b e lo n g s  to  " c l a s s i c "  e lem en t  f o r m u la t io n s .  T h is  i s  n o t  b e c a u se  o f  
i t s  s u p e r i o r  p r o p e r t i e s  b u t  due to  th e  f a c t  t h a t  i t  i s  a  v e r s a t i ­
l e  and g e n e r a l  ap p ro a c h  and, a l s o  im p o r ta n t ,  e a s y  to  u n d e r s t a n d .  
Some o t h e r  ty p e s  o f  e le m en t  p r o v id e  more a c c u r a t e  r e s u l t s ,  e s p e ­
c i a l l y  when r e s t r i c t e d  to  s t a t i c  a n a l y s i s .  For  exam ple th e  f a m i ly  
o f  h y b r id  e le m e n ts  u s u a l l y  g iv e  much b e t t e r  r e s u l t s  f o r  th e  
s t r e s s  f i e l d s .  N e v e r th e l e s s ,  i s o p a r a m e t r i c  e le m e n ts  a r e  used  
f r e q u e n t l y  b e c au se  th e y  c o n t a i n  no h id d e n  d i f f i c u l t i e s ,  and a r e  
r o b u s t  and r e l i a b l e  in  u s e .  T h is  i s  v e ry  im p o r ta n t  i n  n o n l in e a r  
a n a l y s i s  b e c au se  t h e r e  a r e  u s u a l l y  p rob lem s enough, f o r  example 
w i th  m a t e r i a l  m odeling , and i t  i s  u n d e s i r a b l e  t o  mix t h i s  s o r t  o f  
p roblem  w i th ,  f o r  i n s t a n c e ,  th e  f a c t  t h a t  g e o m e t r i c  e q u a t i o n s  a r e  
s a t i s f i e d  o n ly  i n  i n t e g r a l  form ( H e l l i n g e r - R e i s s n e r  p r i n c i p l e )  
e t c .
The f i r s t  p a r t  o f  t h i s  C h a p te r  d e a l s  w i th  t h e  b a s i c  geom etry  
o f  th e  e le m e n ts ,  p a r t i c u l a r l y  th e  g e o m e t r ic  and d i s p la c e m e n t  
a p p ro x im a t io n s .  The second p a r t  u s e s  t h e s e  to  d e v e lo p  th e  
com ple te  f o r m u la t io n .  Here we w i l l  f o l lo w  th e  c o n c e p t s  o f  C h ap te r  
two, i n c l u d in g  n o t a t i o n .
I t  s h o u ld  be n o te d  t h e r e  i s  l i t t l e  d i f f e r e n c e  i n  t h e  form u­
l a t i o n  o f  p la n e  s t r e s s  and p la n e  s t r a i n  e le m e n ts ,  t h e  o n ly  d i f ­
f e r e n c e  b e in g  th e  m a t e r i a l  r i g i d i t y  m a t r ix .  T h is  was p r e s e n t e d  in  
C hap te r  t h r e e  and w i l l  n o t  be r e p e a te d  h e r e .  For t h e  a x isy m m e tr ic  
e le m en t ,  th e  s i t u a t i o n  i s  more complex. G e n e r a l ly  t h e  c o o r d i n a t e s  
x and y i n  p la n e  s t r e s s / s t r a i n  a n a l y s i s  c o r r e s p o n d  to  c o o r d i n a t e s  
r  ( r a d i a l )  and s  ( p a r a l l e l  to  a x i s  o f  r o t a t i o n )  r e s p e c t i v e l y  and 
term s due to  e ( c i r c u m f e r e n t i a l  d i r e c t i o n )  w i l l  be g iv e n  s e p a ­
r a t e l y .
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For th e  sake  o f  g e n e r a l i t y ,  b o th  t o t a l  and u p d a te d  L a g ran -  
g i a n  f o r m u la t io n  w i l l  be d i s c u s s e d .  The c h o ic e  o f  w hich o f  them 
i s  more s u i t a b l e  f o r  a p a r t i c u l a r  a n a l y s i s  d e p e n d e n ts  on th e  form 
of  c o n s t i t u t i v e  e q u a t io n s  used .
4 .1  Geometry and d i s p la c e m e n t  a p p ro x im a t io n .
In  i s o p a r a m e t r i c  f o r m u la t io n  th e  a p p ro x im a t io n  o f  e lem en t  
geom etry  and d i s p l a c e m e n ts  i s  i d e n t i c a l .  T h is  i s  n o t  t h e  g e n e r a l  
c a s e ,  however, b e c au se  some e le m e n ts  u s e  one a p p ro x im a t io n  f o r  
geom etry  and a d i f f e r e n t  a p p ro x im a t io n  f o r  d i s p la c e m e n t  f i e l d s  
( e .g .  s e m i - l o o f  e l e m e n ts ) .
L e t  u s  c o n s id e r  t h e  q u a d r i l a t e r a l  n in e  p o i n t  e lem en t  d e p i c ­
t e d  i n  F ig .  4 .1 .
CDNFIGURACE AT TIME t
CONFIGURACE AT TIME 0
LOCAL COORDINATE SYSTEM r,a
2.0
F ig  4 .1 .  Two d im e n s io n a l  e le m e n t ,  n a t u r a l  and g l o b a l  c o o r d i n a t e  
sys tem s.
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The a p p ro x im a t io n  f u n c t i o n s  a r e  c o n s t r u c t e d  i n  such  a way 
t h a t  o n ly  th e  f o u r  c o r n e r  nodes and t h e i r  c o r r e s p o n d in g  modal 
sh a p es  a r e  m andatory . A l l  o t h e r  nodes can  be ,  b u t  need  n o t  be , 
i n c o r p o r a t e d .
I f  o n ly  f o u r  nodes  a r e  u s e d ,  t h e  e le m en t  i s  b i l i n e a r ,  w h i l s t  
a  co m p le te  n in e  p o i n t  d e f i n i t i o n  c o r r e s p o n d s  t o  th e  b i q u a d r a t i c  
f o r m u la t io n  i n c l u d in g  a "bubb le"  f u n c t i o n  in  t h e  c e n t r e  o f  th e  
e le m e n t .  T h is  v e r s a t i l i t y  o f  f o r m u la t io n  i s  v e ry  a d v a n ta g e o u s  b e ­
cau se  i t  a l lo w s  mesh r e f i n i n g  o r  u se  o f  more c o a r s e  d i v i s i o n s  i n  
some a r e a s .
The main id e a  o f  c o o r d i n a t e  a p p ro x im a t io n  w i t h i n  t h e  e le m en t  
i s  g iv e n  by:
N
hk 1
/ 4 . 1 /
t  r  . t  k
*1 = L h xk=l
Nt  r  , t  kx  = ) h x2 L k 2k=l
where i s  a  shape  f u n c t i o n  c o r r e s p o n d in g  t o  node Jc,
t  k t  kx  , x  a r e  c o o r d i n a t e s  x and x o f  j o i n t  k  a t  t im e  1 2  1 2 °
t ,
fcx , t x  a r e  c o o r d i n a t e  o f  an  a r b i t r a r y  p o i n t  w i t h i n  
th e  e le m e n t ,
N i s  th e  number o f  e le m en t  nodes .
The main id e a  o f  i s o p a r a m e t r i c  f o r m u la t io n  i s  t o  map th e  co­
o r d i n a t e  sy s tem  x , x t o  a n a t u r a l  c o o r d i n a t e  sy s tem  r ,  s ,  ( se e  
F ig u re  4 . 1 ) ,  where an  e le m en t  o f  any o r i g i n a l  sh a p e ,  i n c l u d in g  
cu rved  b o u n d a r ie s ,  i s  t r a n s fo rm e d  to  a r e g u l a r  q u a d r i l a t e r a l  w i th
t  1 t  1s t r a i g h t  b o u n d a r ie s  o f  s i z e  o f  2 x 2 u n i t s .  For  example x , x
t  2 t  2 1 2a re  t r a n s fo r m e d  t o r  = 1, s  = 1 ,  x ,  x t o r  = - l , s  = 11 1 1 2  2 2
e t c .  T h is  a p p ro ach  a l lo w s  th e  e lem en t  f o r m u la t io n  to  be in d e p e n ­
d e n t  o f  t h e  o r i g i n a l  e le m en t  shape .
The c o n s t r u c t i o n  o f  th e  i n t e r p o l a t i o n  f u n c t i o n s  h i s  a s
f o l lo w s :
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1 /  e v e ry  f u n c t i o n  h must be e q u a l  to  one f o r  r ,  s  c o r r e s p o n d in g
k
to  node k,  
e v e ry  fu n c  
to  any o t h e r  e le m en t  node.
2 /  c t i o n  h must be e q u a l  t o  z e ro  f o r  r ,  s  c o r r e s p o n d in gk
As a l r e a d y  m en t io n e d ,  t h e  f o u r  c o r n e r  nodes  and  t h e i r  modes
a r e  a lw ays  i n c o r p o r a t e d .  The e x p r e s s io n s  f o r  t h e  b i l i n e a r  c a se
a r e  g iv e n  by:
h = -L  ( i  + r ) ( i  + S )
1 4
/ 4 .  2 /
h = 4n  (1 -  r )  (1 + s )  2 4
h = JL  ( i  -  r ) ( l  -  s )3 4
h = 4 "  t 1 + r ^ l  -  s )4 4
Now l e t  u s  add , f o r  exam ple, th e  shape  mode c o r r e s p o n d in g  to  
node f i v e  w hich i s  l o c a t e d  i n  th e  c e n t e r  be tw een  nodes  one and 
two, ( s e e  F ig .  4 . 1 ) :
In  o r d e r  to  s a t i s f y  th e  c o n d i t i o n  t h a t  i s  e q u a l  t o  z e ro  
a t  p o i n t s  one th ro u g h  f o u r ,  and a t  th e  same t im e  e q u a l  to  one a t  
j o i n t  f i v e ,  i t  i s  n e c e s s a r y  to  u se  a q u a d r a t i c  f u n c t i o n  i n  th e  
r - d i r e c t i o n  w h i l s t  a l i n e a r  f u n c t i o n  i s  s u f f i c i e n t  i n  th e
s - d i r e c t i o n  . Hence th e  e x p r e s s io n  f o r  h i s  g iv e n  by:
h s = -I- (1 -  r 2) ( l  + s )  / 4 . 3/
I t  i s  e a sy  to  check  t h a t  b o th  th e  above c o n s t r a i n t s  a r e  s a ­
t i s f i e d  by h , h and hh , b u t  th e  second  c o n s t r a i n t  i s  v i o l a t e d  
J  3 4  5
by th e  p r e v io u s  d e f i n i t i o n s  ( 4 .2 )  f o r  h and h f o r  t h e  new node1 2
f i v e .  The remedy i s  t o  s u b t r a c t  t h e i r  v a lu e s  g iv e n  by h a t  node5
5 from t h e i r  v a lu e s ,  ( i . e .  a h a l f  o f  h g). Hence, i n c l u d in g  node
f i v e ,  th e  d e f i n i t i o n  f o r  h and h i s  a s  f o l l o w s :1 2
h 1 = -j-  (1 + r ) (1 + s )  -  / 4 . 4 /
= 4 - (1 -  r ) (1  + S) -  i h5
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G e n e r a l ly  i f  we in t r o d u c e  any new node to  th e  e le m en t  a p p ro ­
x im a t io n ,  th e  new shape  f u n c t i o n  must s a t i s f y  t h e  two c o n s t r a i n t s  
and th u s  f o r  a l l  p r e v i o u s l y  d e f in e d  nodes  e v e r y t h in g  i s  s a t i s f a c ­
t o r y .  T h e r e a f t e r  e v e ry  p r e v i o u s l y  d e f i n e d  f u n c t i o n  must be c h e c ­
ked w i th  r e s p e c t  to  th e  new node. I f  i t s  v a lu e  i s  z e ro  th e n  no 
c o r r e c t i o n  i s  r e q u i r e d .  I f  i t  i s  n o t  z e ro ,  t h e  v a lu e  i s  z e ro e d  by 
a d d in g  th e  a p p r o p r i a t e  f r a c t i o n  o f  th e  mode shape  w hich c o r ­
re sp o n d s  to  th e  newly in t r o d u c e d  node.
T h is  p r o c e s s  i s  s im p ly  checked . The sum o f  a l l  t h e  i n c o r p o ­
r a t e d  shape- f u n c t i o n s  a t  any p o i n t  o f  t h e  e le m en t  must a lw ays  be 
one, m a th e m a t ic a l l y  e x p re s s e d  by:
N
h ( r , s )  = 1 / 4 .  5 /
k 
k = l
where r ,  s  a r e  c o o r d i n a t e s  o f  a r b i t r a r y  e le m en t  p o i n t .
U sing  t h i s  c o n c e p t  a l l  n in e  i n t e r p o l a t i o n  f u n c t i o n s  a r e  p r e ­
s e n te d  i n  T ab le  4 .1 .  Note a g a in  t h a t  h th ro u g h  h a r e  m andato ry  
w h i le  th ro u g h  a r e  o p t i o n a l .  I f  any o f  t h e  l a t t e r  i s  u se d ,  
th e  a p p r o p r i a t e  c o r r e c t i o n  o f  p r e v io u s  f u n c t i o n s  must be made. 
F ig .  4 .2  i l l u s t r a t e  some o f  th e  mode sh a p e s  f o r  h . T h is  c o n c ep t  
o f  th e  n a t u r a l  c o o r d i n a t e  sys tem  h i s  som etim es c a l l e d  h i e r a r ­
c h i c a l  n a t u r a l  c o o r d i n a t e  sys tem .
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F ig . 4 .2  Examples o f  some i n t e r p o l a t i o n  f u n c t i o n s  h . .
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No Function
Additional correction in node j if 
def ined:
J=5 j=6 j= 7 J '= 8 J'=9
h l (1 + r) (1 + s) - T hs - T h3
h
2
-y- (1 - r)(l + s) - - T h 5
h
3
-j- (1 - r) (1 - s) - i h7 T * ,
h
4
- f (1 + r)Cl - s) ~ \ h7 - 4 - h s X h 9
h
5
-i- (1 - r2) (1 + s)
h
6
-f (1 - r)(l - s2)
- ^ h 9
h
7
(1 - r2) (1 - s )
- i h 9
h
8
(1 + r) Cl - s2)
- 4 - h 9
h9 (1 - r2)(1 - s2)
Tab. 4 .1  I n t e r p o l a t i o n  f u n c t i o n s  f o r  2D e le m e n t .
For  d i s p la c e m e n ts  and d i s p la c e m e n t  in c r e m e n ts ,  e x a c t l y  i d e n ­
t i c a l  a p p ro x im a t io n  f u n c t i o n s  a r e  u se d .  So a n a lo g o u s  t o  / 4 . 1 /  we 
can d e f i n e :
r  , t  ku = ) h a1 L k lk=l
N
t  V  U t  ka  = ) h a
2  L  k 2
/ 4 .  6 /
k=l
N
“ . = 1
:=1
74.7/
, kh a
k 1 
k l
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N
u = V h uk 2 L  k 2
k=l
t lc ic
where u , u (J = 1, 2) are the displacements and displace­
ment increments, respectively for coordinate j at joint k and ti­
me t. Hence the simplicity of this formulation.
Both displacement and geometry of the element are defined by 
functions of the local coordinates r and s. The relationship bet­
ween r, s and tx , tx is given by /4.1/. To calculate element 1* 2 &
matrices we also need to derive expressions for the derivatives 
of displacement with respect to original coordinate system tx ,
t
x .
2
It is easy to calculate the derivatives with respect to na­
tural coordinate system r, s. Let us assume we have some function 
f(fcx , fcx ) defined in r,s coordinate system so that we know its
derivatives with respect to these local coordinates,
df{r,s) df(r,s)
i.e. — —^  --- and
dr ds
3f (fcx , fcx ) 3f (Sc , tx2)
Now ------------ and   can be expressed by:
dtx dtx1 2
3 f(S c  , Sc ) 1 2
dtx
df{r,s) dr
dr
dtx
df(r,s) ds
ds a t
d x
74.8/
df( x^, x2) ^ df(r,s) dr + df(r,s) ds
It dr It  ds at
d x d x d x
2 2 2
These can be used to express derivatives with respect to the
original coordinates fcx , Sc as follows:1 2
. 3tx dfC'x , Sc ) dtx 3f(Sc , Sc ) 
dfir,s)  l_______ l 2_____  2_______ l 2
dr dr 0t dr _t
S x 3 x1 2
74.9/
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a .( , dtx dfCx ,tx } dtx d fCx , tx J
dfir.s) _ l  l 2 2 1 2
0s 0fcx 0s 0fcx
H ence:
0/(tx , *x ) ______ l 2
0fcx
= J - l X2 0f(r,s) X 2 0f(r,s)0s 0r 0r 0s
/ 4 . 1 0 /
0 f  (S :  ,*x )
0t X
= J -1
0fcx
0 S
0f(r,s) 
0r
0 t xl 0/(r,s)
0r 0s
w here J  = d e t
.  d t x
0r
0*xi
~ a T
0fcx
0r
0fcx
0 S
0fcX 0 fcX 1 2
0r 0s
0fcX 0*X2 1
0r 0s
J  i s  som etim es c a l l e d  t h e  J a c o b ia n  o f  t r a n s f o r m a t i o n  and  i s  
im p o r ta n t  b e c a u se  i t s  v a lu e  i s  e q u a l  to  t h e  a r e a  o f  e le m e n t .  Thus 
i f  we know th e  d e r i v a t i v e s  w i th  r e s p e c t  t o  t h e  l o c a l  c o o r d i n a t e  
sys tem , th o s e  w i th  r e s p e c t  to  th e  g l o b a l  sy s tem  a r e  s im p ly  c a l c u ­
l a t e d .
N ote , t h a t  i n  th e  c a s e  o f  a x isy m m e tr ic  e le m e n ts ,  t h e  t h i r d  
d i r e c t i o n  ( c i r c u m f e r e n t i a l )  i s  t r e a t e d  d i r e c t l y .
4 . 2  E lem ent m a t r i c e s  a ssem b ly .
The g e n e r a l  in c re m e n ta l  con tinuum  m ech an ic s  e q u a t i o n s  w ere  
p r e s e n t e d  i n  C h a p te r  two and form  t h e  b a s i s  o f  g e n e r a l  n o n l i n e a r  
d i s p la c e m e n t  f i n i t e  e le m en t  a n a l y s i s .  Now u s i n g  t h e  e x p r e s s i o n s  
from th e  l a s t  s e c t i o n  and in v o k in g  th e  p r i n c i p l e  o f  v i r t u a l  d i s ­
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p la c e m e n ts  th e  g o v e rn in g  f i n i t e  e lem en t  e q u a t i o n s  w i l l  be form u­
l a t e d .
Problem  f o r m u la t io n  i s  s i m i l a r  to  l i n e a r  a n a l y s i s ,  t h e  o n ly  
d i f f e r e n c e s  b e in g  t h a t  th e  f i n a l  e q u a t i o n s  a r e  a ssem b led  f o r  lo ad  
in c re m e n ts  o n ly  and a r e  b a sed  on th e  2nd P i o l a - K i r c h h o f f  ( s t r e s s )  
and G reen -L ag range  ( d e fo rm a t io n )  t e n s o r s  f o r  T o ta l  L a g ra n g ia n  
f o r m u la t io n  and on Cauchy ( s t r e s s )  and Almansi (d e fo rm a t io n )  t e n ­
s o r s  f o r  t h e  Updated L a g ra n g ia n  f o r m u la t io n .
These t e n s o r s  have a l r e a d y  been  d e f i n e d  i n  C h a p te r  two. The 
o b j e c t i v e  h e re  i s  to  d i s c r e t i z e  th e  p r e v i o u s l y  p r e s e n t e d  e x p r e s ­
s io n s  .
A l l  e x p r e s s io n s  w i l l  f i r s t  be d e f i n e d  u s in g  T o ta l  L a g ra n g ia n  
f o r m u la t io n ,  a f t e r  w hich th e y  w i l l  be m o d if ie d  f o r  U pdated  La­
g ran g e  f o r m u la t io n .  We assume o n ly  s t a t i c  c o n d i t i o n ,  b u t  e x t e n ­
s io n s  to  dynam ics a r e  o b v io u s .
T o ta l  L a g ra n g ia n  f o r m u la t io n .
The main g o v e rn in g  e q u a t i o n s  t a k e  t h e  form:
(fcK + fcK ) Au(U= t+AtR -  t+AtF (i_1) / 4 . 1 1 /
0  L 0  NL — “  0 ~
w here fcK i s  th e  l i n e a r  p a r t  o f  s t i f f n e s s  m a t r ix ,  
o  L
i s  t h e  n o n l in e a r  p a r t  o f  s t i f f n e s s  m a t r ix ,
o  NL
Au( i)= u ( i ) -  u (i_1) i s  th e  d i s p la c e m e n t  in c re m e n t  in
the l-th iteration,
:+At_, .R IE
(total),
.+At„(i-1)F Cl­
ient to the internal stresses from previous iterations.
t+At i s  th e  lo a d in g  v e c t o r  a p p l i e d  a t  t im e  t  + At
t+AV (i is the vector of nodal point forces equiva-
The f o l lo w in g  c o r re s p o n d e n c e  e x i s t s  be tw een  a n a l y t i c a l  and 
d i s c r e t i z e d  e x p r e s s io n s :
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„  0  . . .  t__ . ( i )C e 8 e dV == K Au
0 i jrs 0 rs 0 ij 0 L
V  C fcB °dV
0  L 0  0  L
ts 8 7) °dV
0  i j  0  i j
V  a  <1 >K Au
O NL “
/4.12/
O NL
V  *8 t B °dV
0  NL 0  0  LN
and f i n a l l y
fcS 8 e °dV
O i j  O i j
-  F = V  fcS °dV
O L 0 —
w here th e  n o t a t i o n  i s  i d e n t i c a l  to  C h a p te r  two. 
t  T t  T tE x p r e s s io n s  f o r  B , B , S e t c .  , p e r t a i n i n g  t o  an  e le -  o l o nl o -
ment, w i l l  now be d e r i v e d .
S t a r t i n g  w i th  in c r e m e n ta l  s t r a i n s ,  then :
t  te = u  + u a + u u + 
o 11 o 1 , 1  o 1 , 1  o 1 , 1  o 2 , 1  o 2 , 1
4 -  [( u ) 2+ ( u )2] 2 I 0 1,1 0 2,1 J / 4 . 13  /
t  te = u + a u + u u +
0 22  0 2 , 2  0 1 , 2 0 1 , 2  0 2 , 2 0 2 , 2
+ l - \ (  u ) 2+ ( u )2]2 I 0 1,2 0 2,2 J
i  r  i  i  r  t  t
e  =  —  u  + U + -pr- u u + u  u  
0 12 2 [o 1, 2  0 2 ,  l j  2 L 0 1 »1 0 1 »2 0 2 , 1 0  2,
+ fcu u + t u u 1 + i - T c  u u ) 0 1 , 2  0 1, 1 0 2 , 2  0 2,  l j  2 [  0 1, 1 0 1 , 2
+ ( u u )0 2, 1 0 2,2 J
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I u 1 ( U1 } 2
  + —    ( f o r  a x is y m m e tr ic,o ,2 2  ^o )
ta  a  u  „ f u  \ 2le = ------- +
0  3 3  o v wx  ( x ) v x  i • i nl i  l a n a l y s i s  o n ly )
where:
t u , u a r e  t h e  d e r i v a t i v e s  w i th  r e s p e c t  to  j  c o o r d in a ­te i »J o l , j
t e ,  ( x ^ ) ,  o f  t h e  i - t h  e le m en t  o f  th e  d i s p l a c e m e n t  v e c t o r  and i t s
in c re m e n t  r e s p e c t i v e l y  a t  t im e  t ,  a l l  m easured  i n  t h e  o r i g i n a l ,
undeform ed c o o r d i n a t e  sy s tem , and
e i s  t h e  in c re m e n t  o f  e lem en t  ( i , j )  o f  t h e  G reen -L ag range  o ij  u
s t r a i n  t e n s o r ,  a g a in  i n  th e  o r i g i n a l  c o o r d i n a t e  sy s tem .
The l i n e a r  s t r a i n - d i s p l a c e m e n t  t r a n s f o r m a t i o n  m a t r ix  t a k e s  
th e  form:
e = t B Au 
o -  o  l  -
where
e =  e ;  e ; 2 e ;  e i s  t h e  l i n e a r  p a r t  o f
0 -  [ 0  11 0  2 2  0  1 2  0  3 3 J
t h e  s t r a i n  in c re m e n t ,
and
.  . ( i )  [ 1 1 2 2 3 3  N N lAu = Au = u ; u ; u ; u : u ; u ;  .......... u. ; u a r e
-  -  L 1 2 1 2 1 2 1 2 J
d i s p la c e m e n t  in c re m e n ts .
N i s  t h e  number o f  e le m en t  nodes (4 th ro u g h  9 ) .
The m a t r ix  i s  d i v id e d  i n t o  two p a r t s :  
o  L
= fcB + fcB
0  L 0  LI  0  L2
/ 4 . 1 4 /
The f i r s t  m a t r ix  i s  g iv e n  by:
t B
0  Ll
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h ; 0  ; h ; 0  ; h ; 0  ; . . . ; h  ; 0
0 1 , 1  0 2 , 1  0 3 , 1  0 N , 1
0 ; h ; 0 ; h ; 0 ; h 0 ; h
0  1 , 2  0  2 , 2  0  3 , 2  O N ,
0 ^ 1 , 2 *  0 ^ 1 , 1 *  0 ^ 2 , 2 ’ 0 ^ 2 , 1 *  0 ^ 3 , 2 ’ 0 ^ 3 , 1 *  ' ' '  ’ 0 ^ N , 2 *  O ^ N ,
h h h h
1 ; o ; - i -  ; 0 i - 2 -  ; 0 ; ; 0o -  o -  o -  o -
X X X  X1 1 1  1
dh
w here h =
0 k’ J a°x
k t+At k t  kU = U. ~ U ,
j J J
n, 0 -  r  . 0 kand x  = ) h x  .l L k 1k=l
The seco n d  p a r t  o f  ^Bl i s  g iv e n  by:
t B =
0  L2
1 h ; 1 h
11  0  1 , 1  21  0  1 , 1
1 h ; 1 h
12 0 1, 2  22 0 1,2
[ 1 h + 1 h ) ; f i  h + 1 h 1 ; ( 11 0 1,2 12 0 l , l j  t  21 0 1,2 22 0 l , l j
h
i
3 3  0 -  
X
1
/ 4 . 1 5 /
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. . . ; 1 h
11  0  N , 1
; 1 h12 0 N,2
; 1 h2 1  0  N , 1
; l 3 3  0 -  
X
where
1 h
2 2  0  N , 2
; f i  h  +  1 h  } ; [
(  1 1  0  H , 2  12  O N , l J  ^
2 h  +  2
21 0  N , 2  2 2  0 N . l J
2 =  
11
r  . t  k  
) h  uL 0  k , l  1
k = l
2 =  y  h  t u k
2 2  L  0  k , 2  2
k = l
2  =  y  h  t u k
21 L 0  k , l  2
k = l
2 =  
12
n
V  U t  k  ) h u L 0  k , 2  1
k = l
2 =  
3 3
N
> h u L 0  k , l  1
k = l
0-
X
The nonlinear strain-displacement transformation matrix ta­
kes the form:
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/4.16/
h ; 0 ; h ; 0 ; h ; 0
0 1 , 1  0 2 , 1  0 3 , 1
h ; 0
0  N ,  1
h ; 0 ; h ; 0 ; h ; 0
0 1 , 2  0  2 , 2  0  3 , 2
h ; 0 -
0  N ,  2
0 ; h ; 0 ; h ; 0  ; h
0 1 , 1  0 2 , 1  0  3 , 1
0 ; h
0  N,  1
0 ; h ; 0 ; h ; 0  ; h
0  1 , 2  0  2 , 2  0  3 , 2
0 ; h
0  N,  2
o-
X
; 0 ; o-
X
o-
X
o-
X
; o
The 2nd P i o l a  K i r c h h o f f  s t r e s s  m a t r ix  and t e n s o r s  t a k e  th e
form:
S =
' oS n ; oS i 2 ; 0 ; 0 ; 0 *
l S ;0 21 ts  0 22 0 ; 0 ; 0
0 ; 0 ; ;0 11 0 12 0
0 ; 0 ; ts  0 21 ts 0 22; 0
.  0 ; 0 ; 0 ; 0 ; ts0 33*
'S =
" tso 11
fcS  
0 22
fcs  
0 12
fcs  ^
0  3 3  J
/ 4 . 1 7 /
A l l  d e r i v a t i v e s  a r e  w i th  r e s p e c t  t o  t h e  o r i g i n a l  c o o r d i n a t e  
system . S in c e  th e  e x p r e s s io n s  a r e  i n  th e  r ,  s  n a t u r a l  c o o r d i n a t e  
sys tem , i t  i s  n e c e s s a r y  to  d i f f e r e n t i a t e  u s in g  e q u a t i o n s  / 4 . 1 0 / .
Load ing  te rm s  t a k e  form:
f 5u °dV * r t+/V  5u °dA -  t tAtR
Jo 0 i i Jo  0 i i —
where / 4 . 1 8 /
t+AtR = f HT t+Atf B °dV + f f Hs1T t+Atf A °dA 
~  Jo 0 J o ^ J  0
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Hs , H a r e  s u r f a c e  and volume i n t e r p o l a t i o n  m a t r i c e s ,  and
t+At^B t+At^.A v e c t o r s  o f  body and s u r f a c e  f o r c e s  d e f i n e d  p e r  
0-  0—
u n i t  volume and s u r f a c e  r e s p e c t i v e l y .
The s t r u c t u r e  o f  Hs and H i s  t r i v i a l  and t h e r e f o r e  a r e  n o t  
g iv e n  e x p l i c i t l y .  T h e i r  rows c o n s i s t  o f  i n t e r p o l a t i o n  f u n c t i o n s
h .o j
As d i s c u s s e d  i n  C h a p te r  two th e  T o ta l  f o r m u l a t i o n  l e a d s  to  
more s o p h i s t i c a t e d  e x p r e s s io n s  f o r  t h e  c a l c u l a t i o n  o f  t h e  G reen-  
L agrange s t r a i n  t e n s o r ,  b u t  a l s o  u s e s  t h e  2nd P i o l a  K i r c h h o f f  
t e n s o r  w hich  h a s  no p h y s i c a l  m eaning. Thus i f  we a r e  i n t e r e s t e d  
i n  r e a l  s t r e s s e s ,  we must t r a n s f o r m  them to  t h e  Cauchy s t r e s s  
t e n s o r .  On th e  o t h e r  hand , th e  l i n e a r  p a r t  o f  t h e  s t i f f n e s s  ma­
t r i x  i s  computed o n ly  once and s t a y s  c o n s t a n t  th ro u g h  a l l  s u b s e ­
q u e n t  c o m p u ta t io n .
T h is  c o m p le te s  th e  d e f i n i t i o n  o f  th e  T o ta l  L a g ra n g ia n  form u­
l a t i o n .  The U pdated L a g ra n g ia n  f o r m u la t io n  i s  p r e s e n t e d  n e x t .
U pdated  L a g ra n g ia n  f o r m u la t io n .
In  t h e  U pdated f o r m u la t io n  th e  c o o r d i n a t e  sy s tem  i s  d e f in e d  
by th e  o r i g i n a l  c o o r d i n a t e s  i n c r e a s e d  by th e  t o t a l  d i s p l a c e m e n ts  
from th e  p r e v io u s  s o l u t i o n  ( i t e r a t i o n s ) .
I t  i s  e a s i e r  to  c a l c u l a t e  th e  G reen -L ag range  s t r a i n  t e n s o r ,  
b e c au se  t u a r e  z e ro .  A lso th e  2nd P i o l a  K i r c h h o f f  t e n s o r  i s
t  i , j
i d e n t i c a l  to  th e  Cauchy t e n s o r  (w i th  r e s p e c t  t o  t h e  t  c o n f i g u r a ­
t i o n  th e  s t r u c t u r e  i s  n o t  deform ed) and no t r a n s f o r m a t i o n  i s  n e ­
c e s s a r y .  T h is  i s  v e ry  im p o r ta n t  when we have to  u s e  c o n s t i t u t i v e
e q u a t io n s  d e f i n e d  i n  e n g in e e r in g  s t r e s s e s  and s t r a i n s .  The p e n a l ­
t y  i s  t h a t  a l l  c o m p u ta t io n s  must be r e p e a t e d  i n  e v e ry  i t e r a t i o n .
The main g o v e rn in g  e q u a t i o n s  t a k e  th e  form:
(fcK + ^  ) Au( i)= t+AtR -  t+AtF (i-1) / 4 . 1 9 /
t  L t  NL -  — t “
where fcK i s  th e  l i n e a r  p a r t  o f  th e  s t i f f n e s s  m a t r ix ,
t  L
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fcK i s  th e  n o n l in e a r  p a r t  o f  th e  s t i f f n e s s  m a t r ix ,
t  L
Au( i)= u ( i ) -  u (l 1} i s  th e  d i s p la c e m e n t  in c re m e n t  i n  
th e  i - t h  i t e r a t i o n ,  
t+AtR i s  lo a d in g  th e  v e c t o r  a p p l i e d  a t  t im e  t  + At 
( t o t a l ),
t+AV(i i s  th e  v e c t o r  o f  n o d a l  p o i n t  f o r c e s  e q u iv a ­
l e n t  to  th e  i n t e r n a l  s t r e s s e s  from  p r e v i o u s  i t e r a t i o n s .
The f o l l o w i n g  c o r re s p o n d e n c e  e x i s t s  be tw een  a n a l y t i c a l  and 
d i s c r e t i z e d  e x p r e s s io n s :
C e 8 e dV
t  i j r s  t  r s  t  i j
V  a  ( 1 )K Au
t  L “
V  C fcB t dVt  L t  t  L
and
t  8  T) dV -  K Au
i j  t  i j  t  NL -
/ 4 . 20/
t  NL
V fcT t B l dV
t  NL t  LN
t r  8 e  t d v  ^ fcF =
i j  t  i j  t ~
V l T l dV
t  L
where t h e  n o t a t i o n  i s  i d e n t i c a l  to  C h a p te r  two.
t  T t  TE x p r e s s io n s  f o r  B , B , t  e t c .  , p e r t a i n i n g  to  an  e le m en t  
0  L t  NL
w i l l  now be d e r iv e d :
S t a r t i n g  w i th  in c r e m e n ta l  s t r a i n s  th e n
c = u + u ) 2+ ( u )21 / 4 . 2 1 /t n  t i , i  2 [ t  1,1 t  2,1 J
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c = u  + „t  22 t  2,2 2~  [( u ) 2+ ( u )21  [ t  1,2 t  2,2 J
c = 4- U  + u 1 + 4 - 1 c u u )t  12 2 [ t  1,2 t  2, l j  2 1,1 t  1,2
+ U ut  2 , 1  t  2 ,  2J
1 1 
t 3 3  t 2 [ t J
( f o r  a x is y m m e tr ic  
a n a l y s i s  o n ly )
w h e re :
u , u a r e  d e r i v a t i v e s  w i th  r e s p e c t  t o  j  c o o r d i n a t e ,  
t l , j  * t i ,j
( x ) ,  o f  t h e  i - t h  e le m en t  o f  t h e  d i s p la c e m e n t  v e c t o r  and i t s  i n -
j
c rem ent r e s p e c t i v e l y  a t  t im e  t ,  a l l  m easured  i n  defo rm ed  c o o r d i ­
n a t e  sy s tem , ( p e r t a i n i n g  to  t h e  p r e v i o u s  i t e r a t i o n ) ,
e i s  in c re m e n t  o f  ( i , j )  e le m en t  o f  G re e n -L a g ran g e  s t r a i n
t i j
t e n s o r ,  a g a in  i n  t h e  deform ed c o o r d i n a t e  sy s tem .
The l i n e a r  s t r a i n - d i s p l a c e m e n t  t r a n s f o r m a t i o n  m a t r ix  t a k e s  
th e  form:
e = B Au t -  t  L ~
where
e =  e ;  e ; 2 e ;  e t -  \ t  11 t  22  t  12  t  3 3 j i s  t h e  l i n e a r  p a r t  o f  
t h e  s t r a i n  in c re m e n t ,
and
Au A ( i )  [ 1 1 2 2 3 3  N N l = Au = u ; u ; u ; u ; u ; u ;  .......... u ; u  a r e-  -  L 1 2 1 2 l 2 l 2 J
d i s p l a c e m e n t  in c r e m e n ts ,  
N i s  t h e  number o f  e le m en t  nodes (4 th ro u g h  9 ) .
The m a t r ix  i s  g iv e n  by:
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‘b =
t  L
h ; 0 ; h ; 0 ; h , ; 0 ; . . . ; h ; 0
t 1,1 t 2,1 t 3,1 t N,1
o ; h ; 0 ; h ; 0 ; * „ ; • • • ;  0 5 ot  1 , 2  t  2 , 2  t  3 , 2  t  N , 2
t ^ l , 2  * t ^ l . l *  t ^ 2 , 2 ’ t h 2 , l ’ t ^ 3 , 2 ’ t ^ 3 , l *  ’ ** * t ^ N , 2 *  t ^ N . l
h h h  h
1 5 0 . . . . ; - 2 L  ; 0f  ’ t “ ’ t~  t -
X  X X  X1 1 1  1
dh
where h = ---- -— , 7 4 . 2 2 /
* k’j a t x
j
k t+At k t  k
U =  U -  U ,
J J J
and x = V h x . l L k lk=l
The n o n l i n e a r  s t r a i n - d i s p l a c e m e n t  t r a n s f o r m a t i o n  m a t r ix  t a ­
kes  t h e  form:
fcB = / 4 . 2 3 /
t  NL
A , , ; 0 : A , i ; 0 : A . i 1 0 : ; A . i * 0
t h l , 2 ’ 0  J t h 2 , 2 ; 0  J t h 3 , 2 ’ 0  1 ’ t h N , 2 ’ 0
0  ; t h l , l J 0  *’ t h 2 , i ; 0  ; t h 3 , i ; 0  ; t h N , l
0  5 t h l , 2 J °  •’ t h 2 , 2 J °  1 t h 3 , 2 ;  ^ 0  1 t h N , 2
h h h h
1 ; 0 ; ——— ; 0 . . . .  . - i -  s 0t -  ’ ~ ’ t -  ’ ’ t -  ' t -
X  X  x .  x1 1 1  1
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and th e  2nd P i o l a  K i r c h h o f f  s t r e s s  m a t r ix  and t e n s o r s  t a k e  
th e  fo rm s:
'T =
r  t
t  ; 
n
t
t  ; 12
0  ; 0  ; 0  '
t
21
t
t  ;2 2
0  ; 0  ; 0
0  ; 0  ;
t
t ;i i
t
T
12
0
0  ; 0  ;
t
t  ; 21
t
T
2 2 ;
0
.  0  ; 0  ; 0  ; 0  ;
t
T
3 3J
T =
The lo a d in g  t a k e s  t h e  form:
r t+iv  s u  w  ♦ r ttAv  su  i dA -  t+AtR
J t  t  i i J t  t  1 i “
r t
11
22
12
3 3  -1
7 4 .2 4 /
where 7 4 .2 5 /
t+Atr  = r ht  ttAtf B v  + r r hs1t  ttAv  i d/t
~  J,t t -  J t  ( J t —
and H , H a r e  s u r f a c e  and volume i n t e r p o l a t i o n  m a t r i c e s  and 
t+A*f B> t+A^£A a r e  v e c t o r s  o f  body and s u r f a c e  f o r c e s  d e f i n e d  p e r  
u n i t  volume and s u r f a c e  r e s p e c t i v e l y .
T h is  c o m p le te s  th e  d e f i n i t i o n  f o r  t h e  U pdated  L a g ra n g ia n  
f o r m u la t io n .
F i n a l l y  i t  s h o u ld  be n o te d  t h a t  th e  above d i s c r e t i z e d  form s 
o f  e x p r e s s io n s  f o r  b o th  T o ta l  and L a g ra n g ia n  f o r m u la t io n s  a r e  i n ­
t e g r a t e d  by th e  G a u ss ia n  i n t e g r a t i o n  r u l e s  a t  2 x 2 ,  3 x 3 o r 4 x  
4 sam p lin g  p o i n t s .  O b v io u s ly ,  c o n s id e r in g  n o n l i n e a r i t y  o f  th e  
e le m en t ,  th e  more i n t e g r a t i o n  p o i n t s ,  th e  b e t t e r  t h e  r e s u l t s ,  f o r  
example t h e  more g r a d u a l  c r a c k in g  o f  th e  e le m e n t .  Based on th e  
c o l l e c t i v e  e x p e r i e n c e ,  th e  4 x 4  i n t e g r a t i o n  r u l e  i s  a  good com­
prom ise  be tw een  a c c u ra c y  and c o m p u ta t io n a l  c o s t .
Both T o ta l  and Updated e lem en t  f o r m u la t io n s  a r e  u se d  i n  t h i s  
work. R e in fo rc e m e n t  i s  modeled by i s o p a r a m e t r i c  b a r  e le m e n ts .
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5 . Ge n e r a l  Sh e ll  El e m e n t .
The o b j e c t i v e  o f  t h i s  c h a p te r  i s  to  p r e s e n t  t h e  s h e l l  e l e ­
ment u se d  in  t h i s  work. S i m i l a r  to  t h e  p r e v i o u s  c h a p t e r  a l l  d e r i ­
v a t i o n s  w i l l  be b a sed  on th e  g e n e r a l  f o r m u la t io n  d e r i v e d  i n  Chap­
t e r  two and th e  c o n s t i t u t i v e  e q u a t i o n s  and f a i l u r e  c r i t e r i a  in  
C h ap te r  t h r e e .
F i r s t  a b r i e f  g e n e r a l  o v e rv iew  o f  s h e l l  m o d e lin g  i s  g iv e n .  
T h e r e a f t e r  a t t e n t i o n  w i l l  f o c u s  on Ahmad’ s d e g e n e r a te d  s h e l l  e l e ­
ment. T hree  m o d i f i c a t i o n s  o f  t h i s  e le m en t  a r e  in c lu d e d :  L ag ran ­
g ia n ,  S e r e n d i p i t y  and H e t e r o s i s  v a r i a n t s  o f  geo m etry  and d i s p l a ­
cement f i e l d  a p p ro x im a t io n .  A lso  in  o r d e r  t o  a v o id  o r  m inim ize  
e lem en t  membrane and s h e a r  lo c k in g  f u l l ,  s e l e c t i v e  and red u c e d  
i n t e g r a t i o n s  a r e  c o n s id e r e d .  The r e s u l t i n g  e le m en t  b e h a v io r  i s  
d i s c u s s e d  a t  th e  end o f  th e  c h a p te r .
F o l lo w in g  T o ta l  L a g ra n g ia n  f o r m u la t io n  o f  th e  p rob lem , th e  
p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n ts  w i l l  be u se d  t o  a ssem b le  th e  
in c r e m e n ta l  form  o f  th e  g o v e rn in g  e q u a t i o n s .  T r a n s f o r m a t io n  to  
Updated L a g ra n g ia n  f o r m u la t io n  i s  s im p le  and hence  w i l l  be n o t  
p r e s e n t e d  e x p l i c i t l y .
S h e l l  s t r u c t u r a l  a n a l y s i s  r e p r e s e n t s  one o f  th e  most c o m p li­
c a te d  o f  s t r u c t u r a l  p rob lem s. C o n se q u e n tly  many s i m p l i f y i n g  a s ­
sum ptions  must be a d o p te d .  There  a r e  g e n e r a l l y  f o u r  main p o s s i b i ­
l i t y  f o r  s h e l l  e le m en t  f o r m u la t io n .
The s im p l e s t  way i s  to  d i v i d e  a s h e l l  s t r u c t u r e  i n t o  many 
t r i a n g u l a r  f l a t  e le m e n ts .  I t  was and may s t i l l  be t h e  most popu­
l a r  a p p ro a c h  to  s h e l l  a n a l y s i s .  E lem en ts  a r e  r e l a t i v e l y  s im p le  
becau se  th e y  do n o t  d e a l  w i th  d i f f i c u l t i e s  accom panying c u r v i l i ­
n e a r  geom etry  o f  th e  e le m e n ts .  U s u a l ly  a s h e l l  e le m en t  i s  con­
s t r u c t e d  by s im p le  o v e r l a y in g  o f  p l a t e  and p l a n e  s t r e s s  e le m e n ts .  
T h is  c o n c e p t  however l e a d s  to  d i s c o n t i n u i t i e s  be tw een  e lem ent 
domains i f  th e  s t r u c t u r e  i s  n o t  p l a n a r .
The second  g roup  o f  s h e l l  e le m e n ts  a r e  th o s e  b a sed  d i r e c t l y  
on some p a r t i c u l a r  s h e l l  th e o r y  f o r  c u r v i l i n e a r  e le m e n ts .  Now­
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adays  many f o r m u la t io n s  e x i s t s  f o r  b o th  t h i n  and deep  s h e l l s .  Un­
f o r t u n a t e l y  c o m p le te ly  g e n e r a l  s h e l l  t h e o r y  would be to o  complex 
and c o n s e q u e n t ly  th e  prob lem  a r i s e s  a s  to  w hich  phenomena o f  
s h e l l  b e h a v io r  a r e  im p o r ta n t  and w hich n e g l i g i b l e .
The t h i r d  g roup  r e p r e s e n t s  t h e o r i e s  where s h e l l  s t r u c t u r e s  
a r e  c o n s id e r e d  a s  c o m p le te  3D s t r u c t u r e s .  U s u a l ly  a 3D i s o p a r a ­
m e t r i c  e le m en t  i s  u se d .  T h is  ap p ro a c h  a l lo w s  f o r  s t r u c t u r e  c u rv a ­
t u r e s  and a t  th e  same t im e  i t s  f o r m u la t io n  i s  r e l a t i v e l y  s im p le .  
The t im e  c o s t  o f  a n a l y s i s  i s  however h i g h e r ,  even  i f  an  e f f i c i e n t  
15 p o i n t  i n t e g r a t i o n  scheme i s  u sed . The o t h e r  draw back  o f  t h i s  
ap p ro ach  i s  t h a t  b e n d in g  s t i f f n e s s  i s  o v e r e s t im a t e d  i n  t h e  c a se  
o f  t h i n  s h e l l s .
The l a s t  g roup  o f  s h e l l  e le m en t  f o r m u la t io n s  i s  b a se d  on th e  
3D e le m en t  c o n c e p t  a g a in  b u t  em ploy ing  a p p r o p r i a t e  a s su m p t io n s ,  
th e  p rob lem  i s  t r a n s fo r m e d  i n t o  2D sp a c e .  The e le m e n t  t h i r d  d i ­
m ension th ro u g h  th e  e le m en t  t h i c k n e s s  i s  i n t e g r a t e d  i n  a n a l y t i c a l  
form o r  by t r a p e z o i d a l  n u m e r ic a l  i n t e g r a t i o n ,  ( i . e .  l a y e r  con­
c e p t ) .  The l a t t e r  c a s e  i s  n e c e s s a r y  f o r  m a t e r i a l l y  n o n l i n e a r  a n a ­
l y s e s .
One o f  th e  most p o p u la r  e le m e n ts  i n  t h e  f o u r t h  g roup  i s  th e  
d e g e n e r a te  con tinuum  e le m en t  ( s e e  F ig  5 . 1 ) ,  o r i g i n a l l y  p ro p o se d  
by Ahmad e t  a l .  [5 4 ] .  In  t h i s  f o r m u la t io n  th e  c o m p le x i ty  o f  g en e ­
r a l  s h e l l  t h e o r y  i s  a v o id e d  by d i r e c t  d i s c r e t i z a t i o n  o f  t h e  3D 
continuum  e q u a t i o n s .  F o l lo w in g  g e n e r a l  s h e l l  e le m en t  t h e o r y  each  
node o f  an  e le m en t  h a s  f i v e  d e g re e s  o f  freedom , i . e .  t h r e e  d i s ­
p lacem en t  and two r o t a t i o n s  i n  p l a n e s  norm al to  t h e  m id - s u r f a c e  
o f  e le m en t .
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Ahmad’ s o r i g i n a l  l i n e a r  f o r m u la t io n  o f  t h e  e le m e n t  h a s  been  
g r a d u a l l y  b u t  s i g n i f i c a n t l y  improved by u s in g  r e d u c e d  o r  s e l e c t i ­
ve i n t e g r a t i o n  schem es, Lagrange  a p p ro x im a t io n  o f  d i s p la c e m e n t  
e t c .  and by th e  i n t r o d u c t i o n  o f  n o n l i n e a r  b e h a v io r .  B ecause  o f  
i t s  good p r o p e r t i e s  t h i s  e le m en t  h a s  been  a d o p te d  i n  t h i s  work 
and i s  now d i s c u s s e d  i n  more d e t a i l .
5 .1  Geometry and d i s p la c e m e n t  f i e l d s  f o r  d e g e n e r a te d  e le m e n t .
T hroughout a l l  d e r i v a t i o n s  o f  t h i s  e le m e n t ,  i s o p a r a m e t r i c  
f o r m u la t io n  i s  a d o p te d .
Geometry.
The c o o r d i n a t e s  o f  to p  and bo ttom  e le m en t  s u r f a c e  i s  u se d  to  
d e f i n e  th e  e le m en t  geom etry :
, - t
ft
- W
1 + t
k = l
3
. t  t o p .  
X 1
t  t o p  
X
2
t  t o p  
X
3
k = l
1 " t
- t  b o  t - ,  
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t  b o  t  
X
2
t  b o  t  
X
’ 3  ■
/ 5 . 1 /
where N i s  number o f  nodes  p e r  e le m e n t ,
h ( r , s )  i s  th e  k - t h  i n t e r p o l a t i o n  f u n c t i o n ,  
k
r ,  s ,  t  a r e  i s o p a r a m e t r i c  c o o r d i n a t e s  ( s e e  F ig .  5 . 2 ) ,
- t  t o p . .  
X  n 1
t  t o p  
X
2
t  t o p  ^ X 
-  3
and
r t  b o t - ,  
X 1
t  b o  t
X
2
t  b o  t  
X
3
a r e  v e c t o r s  o f  t h e  to p  and bo ttom
c o o r d i n a t e s  o f  p o i n t  k ( F i g . 5 . 2 ) .
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At e a ch  n o d a l  p o i n t  a s p e c i a l  c o o r d i n a t e  sy s tem  i s  d e f i n e d
by:
r  v i  i
i
v2 '
l
11
v i k  = v l
2
; y 2 ^  = v2
2 ; ^ k  = v3 2
Vl  L 3 k v2L 3 k v3L 3
/ 5 .  2 /
V e c to r  v3^ a t  p o i n t  k  i s  d e f i n e d  a s  a  l i n e  j o i n i n g  th e  b o t ­
tom and to p  c o o r d i n a t e s  a t  t h i s  p o i n t  ( p r i o r  to  d e f o r m a t io n ) .
The second  v e c t o r  d e f i n i n g  l o c a l  n o d a l  p o i n t  c o o r d i n a t e  s y s ­
tem, v l  , i s  norm al t o  v3 and i s  p a r a l l e l  t o  t h e  p l a n e  o f  th e
g l o b a l  °x and °x a x e s .  Hence:
1 3
[ v l  ] = [v3 ] ; [ v l  ] = 0 .0  and [W ] = -  [v3  ] .
I k  3 k  2 k  3 k  l k
/ 5 .  3 /
o r  i n  th e  c a s e  t h a t  v3 i s  p a r a l l e l  t o  °x ( i . e .  [v3 ] ■
—  “ 2  1 k
[v3 ] = 0)
3  k
[ v l  ] = -  [v 3 J :  [ v l ] =  [ v l ] =  o.
I k  2 k  2 k  3 k
The l a s t  v e c t o r  i s  d e f i n e d  a s  a  v e c t o r  p r o d u c t  o f  t h e  two 
p r e v io u s  v e c t o r s :
v2 = v3 x v l
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tGlobal Coord.  System
 f c . .
Nodal  Coord. System
at  Node k
b)
1 i
Surface t  -  constan t
r
Surface s  = cons tan t
Loca l  Coord.  System
Fig 5 .2  D e g e n e ra te  s h e l l  no d a l  and c u r v i l i n e a r ,  (a)  and lo c a l  
axes ,  (b) sy s tem s .
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U sing  th e  above v e c t o r s  e q u a t i o n  / 5 . 1 /  can  be r e w r i t t e n  i n  
th e  f o l l o w i n g  form:
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where [ t h i c k ]  i s  e le m en t  t h i c k n e s s  a t  node k  ( i . e .  d i s t a n c e
k
betw een  to p  and bo ttom  p o i n t s )  and
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a r e  t h e  c o o r d i n a t e s  o f  th e  mid s u r f a c e ,  u se d  w henever " g lo ­
b a l"  a c c e s s  to  th e  s t r u c t u r e  i s  n e c e s s a r y .  Note t h a t  t h e  d e f i n i ­
t i o n  o f  a p p ro x im a t io n  f u n c t i o n s  h ( r , s )  d i f f e r s  s l i g h t l y  from  th e
k
2D e le m en t  d ep en d in g  on which v a r i a n t  f o r  a p p ro x im a t io n  i s  u se d ,  
(L agrange , S e r e n d i p i t y  o r  H e t e r o s i s  e l e m e n t s ) .  T h e i r  d e f i n i t i o n  
i s  g iv e n  l a t e r  t o g e t h e r  w i th  a d i s c u s s i o n  o f  e le m en t  i n t e g r a t i o n .
D isp la c e m e n t  f i e l d  a p p ro x im a t io n .
The d i s p la c e m e n t  a p p ro x im a t io n  i s  s i m i l a r  t o  th e  above a p ­
p ro x im a t io n  o f  geom etry .  Each node h a s  t h r e e  d i s p l a c e m e n ts  i n  th e  
d i r e c t i o n  o f  g l o b a l  c o o r d i n a t e s  a x e s  °x , °x , °x and two r o t a -
°  — 1 —2  3
t i o n s  a b o u t  v e c t o r s  v l  and v 2 .
Thus th e  d i s p la c e m e n t  v e c t o r  t a k e s  t h e  form:
131
■tu
1
t IX
2
t U ' 3■'
t
r
-‘“-I
k = l
3-
I
k = l
-7T- [ t h i c k ]  *
2  k
75.6/
t■ i 
t• i 
t
v 2 l '
t y l  I 1
V 2 2 ’
t V l
2
1
i 
03.
■p
1
V 2 3-
t v l
3 k k ,
and th e  d i s p la c e m e n t  v e c t o r  a t  p o i n t  k  h a s  t h e  form:
t  r t  t  t  t  , t 0 , , Tu = [ u ; u ; Li ; a  ; 3 J
” k  1 2  3 k
I t s  f i r s t  t h r e e  components a r e  g l o b a l  d i s p l a c e m e n ts  b u t  th e
r o t a t i o n s  a r e  d e f i n e d  i n  th e  l o c a l  p o i n t  c o o r d i n a t e  sy s tem  (hence
t  t. t  tm ark) . The te rm s  a ’ , 3 ’ mean r o t a t i o n  a b o u t  v l  and v2
r e s p e c t i v e l y .  The t h r e e  d i s p l a c e m e n ts  a r e  m easured  i n  t h e  mid­
s u r f a c e  p la n e .
5 .2  S t r a i n  and s t r e s s e s  d e f i n i t i o n .
The 2nd P i o l a  K i r c h h o f f  s t r e s s  and Green Lagrange  s t r a i n  
t e n s o r s  w i l l  be used  a g a in .  In  th e  c a se  o f  l i n e a r  and n o n l i n e a r  
c o m p re ss iv e  zones  ( i . e .  where an e l a s t i c - p l a s t i c  m a t e r i a l  model 
i s  a p p l i c a b l e )  c o n s t i t u t i v e  e q u a t i o n s  a r e  d e f i n e d  u s in g  s t r e s s  
and s t r a i n  i n v a r i a n t s  in d ep e n d e n t  o f  th e  g e o m e t r ic  t r a n s f o r m a t i o n  
o f  th e  e le m e n ts .  Thus, i t  does  n o t  m a t t e r  w h e th e r  t h e  e lem en t  
c o n s t i t u t i v e  e q u a t io n s  a r e  s p e c i f i e d  f o r  deform ed o r  undeform ed 
e lem en t  c o n f i g u r a t i o n s .  In  t e n s i o n  zones  ( s t r a i n  s o f t e n i n g  ex ­
p r e s s i o n s ) ,  f o r  th e  sa k e  o f  s i m p l i c i t y ,  th e  d i f f e r e n c e  betw een 
Cauchy and 2nd P i o l a  K i r c h h o f f  t e n s o r  i s  n e g le c t e d  and th e  l a t t e r  
t e n s o r  i s  d i r e c t l y  used  where " r e a l "  Cauchy s t r e s s e s  ought t o  be 
s u b s t i t u t e d .  T h is  s i m p l i f i c a t i o n  i s  f e a s i b l e  b e c au se  i n  p r a c t i c e  
th ey  do n o t  s i g n i f i c a n t l y  d i f f e r  and t e n s i l e  s t r e n g t h  o f  con-
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c r e t e  i s  low.
The c o n s t i t u t i v e  e q u a t i o n  f o r  s t e e l  i s  b a se d  on an e l a s t i c -  
p l a s t i c  m a t e r i a l  model.
The e s s e n t i a l  im p o r ta n c e  in  th e  s t r e s s  and s t r a i n  d e f i n i ­
t i o n s  i s  t h a t  th e y  have t h e i r  own l o c a l  c o o r d i n a t e  sy s tem  ( t h i s  
i s  d i f f e r e n t  from th e  "node l o c a l  c o o r d i n a t e  sys tem " e x p la i n e d  i n  
th e  p r e v io u s  s e c t i o n ) .  T h is  sy s tem  c o r r e s p o n d s  t o  t h e  m id - s u r f a c e  
o f  t h e  e le m en t  and i s  u se d  a t  sam p lin g  ( i n t e g r a t i o n )  p o i n t s .
I t s  c o o r d i n a t e  v e c t o r s  ° x > . °x ’ and °x* a r e  d e f i n e d  by:
a°x  - 1 a°x- 1
dr ds
d°x~2 X a°x“ 2
dr ds
a°x
—3
a°x-3
L 3r J . 9s
dr
where d e n o te s  a v e c t o r  p r o d u c t .  The l o c a l  c o o r d i n a t e
system  v a r i e s  a lo n g  th e  s h e l l  e lem en t  b u t  a t  a  d i s t i n c t  p o i n t  i t  
rem ains  f i x e d  th ro u g h  a l l  l o a d in g  in c r e m e n ts ,  due t o  t h e  T o ta l  
L a g ran g ia n  f o r m u la t io n  u se d .
In  o r d e r  to  e s t a b l i s h  r e l a t i o n s h i p  be tw een  l o c a l  and g l o b a l  
c o o r d in a te  sy s te m s ,  a t r a n s f o r m a t i o n  m a t r ix  T i s  d e f i n e d .  I t s  co­
lumns a r e  u n i t  v e c t o r s  p a r a l l e l  to  v e c t o r s  °x > ^, °x > and °x*
r e s p e c t i v e l y .  Hence:
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G reen  -  L agrange  t e n s o r .
The g e n e r a l  d e f i n i t i o n  f o r  t h e  G re e n -L a g ran g e  s t r a i n  t e n s o r  
h a s  t h e  form  ( s e e  / 2 . 7 a / ) :
t  1 (  t  t   ^ t  t  ^e = — u + u + u uo i j  2  ^ o i , j  o j , i  o k , i  o k , j j / 5 . 9 /
w hich  a f t e r  s u b s t i t u t i o n  l e a d s  t o :
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2 2
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/5.10/
The e x p r e s s io n s  / 5 . 1 0 /  a r e  v e ry  c o m p l ic a te d  an d  t h e  p r e s e n t
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work s i m p l i f i e s  them s i g n i f i c a n t l y  by a d o p t in g  th e  Von-Karman a s ­
su m p tio n s  a s  f o l l o w s :
a /  A l l  s t r a i n s  a r e  r e l a t i v e l y  sm a l l  so t h e i r  p r o d u c t  can  be 
n e g l e c t e d ,
b /  The d e f l e c t i o n  norm al to  mid s u r f a c e  o f  s h e l l  i s  o f  o r d e r  
o f  t h i c k n e s s ,
c /  Both  c u r v a t u r e s  a r e  s m a l l ,
d /  The i n - p l a n e  d i s p l a c e m e n ts  a r e  much s m a l l e r  th a n  
t r a n s v e r s e  d i s p la c e m e n t  and th u s  t h e i r  d e r i v a t i v e s  i n  2nd 
o r d e r  te rm s  can  be n e g le c t e d .
A pp ly ing  th e  above a s su m p t io n s  t h e  G reen -L ag ran g e  t e n s o r  can  
be w r i t t e n  i n  th e  form:
t eo 11
t e
0 22
ofc2 e 
0  12
2 e 
0 13
2 e
0  23
dt u
a t x
dt u
dt x
dt u dt u
dt  x dt x2 l
dt u dt u
l  3
  +  ---------------
dt x  dSr
3 1
a \ i  aSi
2  3
 + --------------
dt x dt x
3 2
r dt u ' 2
3
dt x
r atu 2
3
dt x
d t u a fcu
3  3
d t x dt x  1 2
/ 5 . 1 1 /
t  te + e 
0 - L  O - N L
The v e c t o r s  and fce r e p r e s e n t s  t h e  l i n e a r  and n o n l i n e a r  
o - l  o - n l
p a r t s  o f  t h e  G reen -L ag range  t e n s o r .
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The d e r i v a t i v e s  w i th  r e s p e c t  t o  t h e  g l o b a l  c o o r d i n a t e s  must 
be s o lv e d  u s in g  d e r i v a t i v e s  w i th  r e s p e c t  to  l o c a l  r ,  s ,  t  c o o r d i ­
n a t e s  ( s e e  / 4 . 1 0 / ) .  Hence we can  w r i t e :
J a c o b ia n  J  =
dt x
dr
d t x 1
~ds~
3 t x
1
~dt~
3t x
dr
d t x
ds
dt x
dt
d t x
dr
d t x
3
~ds
a V
dt
/ 5 . 1 2 /
The d e r i v a t i v e s  o f  th e  g l o b a l  c o o r d i n a t e s  w i th  r e s p e c t  to  
i s o p a r a m e t r i c  c o o r d i n a t e s  i s  g iv e n  by:
dt x
dr
n  _ _ N
=fcx  = Y h N  1 + y  h0 l , r  Z.k=i Olc. rL 1 J k I k=1« ^
'v3 1
v 3 r
'v3
[ t h i c k ]
d t x
ds
N _ n N
=fcx = y  h [ fcx 1 + y  h 
o i t ,  L ^ = o k, sL i idJk L k = i o k,
v3 1
'v3r
'v33
[ t h i c k ]
d t x
dt
N _ _ N „
=tx = y  h ^ x  1 + y  h —0 l , t  L k i l l  L k 2k=l L mi d k k=l
v3 1
V3,
v3
[ t h i c k ]
/ 5 . 1 3 /
S i m i l a r  e x p r e s s io n  a r e  a p p l i c a b l e  a l s o  f o r  d e r i v a t i v e s  o f  
t  t  tx and x by r e p l a c i n g  index  I i n  x by 2 and 3 r e s p e c t i v e l y .2 3 1
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U sing  / 5 . 1 2 /  and / 5 . 1 3 /  we can  w r i t e  t h e  d i s p la c e m e n t  g r a ­
d i e n t  m a t r ix :
0*11 ; 0 1,1 d t u  0 2,1 afcu0 3,1
rflta U ;o i , r aSi o 2 , r aSi0 3 , r
d t  12 ; 0 1,2 d t u  0 2,2 aSi0 3,2 = J ’ 1 aSi ;0 1 ,S 0*11 ; 0 2 , S a*u0 3, S
d t U ; 0 1,3 d t  U ; 0 2 ,3 a Si0 3,3
a ta U . ;0 1, t 0*11 ; 0 2, t a*u0 3 , t
/ 5 . 1 4 /
and by a n a lo g y  to  / 5 . 1 3 /  t h e  d e r i v a t i v e s  o f  d i s p la c e m e n t  can  
be c a l c u l a t e d :
l  t
3 r
N=fcu = y h
0  l , r  L  0  k , r  
k = l
u 1 Nt , ru + )2 Lt V? II
UL. oJ Ir '■
— [ t h i c k ]  *
O k ,  r  2  k
" -v 2  ; t v l1 l
-v 2  ; t v l2 2
L - v 2  ; t v l  JL 3 3
V j
a tu 
~aF
i t = y h
0  l , s  L  0  k ,
k = l
P- L. -u 1 Nt vu + >2 Lt *r ll
U
[ t h i c k ]  *
0  k , s  2  k
* V 1  1
1 r
- v2 2 ; * W
2
* W
3 k
t  , a
a
~dt
i t=fcu = y
o  i , t  L
k = l
p» U .
12
1 N
t , r
u + >2 Li
t k = l
12 Ip
h [ t h i c k ]  *
k  2  k
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- v 2  ; t v l  1l l
- v 2  ; t v l2 2
- v 2  ; t v l L3 3 k
a
■0'J
75.15/
The d e r i v a t i v e s  o f  t u and t u a r e  computed i n  t h e  same
2 3
way.
U sing  / 5 . 1 2 /  th ro u g h  / 5 . 1 5 / ,  a f t e r  s u b s t i t u t i o n  i n t o  / 5 . 1 1 / ,  
th e  G reen Lagrange  s t r a i n  t e n s o r  i n  th e  g l o b a l  c o o r d i n a t e  sys tem  
can be computed.
The g o v e rn in g  e q u a t i o n s  a r e  e a s i e r  t o  f o r m u la t e  i n  t h e  l o c a l  
c o o r d i n a t e  sy s tem  t x > ^ . t x > and t x > . h ence  a l l  e le m e n ts  o f  
/ 5 . 1 4 /  a r e  t r a n s fo rm e d  i n t o  t h i s  system :
a V  
0  1 , 1 '
a V  
0  2 , 1 ’
a fcu ’ ,
0  3 , 1 ’
d t U 
0  1 , 1
d t  U 
0  2 , 1
a fcu
0  3 , 1
a V  
0  1 , 2 ’
a V  , 
0  2 , 2 ’
a ^ ’
0  3 , 2 ’
HHII a fcU ; 
0  1 , 2
a fcu  ; 
0  2 , 2
a fcu
0  3 , 2
a V
o  1 , 3 ’
a V
0  2 , 3 ’
a V  ,
0  3 ,  3  _
d t  U ; 
0  1 , 3
a fcU ;
0  2 , 3
a \ i
0  3 , 3
/ 5 . 1 6 /
where th e  a d d i t i o n a l  symbol r e f e r s  to  th e  fcx* . fcx* and
t x[_3 c o o r d i n a t e  sy s tem , i . e .  b o th  d i s p l a c e m e n ts  and th e  r e f e r e n c e  
c o o r d i n a t e  sys tem  ( f o r  d e r i v a t i v e s )  a r e  t r a n s fo r m e d .
The e le m e n ts  o f  / 5 . 1 6 /  a r e  f i n a l l y  a sse m b le d  a c c o r d in g  to  
/ 5 . 1 1 /  to  c r e a t e  th e  s t r a i n  t e n s o r  i n  t h e  l o c a l  c o o r d i n a t e  s y s ­
tem.
U sing  m a t r ix  n o t a t i o n ,  we can  w r i t e :
t  t  te = e + e 
o -  o - l  o - n l
/ 5 . 17 /
where th e  l i n e a r  p a r t  i s  computed by:
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The d e t a i l e d  e x p r e s s io n  f o r  m a t r ix  qBli i s  f a r  to o  complex 
to  p r e s e n t  i t  i n  m a t r ix  form and hence  t e n s o r  n o t a t i o n  i s  u se d ,  
( th e  E i n s t e i n  summation r u l e  a p p l i e s ,  i . e .  t h ro u g h  r e p e a t e d  
in d e x e s  im ply  sum m ation).
S t a r t i n g  a g a in  from th e  d i s p la c e m e n t  f i e l d :
X  = I "  [  *  J  [  \ ]k = 1 L J k L J :
where s u b m a t r ix  R =k / 5 . 1 9 /
; 0 ; 0 ; h - £ [ £ hi c k ]  [ - t v2  ] ; h - t [ £ h i ck ] [V l ]k k 2 k lk k 2 k 1 k
0 ; h ; 0 ; h - £ [ t h i c k ] [ - t v2 ] ; h £ [ t h  i ck ]  * [V l ]k k 2 k 2 k k 2 k 2 k
0 ; 0 ; h ; h - £ [ £ hi c k ]  [~t v2 ] ; h £ [ t h i c k ] [V l ]k k 2 k  3 k k 2 k 3  k.
Now com puting  th e  d e r i v a t i v e s  w i th  r e s p e c t  to  g l o b a l  c o o r ­
d i n a t e s  1:
dt u
7 5 .2 0 /
e x p r e s s in g  a l l  d e r i v a t i v e s  u s in g  7 5 .1 2 /  to  / 5 . 1 5 / :
‘ u  =  j -1 - - - - - - - - - - -   =  y  j -1 - 5—  r  r  l  m  / s .  2 1 /
0 a L “  a1? I- 1J-lk L J j km m
and finally transforming to tx > ^ , Sc* tx* coordinate sys-
tem, we o b t a i n  th e  f i n a l  e x p r e s s i o n  f o r  c o n s t r u c t i n g  th e  m a t r ix  
i n  7 5 .1 4 / :
afcu
t  » +  +  +  r -1 r  +U = t  11 t -  t  J  ------  t  =
0 i , l  s i  0  r , s  r i  s i  sm 0 t ^ .  r id t,
t y "  J - 1  r R ] [ v l  t  =
51 sm a1? L rJ-lk L JJk r lm
yN I t  j -1 _ 2 _  r r  1 1  1 r i
\ = i l  3 1  sra a ^  L r j J k  r i J  L j J k
7 5 .2 2 /
w h e re :
£ , £ and £ c o r r e s p o n d s  to  r ,  s  and t  c o o r d i n a t e s  r e s p e c t i v e l y ,
- l  “ it  i s  e le m en t  o f  T and J  i s  e le m en t  o f  m a t r ix  J  .
l J  i J  tFor th e  l i n e a r  p a r t  o f  G reen Lagrange  t e n s o r  qs l we can  w r i ­
t e :
t e
0  11 t  J -1 — —  I" R 1 ts i  sm I J r lO q  k
t G
0 22
-i at  J
s 2  sm 0 t ~  I J  r 2  
a  q  k[rK
2 e 
0 12
k  = l
t  j _i r r  1 1 + 1 j _i ——  r r  1 1s2 sra t c L J,. r l  sl sm L Ka ? a €  ^ j km r 2
2 e
0  13
t j _i r r  1 1 + 1 j -1
s 3  sm L J  r l  s l  sm
3  q  k [■] r 3
2 e 
0  23 t r 1  —
s 2  sm . t ^a £
+ t  J ' 1 — ---
3 s 3  sm c) ^ [»] r 2
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N r  nr t t t t , t_, ,T r  1 tL u ; u ; u ; a  ; £ J = ) B u
l  2 3 k L 10  L l l  k —]>k=iL J
75.23/
Now p r o c e e d in g  t o  th e  e v a l u a t i o n  o f  th e  n o n l i n e a r  p a r t  o f
th e  G reen -  L agrange  t e n s o r  t e w hich i s  d e f i n e d  by th e  second
°  O-NL
term  o f  / 5 . 1 1 / ,  we must f i r s t  e x p r e s s  d e r i v a t i v e s  o f  u w i th
r e s p e c t  t o  c o o r d i n a t e s  t x  and t x i n  a  form  s i m i l a r  t o  / 5 . 2 1 / .1 2
0U3,1= I  [ o H  [ \ ]  / 5 ' 2 4 /k=l k L k
where v e c t o r  gx a t  p o i n t  k  a d o p ts  t h e  form:
I" t gx  ] = t  J " 1 — —  I" R ] tL o j j ,  s i  sm t c L r J j ,3 ^  L *J J k r3
and s i m i l a r l y
0U3,2= I  [ o “ ]  [ ‘ “ J  / 5 - 25/k=l k L k
r  t gy  i  =  t  j _ i  r  r  ]  t
I  0 jJ,. S2 sm - t c  LQ ^   * J J k  r 3  
m
Hence we can  w r i t e :
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‘ e - V
O-NL
k = l
t  [ • » ] > ] > ] > !  
t w ;  h  m ;  [ * « ] ,
/ 5 . 2 6 /
A f t e r  d e r i v a t i o n  o f  th e  e q u a t i o n s  f o r  t h e  G reen  -  Lagrange 
s t r a i n s ,  we now p ro c e e d  to  s i m i l a r  e x p r e s s io n s  f o r  t h e i r  i n c r e ­
ments and v a r i a t i o n  o f  t h e i r  in c re m e n ts :
t+At t  e = e -  e
0  i j  0  l j  0  i j
t+At
7 5 .2 7 /
where e i s  G reen -  L agrange t e n s o r  a t  t im e  t + A t ,  o ij
A t e i s  G reen -  Lagrange t e n s o r  a t  t im e  t  and o ij
e i s  i t s  in c re m e n t ,  o ij
D iv id in g  e i n t o  l i n e a r  e  and n o n l i n e a r  t> p a r t s :  
6  0  I J  0  l j  0  i j
e  = e + T>
0  i j  0  i j  0  i j
7 5 .2 8 /
we can  w r i t e :
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eo -
N r  n= y fcB uL l o LlJ k —Vk=l L J
Mi
[ t a  ] , { [ H , . [ H : N . .  [ > ] , } [  4
0-  =-r
k = 1
h^ ;hn>}
[ U f  M  [ u ]
/ 5 . 3 0 /
where \ u 1 = p  fcu 1 - j Hi 1 is the vector of displace-
*- k k k
ment increments from time t to time t + Ad at point k.
V a r i a t i o n s  o f  e and t? a re :  o- o-
/ 5 . 3 1 /
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im>], K •{[«]}
*m; hkwj
i f ,  ] ' { [ > ]  [ H : M  [ > ] "
L k k k k k'
0
0
l" {[XJ * [Xj }-{[»]}k = l  k  L k  VL J  k y
a n  N
' {  o * }  ‘  Iv J k = l
[  u  ] t  [ ^ ] k  [ > ] k  a { [  U  ] J
i [  M , . [ > ] )  6{ [  15 ] . }
/ 5 . 3 2 /
2nd P i o l a  K i r c h h o f f  t e n s o r .
The s t r e s s  s t a t e  i s  m easured by th e  2nd P i o l a - K i r c h h o f f  t e n ­
s o r ,  w hich i s  th e  e n e rg y  c o n ju g a te  o f  th e  G reen -  Lagrange  t e n ­
s o r .  R e c a l l  t h a t  a l l  s t r e s s e s  e x c e p t  th e  norm al s t r e s s  p e r p e n d i ­
c u l a r  to  th e  s h e l l  mid s u r f a c e  a r e  a c c o u n te d  f o r ,  t h i s  b e in g  th e  
r e a s o n  why th e  l o c a l  c o o r d i n a t e  sys tem  was in t r o d u c e d .  O b v io u s ly  
t h i s  sy s tem  v a r i e s  from p o i n t  to  p o i n t  and s t r i c t l y  s h o u ld  be r e ­
computed a f t e r  e v e ry  i t e r a t i o n ,  (a new t r a n s f o r m a t i o n  m a t r ix
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i s  d e f i n e d ) .  However t h i s  i s  n e g l e c t e d  h e r e  and th e  m a t r ix  °T i s  
k e p t  f i x e d  th ro u g h o u t  th e  whole a n a l y s i s .  The r e s u l t i n g  i n a c c u r a ­
cy i s  a c c e p t a b l e  i f  th e  Von Karman a s s u m p t io n s  a r e  obeyed.-
For t h e  s o l u t i o n  o f  th e  i n t e r n a l  f o r c e s  t h e  2nd P i o l a  K i r c h ­
h o f f  t e n s o r  i s  r e a r r a n g e d  to  v e c t o r  form  by:
I" t s l = [  fcS ; ; fcS ; t S ; t S 1 / 5 . 3 3 /
L 0 J L 0 11 0  2 2  0  12  0  13  0  2 3 J
and f o r  c o m p u ta t io n  o f  t h e  n o n l i n e a r  p a r t  o f  t h e  s t i f f n e s s  
m a t r ix ,  t h e  m a t r ix  form:
[ > ] -
ts ; ts 
0 11 0 12
ts  : 
0 21
t s
0 22
7 5 .3 4 /
i s  u se d .  Note t h a t  i t  i s  p o s s i b l e  to  a b b r e v i a t e  t h e  f u l l  3 
by 3 e le m en t  t e n s o r  to  a  2 by 2 e le m en t  o n ly  b e c a u s e  o f  t h e  Von 
Karman s i m p l i f y i n g  a s su m p t io n s .
5 .3  G ene ra l  g o v e rn in g  e q u a t io n  f o r  d e g e n e r a te d  e le m e n t .
A f t e r  e s t a b l i s h i n g  a l l  n e c e s s a r y  r e l a t i o n s h i p s  f o r  s t r a i n  
and s t r e s s  t e n s o r s  we can  now p ro c e e d  to  t h e  f i n a l  g o v e rn in g  
e q u a t io n s .  They a r e  p r e s e n t e d  i n  b o th  con tinuum  and e q u i v a l e n t  
d i s c r e t i z e d  fo rm s.
U sing  th e  e x p r e s s io n s  from C h a p te r  Two th e  d i s p la c e m e n t  i n ­
crem ent d u r in g  one i t e r a t i o n  i s  e x p re s s e d  a s  f o l l o w s :
f C e 8 e °dV + f 8 T) °dV =J 0 ijrs 0 rs 0 ij J 0 ij 0 ij
o
V
lR -  f fcS 8 e °dV 
J 0 ij 0 ij
t+At, 7 5 .3 5 /
A f t e r  d i s c r e t i z a t i o n ,  e q u a t i o n  7 5 .3 5 /  t a k e s  t h e  form:
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t__ •. m (i) t+ A t D t+At^U-1) /c( K  + K ) A u =  R -  F / 5 . 3 6 /
o  l  o  n l  — “  —
where fcK i s  t h e  l i n e a r  p a r t  o f  t h e  s t i f f n e s s  m a t r ix ,
o  L
fcK i s  t h e  n o n l i n e a r  p a r t  o f  t h e  s t i f f n e s s  m a t r ix ,
o  NL
Au( i)= u = u ( i ) -  u (l_1) i s  t h e  d i s p l a c e m e n t  in c re m e n t  
i n  i - t h  i t e r a t i o n  a t  t im e  t + A t ,
t+^ t R i s  th e  v e c t o r  o f  c u r r e n t  ( i . e .  a t  t im e  t + A t )
t o t a l  l o a d in g ,
t F ( i _ 1 )  i s  t h e  v e c t o r  o f  i n t e r n a l  f o r c e s .
T ab le  5 .1  shows th e  c o r re s p o n d e n c e  be tw een  / 5 . 3 5 /  and 
/ 5 .3 6 / :
A n a l y t i c a l  form D i s c r e t i z e d  form
f C e 8 e °dV t „  . ( i )K AuJ O i j r s O r s  0 l j  
o
V
0 L “
f t s 8 T? °dV
A ( 1 }K AuJ 0 1 J
o
V
0 ' l j 0 NL “
t* A tg
r o ... t + A t „ ( i -1)s 5 e dV FJ 0 i jo
V
0 i j
Tab le  5 .1  A n a l y t i c a l  and d i s c r e t i z e d  form  o f  e q u i l i b r i u m  
e q u a t io n .
To d e r i v e  fcK we can  w r i t e :  
o  L
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fcK ~ y  r f fcB + fcB 1 C [ fcB + fcB 1 °dV0 L L Jo  L o LI 0 L2J 0 L 0 LI 0 L2J
k = l  V
75.37/
w hereas  f o r  K , u s in g  / 5 . 3 2 / :  o NL
f fcS 5 7) °dV = f t ST s (  7)1 =J 0 ij 0 ij J o -   ^ 0- j 7 5 .3 8 /
= J  I
o k = l  
V
_ T t  t  t T  T t  t  t T5u g x s  gx u + Su gy  s  gy  u +-  0s — 0 11 0 -  -  0 0 22 0 ^  —
.  T f  t  t  t T  t  t  t  T \5u gy s  gx + gx s  gv  y u
-  \ 0 ^ -  0 12 0 ^ — 0  0 12 0 J —
dV =
= Y 5uT f fcG t S V  °dV uL ~ J o o o -
k = l  o«- v
H ence:
fcK
0  NL
k = l J. *G ^  t GT °d.V 0 0 0 7 5 .3 9 /
where th e  s t r u c t u r e  o f  th e  2nd P i o l a - K i r c h h o f f  t e n s o r  in
m a t r ix  form  ( i . e .  fcS) and v e c t o r  form  ( i . e .  fcS) i s  g iv e n  byo o
/ 5 . 3 4 /  and / 5 . 3 3 /  r e s p e c t i v e l y  and m a t r ix  qG c o n s i s t s  o f  v e c t o r s  
Jjgx and *gy:
Note t h a t  i n  / S . 3 1 /  and / 5 . 3 9 /  t h e  symbol i s  used
i n s t e a d  o f  "=" to  imply t h a t  th e  above e x p r e s s io n s  c o n s id e r  con­
t r i b u t i o n s  from  one e lem en t  node o n ly .  Thus summation th ro u g h  th e  
rem a in ing  e le m en t  nodes i s  n e c e s s a r y ,  which i s  r e l a t i v e l y  t r i v i a l .
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For i n t e r n a l  f o r c e s  we can  w r i t e :
f  fcS 5 e °dV = V f s [  u ] 1 + 1"^ 1 }  [  t s l °dVJ 0 ij ° ij L J L -  L \ i O  LI I [o L2j  J  L Or-J
k = l  o
V'-":  t  S { [X j  * [X J  >'[ >] '*
k = l  o k  L J  k '  L k
/ 5 . 5 0 /
where a g a in  a p p r o p r i a t e  a ssem b ly  i s  n e c e s s a r y .
The l a s t  term  o f  / 5 . 3 5 /  i s  t h e  v e c t o r  o f  e x t e r n a l  l o a d in g .  
T h is  i s  n o t  p r e s e n t e d  h e re  b e c a u se  i t  i s  s i m i l a r  to  th e  
2D c a s e ,  ( e q u a t io n s  / 4 . 2 5 / ) .
Having e s t a b l i s h e d  a l l  g e n e r a l  r e l a t i o n s h i p s  we c an  now p r o ­
ceed  to  p a r t i c u l a r  e lem en t  v a r i a n t s .
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5.4 Serendipity, Lagrangian and Heterosis variants of the 
degenerate shell element.
The s h e l l  e le m en t  a n a l y s i s  u s e s  e i g h t  noded i n t e r p o l a t i o n  
f o r  geom etry  and e i g h t  o r  n in e  noded i n t e r p o l a t i o n  f o r  d i s ­
p la c e m e n ts  ( s e e  F ig  5 . 3 ) .  The o p t i o n a l  mode f u n c t i o n  h g c o m p r ise s  
th e  d i f f e r e n c e  o n ly  be tw een  th e  f u n c t i o n a l  v a lu e s  u s in g  e i g h t  and 
n in e  noded a p p ro x im a t io n s .
h ( r , s )
h ^ ( r , s )
h ^ ( r , s )
h ( r , s )
4
h g ( r , s )
h ( r , s )  
6
h7 ( r , s )
h t r , s )
8
1 -  r ) ( l  -  s ) ( - r  -  s  ~ 1)
1 -  s ) (1 -  r  )
1 + r ) (1 -  s ) ( r  -  s  -  1)
1 + r ) (1 -  s  )
1 + r ) (1  + s ) ( r  + s  -  1)
1 + s ) ( l  -  r  )
1 + r ) (1 -  s ) ( r  -  s  -  1)
1 -  r ) ( l  -  s ) / 5 . 5 1 /
h (r , s )
9
=  (1 - r 2 ) ( l  -  s 2 )
The a c t u a l  v a lu e s  a t  t h e  c e n t e r  p o i n t  can  be c a l c u l a t e d  by:
O
= £  ( r= 0 ,s = 0 )  a^+ A a
i=i
where h  ^ a r e  v a lu e s  o f  t h e  i n t e r p o l a t i o n  f u n c t i o n  a t  
p o i n t  ( 0 , 0 ) ,  a  ^ a r e  c o r r e s p o n d in g  node v a lu e s ,  Aag i s  t h e  d e p a r ­
t u r e  a t  t h e  c e n t e r  ( i . e .  th e  computed v a lu e  c o r r e s p o n d in g  to  t h e  
d e g re e  o f  freedom  a t  th e  c e n t e r )  and a i s  th e  t o t a l  v a lu e  a t  th e
9
c e n te r .
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7 6 5
( -1 ,1 ) ( i , i )• s
8 z* 4 E ig h t  noded S e r e n d i p i t y  e le m en t
2 3
(--1 ,-1 ) ( l , - l )
7 6 5
H e t e r o s i s  e le m en t
8 o9 4 ( a t  no. 9 v e r t i c a l  o r  a l l  d i s ­
p la c e m e n ts  c o n s t r a i n e d )
2 :3
7 6 5
8 •9  ^ N ine noded L a g ra n g ia n  e le m en t
2 :3
F i g . 5 .3  Node n o t a t i o n  f o r  e le m en t  v a r i a n t s  o f  q u a d r a t i c  e le m e n t .
Depending on how many nodes  and i n t e g r a t i o n  p o i n t s  a r e  u sed
th e  S e r e n d i p i t y ,  L agrange and H e t e r o s i s  d e g e n e r a te  e le m en t  v a ­
r i a n t s a r e  d i s t i n g u i s h e d  a s  f o l lo w s :
S e r e n d i p i t v  e le m en t .
T h is  e lem en t  was u sed  i n  Ahmad’ s  o r i g i n a l  work. I t  co m p r ise s  
e i g h t  n o d a l  p o i n t s  ( th e  c e n t e r  p o i n t  c o r r e s p o n d in g  to  t h e  b u b b le  
f u n c t i o n  i s  o m i t t e d ) .  Gauss i n t e g r a t i o n  scheme i s  u se d  f o r  i n ­
p la n e  e le m en t  i n t e g r a t i o n .  U sing  f u l l  i n t e g r a t i o n  th e  e le m en t  ex ­
h i b i t s  s h e a r  lo c k in g  f o r  t h i n  and even  m o d e ra te ly  t h i c k  e le m e n ts .  
I f  red u c e d  i n t e g r a t i o n  i s  employed th e  p rob lem  o f  l o c k in g  i s  s i g ­
n i f i c a n t l y  improved w i th o u t  c r e a t i n g  s p u r io u s  e n e rg y  modes a t  th e  
s t r u c t u r a l  l e v e l ,  however th e  t h i n  e lem en t  s u f f e r s  from  two non
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communicable spurious energy modes at element level.
Nine p o i n t  L a g ra n g ia n  e le m e n t .
The n in e  p o i n t  L a g ra n g ia n  e lem en t  i s  nowadays c o n s id e r e d  to  
be th e  most r e l i a b l e  v a r i a n t  o f  t h e  d e g e n e r a te  e le m e n t .  A pply ing  
a f u l l  i n t e g r a t i o n  scheme t h e r e  a r e  no p ro b lem s  w i th  membrane and 
s h e a r  l o c k in g  p ro v id e d  i t  i s  u sed  f o r  v e ry  t h i n  p l a t e  and s h e l l  
s t r u c t u r e s .  The b e h a v io r  o f  m o d e ra te ly  t h i c k  s t r u c t u r e s  can  be 
improved by u s in g  a red u c e d  i n t e g r a t i o n  scheme. However i n  t h i s  
c a se  th e  e le m en t  e x h i b i t s  ran k  d e f i c i e n c y .
H e t e r o s i s  e l e m e n t .
The H e t e r o s i s  e lem en t  i s  v e ry  s i m i l a r  to  t h e  L a g ra n g ia n  e l e ­
ment, th e  o n ly  d i f f e r e n c e  b e in g  t h a t  t h e  c e n t r a l  node e le m en t  
d i s p l a c e m e n ts  a r e  c o n s t r a i n e d  (som etim es o n ly  t h e  d i s p la c e m e n t  
p e r p e n d i c u l a r  to  th e  e le m en t  m id - s u r f a c e  a t  t h i s  p o i n t  i s  c o n s ­
t r a i n e d ) .  The e le m en t  behaves  p a r t i c u l a r l y  w e l l  i f  s e l e c t i v e  i n ­
t e g r a t i o n  i s  a d o p te d .
The p rob lem  o f  membrane and s h e a r  lo c k in g  f o r  l i n e a r  a n a ly ­
s i s  a r e  summarized in  th e  T ab le  5 .2 ,  ( d a t a  b a se d  on r e f .  [ 4 1 ] ) .
In  t h e  c a s e  o f  n o n l i n e a r i t y ,  e s p e c i a l l y  m a t e r i a l  n o n l i n e a r i ­
ty ,  th e  s i t u a t i o n  i s  much more c o m p l ic a te d  and d e pends  p r i m a r i l y  
on th e  m a t e r i a l  s t a t e  a t  sam p ling  p o i n t s .  M oreover some d i s c r e ­
p a n c ie s  were found  be tw een  th e  d a t a  i n  T ab le  5 .2  and d a t a  p r o v i ­
ded by o t h e r  s o u rc e s  [4 2 ] ,  [5 5 ] ,  [58 ] .  For t h i s  r e a s o n  a new r i ­
go rous  s tu d y  o f  t h i s  prob lem  was c a r r i e d  o u t ,  t h e  r e s u l t s  o f  
which a r e  p r e s e n t e d  i n  S e c t .  5 .7 .  U n l ik e  t h e  p r e v i o u s  s t u d i e s  
e lem en t  n o n l i n e a r  e f f e c t s  a r e  a l s o  c o n s id e r e d .
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I n te g .
r u l e
S hear
lo c k in g
Number o f  mechanisms
Bending Membrane T o ta l
S e r e n d i p i t y  8 node e le m en t
R h / l < 0 .02 1* 1* 2*
S no 0 0 0
L a g ra n g ia n  9 node e lem en t
F h / l < 0 .001 0 0 0
R no 3+1* 2+1* 5+2*
S no 1* 2+1* 2+2*
H e t e r o s i s  e lem en t
R no 2+1* 1* _ _* 2+2
S no 1* 0 1*
* Noncommunicable
F = f u l l  i n t e g r a t i o n ,  S = s e l e c t i v e  i n t e g r a t i o n  
R = red u c e d  i n t e g r a t i o n
Tab. 5 .2  Ahmad’ s  e le m e n ts ,  lo c k in g  and s p u r i o u s  e n e rg y  modes 
summary, [41 ] .
In  p r e v i o u s  p a ra g r a p h s  f u l l ,  red u c e d  and s e l e c t i v e  i n t e g r a ­
t i o n  scheme h a s  been  m en tioned . These p r o c e d u r e s  a r e  d e m o n s t ra te d  
in  F ig .  5 .4 .
The f u l l  and red u c e d  i n t e g r a t i o n  schemes a r e  o r i g i n a l  Gauss 
i n t e g r a t i o n s  a t  t h r e e  by t h r e e  and two by two i n t e g r a t i o n  p o i n t s  
r e s p e c t i v e l y  and s e l e c t i v e  i n t e g r a t i o n  i s  f u l l  i n t e g r a t i o n  f o r  
membrane and b e n d in g  a c t i o n s  w hereas  s h e a r  i s  i n t e g r a t e d  by r e d u ­
ced i n t e g r a t i o n  o n ly .
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s3 * 6 * 9 *
+ 2 + 4
2 * 5  *  8 *—
+ 1 + 3
1 * 4 * 7 *
r  -
Reduced i n t e g r a t i o n  scheme: 2 x 2  Gauss r u l e
r  , s  = ± 0 ,57735i i
i  = 1, 2, 3 , 4
F u l l  i n t e g r a t i o n  scheme: 3 x 3  Gauss r u l e  
r  , s  = ± 0 ,7 7 4 6 ,  0 .0i i
i  = 1 , 2 ,  . . .  , 9
S e l e c t i v e  i n t e g r a t i o n  scheme: 
B ending , membrane 3 x 3  Gauss r u l e  
r  , s  = ± 0 ,7 7 4 6 ,  0 .0i i
i  = 1, 2, . . .  , 9
S h e a r  -----
( e x t r a p o l a t e d  to  
3 x 3  sam p ling  p o i n t s )
2 x 2  Gauss r u l e  
r  , s  = ± 0 ,57735i i
i  = 1, 2, 3, 4
F ig .  5 .4  I n t e g r a t i o n  schemes and sam p lin g  p o i n t  n o t a t i o n .
The s t e p s  d u r in g  s e l e c t i v e  i n t e g r a t i o n  o f  s h e a r  can 
been e x p la in e d  by i n t e g r a t i o n  o f  an a r b i t r a r y  f u n c t i o n  f ( r , s ) :
1 /  F i r s t  th e  v a lu e  o f  f  a t  sam p ling  p o i n t s  c o r r e s p o n d in g  to  th e  
two by two i n t e g r a t i o n  r u l e  a r e  c a l c u l a t e d :
f  = f ( - 0 .5 7 7 3 , - 0 .5 7 7 3 )l
f  = f ( - 0 . 5 7 7 3 ,0 .5 7 7 3 )  / 5 . 5 2 /
f  = f ( 0 .5 7 7 3 , -0 .5 7 7 3 )  
f  = f (0 .5 7 7 3 ,0 .5 7 7 3 )
4
2 /  U sing  b i l i n e a r  a p p ro x im a t io n  th e  v a lu e s  o f  f  a t  p o i n t s  c o r -
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re s p o n d in g  to  th e  t h r e e  by t h r e e  i n t e g r a t i o n  r u l e  a r e  c a l c u l a t e d .  
There  a r e  two p o s s i b i l i t i e s  f o r  t h i s :
The f i r s t  i s  b a sed  on th e  o r i g i n a l  a r e a  o f  t h e  a p p ro x im a te  
a r e a  and th e  main id e a  i s  t h a t  th e  v a lu e  o f  f u n c t i o n  f  i s  c a l c u ­
l a t e d  a t  th e  " c o r n e r s "  o f  th e  i s o p a r a m e t r i c  e le m en t  ( i . e .  r  = 
± 1 .0 ,  s  = ± 1 .0 ) :
f  = l I
k=l
f C° r h
i i
r = - 0 . 5 7 7 3  
s = - 0 . 5 7 7 4
f  = 
2
f  = 
3
y f cor nL i ik=l
y f cor hL 1 ik=l
r = - 0 . 5 7 7 3  
s = 0 . 5 7 7 4
r = 0 . 5 7 7 3  
J  s = - 0 . 5 7 7 4
7 5 .5 3 /
f  =
4 I
k=l
f C° r h
i i
r = 0 . 5 7 7 3  
s = 0 . 5 7 7 4
where f l a r e  c o r n e r  v a lu e s  o f  f u n c t i o n  f  and h a r e  i n -i
t e r p o l a t i o n  f u n c t i o n s  c o r r e s p o n d in g  to  t h e  two by two i n t e r p o l a ­
t i o n  and c o r n e r  i .
The s e t  o f  e q u a t io n s  / 5 . 5 3 /  can  be s o lv e d  f o r  f ^ o r . Having 
th e s e  v a lu e s  we can  b i l i n e a r l y  a p p ro x im a te  f u n c t i o n  f  and compute 
th e  f u n c t i o n a l  v a lu e  a t  any p o i n t ,  i n c l u d in g  a t  t h e  sam p lin g  
p o i n t s  c o r r e s p o n d in g  to  th e  t h r e e  by t h r e e  i n t e g r a t i o n  r u l e .
The second  and more e l e g a n t  s o l u t i o n  i s  a  d i r e c t  approx im a­
t i o n .  The i n t e r p o l a t i o n  f u n c t i o n  h  ^ a r e  p r e s e n t e d  f o r  an  s q u a re  
a r e a  o f  t h e  s i z e  two by two u n i t s  b u t  th e y  can  be e x te n d e d  to  a 
r e c t a n g l e  o f  any s i z e  a s  shown i n  F ig .  5 .5 :
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F ig .  5 .5  E x te n s io n  o f  b i l i n e a r  a p p ro x im a t io n  f u n c t i o n s  f o r  
a r b i t r a r y  r e c t a n g u l a r .
S in c e  th e  f u n c t i o n a l  v a lu e s  f o r  th e  two by two sam p lin g  
p o i n t s  i n  th e  c o r n e r  o f  th e  s q u a re  w i th  1 = 1  = 2 x 0 .5775  a r e
r  y
a v a i l a b l e  th e  a p p ro x im a t io n  f u n c t i o n s  h* can  be u se d  d i r e c t l y  to  
c a l c u l a t e  th e  v a lu e s  o f  th e  f u n c t i o n  f  a t  sa m p lin g  p o i n t s  c o r ­
re s p o n d in g  to  th e  t h r e e  by t h r e e  i n t e g r a t i o n  r u l e .
A lthough  th e  whole p ro c e d u re  was d e s c r i b e d  f o r  an  a r b i t r a r y  
f u n c t i o n  f  i t  i s  i d e n t i c a l  f o r  s h e a r  f u n c t i o n s .  I n s t e a d  o f  f  we 
work w i th  th e  ap p ro x im a te  e le m e n ts  (row s) o f  th e  m a t r ix  B w hich 
r e l a t e  " sh e a r"  s t r a i n s  and no d a l  d i s p l a c e m e n ts .
F or i n t e g r a t i o n  in  th e  d i r e c t i o n  p e r p e n d i c u l a r  to  r  -  s  p l a ­
ne , i . e .  i s  in  th e  t - c o o r d i n a t e ,  i t  i s  a l s o  p o s s i b l e  to  u s e  Gauss 
i n t e g r a t i o n .  However due to  m a t e r i a l  n o n l i n e a r i t y  i t  i s  more ad ­
v a n ta g e o u s  to  u se  a t r a p e z o i d a l  scheme. T h is  c o n c e p t  i s  c a l l e d  
th e  Layer model.
The main id e a  i s  to  d i v i d e  th e  e le m en t  th ro u g h  th e  t h i c k n e s s  
i n t o  l a y e r s .  In  e v e ry  l a y e r  th e  v a lu e s  o f  s t r a i n s  and s t r e s s e s  
a r e  assumed c o n s t a n t  and e q u a l  to  t h e i r  v a lu e  a t  th e  c e n t e r  p o i n t  
o f  th e  l a y e r .  I t  h a s  been  found  t h a t  to  a c h ie v e  good a c c u r a c y  i t  
i s  n e c e s s a r y  to  u se  ab o u t  s i x  to  t e n  l a y e r s .  The l a y e r  model h a s  
th e  a d d i t i o n a l  a d v a n ta g e s  o f  e n a b l in g  l a y e r s  o f  r e i n f o r c i n g  to  be 
c r e a t e d  and f i n e r  i n t e g r a t i o n  in  a r e a s  w i th  h i g h e r  s t r e s s  g r a ­
d i e n t .
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Layrs
t = 1
Stresses
h
t  — —1
F ig .  5 .6  The l a y e r  model.
5 .5  S h e a r  c o r r e c t i o n  f a c t o r  kj_
The method o f  a p p ro x im a t in g  d i s p l a c e m e n ts  and th e  r e q u i r e ­
ment o f  s h e a r  c o m p a t i b i l i t y  ( i . e .  be tw een  a d j a c e n t  l a y e r s )  cau se
both t and x to be constant throughout the element depth. 
1*3* V 3 '
This  i s  c o n t r a d i c t o r y  to  r e a l i t y ,  where t h e  w e l l  known p a r a b o l i c  
d i s t r i b u t i o n  o c c u rs .
In  o r d e r  to  e l i m i n a t e  t h i s  in a c c u ra c y ,  ( a t  l e a s t  i n  i n t e g r a l  
fo rm ), a  c o r r e c t i o n  f a c t o r  k  i s  i n t r o d u c e d .  For th e  sa k e  o f  sim ­
p l i c i t y ,  t h e  beam e lem en t  w i th  a r e c t a n g u l a r  c r o s s  s e c t i o n  i s  
c o n s id e r e d  ( se e  F ig u re  5 .7 ) .
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F ig .  5 .7  S h e a r  c o r r e c t i o n  f a c t o r .
The e q u i l i b r i u m  e q u a t i o n  f o r  x  d i r e c t i o n  t a k e s  t h e  form:
3cr dz dz
x  +  x y  x z
dx dy dz = 0 ( i f  no volume f o r c e s  a r e  p r e s e n t )
7 5 .5 4 /
dz
X Vand i f  we r e s t r i c t  o u r s e l v e s  to  th e  c a s e  where -=------ = 0 , th e n  we
dy
can w r i t e :
z d<? z dM . Q
-I -n r*  te t  t <  «  -- h/2 -h/2
w here G i s  s h e a r  m odulus, and M and Q a r e  t h e  moment and
X xz
s h e a r  f o r c e  i n  t h e  p la n e  x -  z  r e s p e c t i v e l y .
For a  r e c t a n g u l a r  c r o s s  s e c t i o n ,  g ( z )  and I  a re :
.  -  . ( *  n
and f i n a l l y :
T = X (0) = -TT—
max xz Z Dtl
which i s  a w e l l  known r e s u l t
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The energy corresponding to this shear can be expressed:
b h / 2
y = r r  K T dA = -jzr f f r  T dA =
s h e a r  J  J  x z  x z  Lr J  J  x z  x z
0  - h / 2  ‘  ' “
b  h / 2
0  - h / 2
h / 2
- h / 2
r q
g ( z )
Q b h / 2
d c  — = 1   J  g ( z ) 2  =
I  G - h / 2
2 2 
x z  I  , 5  O x zh =
I 2 G 120 6 G bh
7 5 .5 5 /
In  t h e  c a s e  o f  c o n s t a n t  s h e a r  we can  w r i t e :
t = bh
W
s h e a r , c o n s t  G bh 7 5 .5 6 /
Comparing / 5 . 5 5 /  and / 5 . 5 6 /  i t  i s  a p p a r e n t  t h a t  t h e  v a lu e  o f  
t  s h o u ld  be red u c e d  by f a c t o r  5 /6 ,  i . e  t h e  v a lu e  o f  k.
t  =  t  = k  G y =
x z  x z 6  x z
7 5 .5 7 /
A lthough  th e  c o r r e c t i o n  f a c t o r  was d e r i v e d  f o r  a  s im p le  
c a se ,  i t  i s  n e v e r t h e l e s s  a d e q u a te  f o r  p l a t e  e le m e n ts  ( s h e l l s  and 
p l a t e s )  a l s o  and f o r  b o th  d i r e c t i o n s  (t , t ) .
x z  y z
5 .6  Normal and s h e a r  f o r c e s ,  b e n d in g  moment.
F i n a l l y ,  r e f e r r i n g  to  F ig .  5 .8 ,  th e  s t r e s s  r e s u l t a n t s  a r e  
d e f in e d  by th e  f o l l o w in g  e x p r e s s io n s ,  where t h e  n o t a t i o n  f o r  
c o o r d in a te  ax e s  a r e  s i m p l i f i e d  by:
t  t  tx  ^ x ; y  ~ x  : z  ^ x i*» j  2 ' 3 '
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Normal forces: /5.58/
h/2
N = f cr d z  = —— f  o' 
x J  x 2  J  >-h/2 -1
d t  = y o' AtLt x  ii=l
h/2
JV = f  o- d z  = —— f  o' d£ = —  y  o'1 At 
y -h/2 y “ J -!  y 2 S - l  y ‘
Moments:
M
r
■  Jh/2-h/2O' z  dz y , <5 1-  - M  -1 2  nO' t  y d t h r= * r l  •i = i o' t  At
M
r
=  - J
h/2
-h/2
O' Z  
x
dz = - J- l t  d t  = - 2  nI t  Ati=l i
M
r
f  =  Jx y  
h/2
-h/2
T  Z  
x y
dz =
i
■J- l T t x y d t  =
2  n
I i=l
T t  
x y  i
At
S h e a r  f o r c e s :
h / 2  , 1 _ n
n = r x dz = — r x dt = -=- y  t 1 At
Xy - h / 2  *y  2  J - 1  Xy 2  L l = l  Xy ‘
h / 2  1 n
Q = r x dz = f  t  d t  — -=- y  r 1 At
x z  J  x z  2  J  x z  L  x z  1
- h / 2  - 1  i = l
h / 2  1 , n
Q = f  t  dz  = -=— f t  d t  = y  x 1 At
y z  J  y z  2  J  y z  2  L  y z  i
- h / 2  - 1  i = l
A ll  f o r c e s  and moments a r e  c a l c u l a t e d  f o r  w id th  e q u a l  to
u n i t  l e n g th .
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F ig  5 .8  S t r e s s  r e s u l t a n t  s i g n  c o n v e n t io n .
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5 .7  The a n a l y s i s  o f  ran k  d e f  i c i e n c v  o f  t h e  Ahmad * s  d e g e n e r a ­
te d  e le m en t  f o r  s h e l l  a n a l y s i s .
T h is  s e c t i o n  d e a l s  w i th  th e  r a n k  d e f i c i e n c y  o f  t h e  d e g e n e r a ­
t e d  s h e l l  e le m en t  o f  Ahmad [54 ] .  A summary o f  t h e s e  r e s u l t s  have 
a l s o  been  p u b l i s h e d  e ls e w h e re  [5 8 ] .  The c o r r e c t  r a n k  o f  e lem en t  
m a t r i c e s  i s  v i t a l  f o r  a v o id in g  a s i n g u l a r i t y  o f  t h e  a n a l y s i s .
T here  i s  an  e x t e n s i v e  amount o f  l i t e r a t u r e  on t h i s  t o p i c  b u t  
u n f o r t u n a t e l y  t h e s e  u s u a l l y  d e a l  w i th  l i n e a r  e l a s t i c  p l a t e  e l e ­
m ents o n ly  and s p e c i f y  c o n d i t i o n s  when th e  e le m en t  s t i f f n e s s  m at­
r i x  can  be s i n g u l a r  [55 ] .  O th e r  s o u rc e s  [4 2 ] ,  [41] p r o v id e  e x a c t
c o n d i t i o n s  f o r  th e  m a t r ix  to  be s i n g u l a r .  However some d i f f e r e n ­
ce s  have  o c c u r r e d  be tw een  th e  r e s u l t s  found  h e r e  and t h e s e  o t h e r  
s o u rc e s .
To c l a r i f y  t h i s  prob lem  most o f  t h e  common f o r m u la t io n s  o f  
Ahmad’ s s h e l l  e lem en t  have been  a n a ly z e d .  G eom etr ic  n o n l i n e a r i t y  
as  w e l l  a s  th e  m a t e r i a l  c o n d i t i o n ,  i . e .  e l a s t i c ,  p l a s t i c  and 
c ra c k e d  s t a t e ,  a r e  c o n s id e r e d .  The r e s u l t s  a r e  summ arized i n  t a b ­
l e s  w hich  p r o v id e ,  i n  c o n ju n c t io n  w i th  F i g u r e s  o f  a l l  e lem en t  
eigenm odes, a q u ic k  and c o n v e n ie n t  way to  u n d e r s t a n d  th e  b e h a v io r  
of a p a r t i c u l a r  e lem en t  f o r m u la t io n .  The eigenm odes a n a l y s i s  o f  
th e  s t i f f n e s s  m a t r ix  was pe rfo rm ed  by b o th  th e  H ou seh o ld er  t r i -  
d i a g o n a l i s a t i o n  and QL m ethods [5 7 ] ,  w hich a r e  a l s o  a b l e  to  a n a ­
ly z e  s i n g u l a r  m a t r i c e s .  The GENSTAT [5 3 ] ,  d o u b le  p r e c i s i o n  e ig e n ­
modes s o l v e r  was u se d .  The a n a l y s i s  o f  sam ple s t r u c t u r e s ,  i n c l u ­
d in g  e le m en t  s t i f f n e s s  m a t r ix  e v a l u a t i o n s ,  was pe rfo rm ed  by th e  
program CONCRETE. Double p r e c i s i o n  a r i t h m e t i c  was u sed  t h r o u g ­
ho u t ,  ( i . e .  64 b i t s  p e r  v a r i a b l e ) .
E l a s t i c  c o n d i t i o n .
In  t h i s  s e c t i o n  we assume g e o m e t r i c a l  n o n l i n e a r i t y  o n ly
w h i l s t  t h e  m a t e r i a l  i s  s t i l l  i n  th e  e l a s t i c  r a n g e ,  so  t h a t  no
f a i l u r e  o c c u r r e d .  Element p r o p e r t i e s  a r e  s t u d i e d  u s in g  th e  s im p le  
two e le m en t  c a n t i l e v e r  d e p ic t e d  i n  F ig .  5 .9 .  Young’ s modulus
EQwas 29GPa and P o i s s o n ’ s r a t i o  v was t a k e n  a s  0 .1 8 .  The s t r u c t u -
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r e  was lo a d e d  by two f o r c e s  o f  0 .1  kN a t  b o th  e n d -n o d e s  n e a r  th e  
f r e e  end , ( th e  m id - p o in t  was n o t  lo a d e d ) .
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all DOF fixed
2
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X, Z d isp lacem en t  fixed
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F ig .  5 .9  Rank a n a l y s i s  o f  th e  Ahmad’ s e le m e n t ,  th e  geom etry  o f  
the  two e le m en t  s t r u c t u r e .
Tab. 5 .3  p r e s e n t s  th e  maximum d is p la c e m e n t  p e r t a i n i n g  to  
each p a r t i c u l a r  e lem en t  f o r m u la t io n .
D isp lacem en t
a p p ro x im a t io n
I n t e g r a t i o n  r u l e
F u l l S e l e c t i v e Reduced
L ag ran g ia n
H e t e r o s i s
S e r e n d i p i t y
1.3164
1 .3144
1.2761
1.5107 
1 .500 
1 .4096
f a i l e d  
f a i l e d  
1 .4290
Tab. 5 .3  Rank a n a l y s i s  o f  Ahmad’ s d e g e n e r a te d  s h e l l  e le m e n ts ,
-  4maximum d e fo r m a t io n  o f  th e  2 -e le m e n t  c a n t i l e v e r  in  10 m.
10x0.015
y
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The above r e s u l t s  were compared w i th  th e  e x a c t  d e fo r m a t io n ,  
1 .30779 10 4m, c a l c u l a t e d  f o r  a beam u s in g  K i r c h h o f f ’ s  th e o r y .  
The c l o s e s t  r e s u l t  i s  p ro v id e d ,  a s  a n t i c i p a t e d ,  by th e  n in e  node 
L a g ra n g ia n  d i s p la c e m e n t  a p p ro x im a t io n  and f u l l  i n t e g r a t i o n  s c h e ­
me.
I t  s h o u ld  be n o te d  t h a t  f o r  e x t r e m e ly  t h i n  s h e l l s ,  i t  i s  s o ­
metimes recommended, e . g .  [4 2 ] ,  [56] t h a t  t h e  L a g ra n g ia n  o r  He-
t e r o s i s  a p p ro x im a t io n  o f  d i s p la c e m e n t  in  c o m b in a t io n  w i t h  t h e  s e ­
l e c t i v e  i n - p l a n e  i n t e g r a t i o n  be u se d .  T h is  s i g n i f i c a n t l y  m in im i­
zes  s h e a r  and membrane lo c k in g .  However f o r  o r d i n a r y  t h i n  and me­
dium t h i c k  s h e l l s ,  w hich a r e  th e  most u s u a l  c a s e ,  t h e r e  a r e  no 
p rob lem s w i th  lo c k in g  and hence  a m a th e m a t ic a l l y  more e x a c t  a p ­
p r o x im a t io n  and i n t e g r a t i o n  s h o u ld  be p r e f e r r e d .
F u r th e rm o re  th e  a n a l y s i s  d e m o n s t r a te s  t h e  r a n k  d e f i c i e n c y  o f  
th e  e le m en t  s t i f f n e s s  m a t r ix  i n  th e  c a s e  o f  r e d u c e d  i n t e g r a t i o n  
f o r  th e  n in e  node d i s p la c e m e n t  a p p ro x im a t io n ,  i . e .  t h e  L a g ra n g ia n  
and H e t e r o s i s  a p p ro a c h e s .
In  th e  f o l l o w i n g ,  th e  r an k  o f  t h e  s t i f f n e s s  m a t r ix  o f  one 
e lem en t  was exam ined. The f i r s t  e le m en t  o f  th e  c a n t i l e v e r  was 
u sed . The r e s u l t s  a r e  d e p i c t e d  i n  F ig .  5 .1 0  to  5 .1 8 .  Note t h a t  
W(i) i s  t h e  e n e rg y  a s s o c i a t e d  w i th  t h e  i - t h  e igenm ode. E ig e n v a ­
lu e s  l e s s  th a n  0 .5  can  be t r e a t e d  a s  z e r o s ,  th e  n o n - z e r o  v a lu e  
b e in g  c a u se d  by sm a l l  r o u n d - o f f  e r r o r s .
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Fig. 5.10 Rank analysis of the Ahmad’s element, the eigenmodes of
the Lagrangian approximation using the full integration rule.
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Fig. 5.11 Rank analysis of the Ahmad’s element, the eigenmodes of
the Lagrangian approximation using the selective integration
rule.
165
Fig. 5.12 Rank analysis of the Ahmad’s element, the eigenmodes of
the Lagrangian approximation with the reduced integration rule.
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Fig. 5.13 Rank analysis of the Ahmad’s element, the eigenmodes of
the Heterosis approximation with the full integration rule.
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Fig. 5.14 Rank analysis of the Ahmad’s element, the eigenmodes of
the Heterosis approximation with the selective integration rule.
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Fig. 5.15 Rank analysis of the Ahmad’s element, the eigenmodes of
the Heterosis approximation with the reduced integration rule.
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Fig. 5.16 Rank analysis of the Ahmad’s element, the eigenmodes of
the Serendipity approximation with the full integration rule.
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Fig. 5.17 Rank analysis of the Ahmad’s element, the eigenmodes of
the Serendipity approximation with the selective rule.
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Fig. 5.18 Rank analysis of the Ahmad’s element, the eigenmodes of
the Serendipity approximation with the reduced rule.
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The results are summarized in Tab. 5.4.
D isp la c e m e n t
a p p ro x im a t io n
I n t e g r a t i o n  r u l e
F u l l S e l e c t i v e Reduced
Type o f  mode B M T B M T B M T
L a g ra n g ia n 0 0 0 1 0 1 4 3 7
H e t e r o s i s 0 0 0 0 0 0 3 1 4
S e r e n d i p i t y 0 0 0 0 0 0 1 1 2
Legend: B = b e n d in g  mode
M = membrane mode 
T = t o t a l  number
Tab. 5 .4  Rank a n a l y s i s  o f  Ahmad’ s e le m e n ts ,  number o f  s p u r i o u s  
en e rg y  modes o f  one e le m e n t .
From F ig .  5 .1 0  t o  5 .1 8  i t  i s  a p p a re n t  t h a t  t h e  more i n t e g r a ­
t i o n  p o i n t s ,  th e  h i g h e r  th e  a s s o c i a t e d  e n e rg y  w i th  p a r t i c u l a r  
e igenm odes. The most im p o r ta n t  e igenm odes a r e  th o s e  w i th  low i n ­
h e r e n t  e n e rg y .  T h is  i s  due to  th e  f a c t  t h a t  th e y  have  th e  most 
s i g n i f i c a n t  i n f l u e n c e  on th e  s t a b i l i t y  o f  th e  a n a l y s i s  o f  a 
s t r u c t u r e .  In  o t h e r  words th e y  s t r o n g l y  i n f l u e n c e  th e  d e te r m in a n t  
o f  th e  g l o b a l  s t i f f n e s s  m a t r ix .  F u r th e rm o re  com paring  th e  example 
r e s u l t s  f o r  th e  S e r e n d i p i t y  e le m en t  w i th  th e  L a g ra n g ia n  a p p r o x i ­
m ation  i t  i s  a p p a re n t  t h a t  th e  "bubb le"  mode a s s o c i a t e d  w i th  th e  
c e n t r a l  n i n t h  p o i n t  i s  m is s in g .  C l e a r l y ,  s i x  z e ro  e n e rg y  modes 
a r e  a s s o c i a t e d  w i th  r i g i d  body m o tions  o f  th e  e le m e n t ,  t h r e e  d i s ­
p la c e m e n ts  in  th e  x , y and z d i r e c t i o n s  and t h r e e  r o t a t i o n s  w i th  
r e s p e c t  to  th e  x ,y  and z  a x i s .  However i t  sh o u ld  be p o i n t e d  o u t  
t h a t  some o f  them a r e  f u l f i l l e d  o n ly  i n  an i n t e g r a l  form , s e e  f o r  
example th e  v e r t i c a l  z  d i s p la c e m e n t  o f  L a g ra n g ia n  e le m en t  and r e ­
duced i n t e g r a t i o n ,  i . e .  mode no. 34. O b v io u s ly ,  u s in g  f u l l  3x3 
nodes G a u ss ia n  i n t e g r a t i o n  and f u l l  q u a d r a t i c  d i s p la c e m e n t  a p p ro -
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x im a t io n  (L a g ra n g ia n  e le m e n t)  a l l  r i g i d  body m o tio n s  a r e  e x a c t .
F i n a l l y  t e s t s  were made to  d e te r m in e  th e  p r e v i o u s l y  found  
s p u r i o u s  modes a r e  comm unicable. The two, t h r e e  and f o u r  e le m en t  
meshes d e p i c t e d  i n  Tab. 5 .5  were a n a ly z e d .  The m a t e r i a l  p r o p e r ­
t i e s  and geom etry  o f  th e  a d o p te d  e le m en t  were th e  same a s  th o s e  
f o r  t h e  c a n t i l e v e r ,  th e  o n ly  d i f f e r e n c e  b e in g  t h a t  now th e  e l e ­
ment l e n g t h  i n  th e  x  d i r e c t i o n  was o n ly  0.5m.
Number o f  e lem en t 2 3 4
S t r u c t u r e  la y o u t
Tab. 5 .5  Rank a n a l y s i s  o f  Ahmad’ s e le m e n ts ,  t h e i r  l a y o u t  f o r  
th e  a n a l y s i s  o f  c o m m u n ic a b i l i ty  o f  s p u r i o u s  e n e rg y  modes.
As e x p e c te d  th e  number o f  s p u r i o u s  e n e rg y  modes i s  t h e  same 
f o r  a l l  t h r e e  meshes and i s  summarized i n  Tab. 5 .6 .
D isp la c e m e n t
a p p ro x im a t io n
I n t e g r a t i o n  r u l e
F u l l S e l e c t i v e Reduced
Type o f  mode B M T B M T B M T
L a g ra n g ia n 0 0 0 1 0 1 4 3 7
H e t e r o s i s 0 0 0 0 0 0 3 0 3
S e r e n d i p i t y 0 0 0 0 0 0 0 0 0
Legend: B = b e n d in g  mode
M = membrane mode 
T = t o t a l  number
Tab. 5 .6  Rank a n a l y s i s  o f  Ahmad’ s e le m e n t ,  number o f  s p u r io u s  
ene rgy  modes o f  meshes o f  two o r  more e le m e n ts .
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Comparing Tab. 5 .4  w i th  Tab. 5 .6  i t  i s  o b v io u s  t h a t  b o th  
s p u r i o u s  e n e rg y  modes o f  S e r e n d i p i t y  e le m en t  and re d u c e d  i n t e g r a ­
t i o n  a s  w e l l  a s  th e  membrane s p u r i o u s  mode, t h e  so c a l l e d  h o u r ­
g l a s s  mode o f  t h e  H e t e r o s i s  e le m en t  and r e d u c e d  i n t e g r a t i o n ,  a r e  
non communicable and can  be ig n o re d  f o r  p r a c t i c a l  a n a l y s i s ,  where 
many e le m e n ts  a r e  u sed .
The i n f l u e n c e  o f  m a t e r i a l  n o n l i n e a r i t v .
The f o l lo w in g  p a r t  o f  t h i s  s e c t i o n  i s  c o n c e rn e d  w i th  t h e  i n ­
f lu e n c e  o f  m a t e r i a l  n o n l i n e a r i t y  on th e  r a n k  o f  Ahmad’ s s h e l l  
e le m en t  s t i f f n e s s  m a t r ix .  O b v io u s ly  any " r e l e a s i n g "  o f  th e  m ate­
r i a l ’ s i n t e r n a l  bounds, which s im u l a t e s  e i t h e r  c r a c k s  o r  p l a s t i c  
f lo w , d e g ra d e s  th e  r i g i d i t y  o f  th e  e le m en t  and c o n s e q u e n t ly  a l s o  
th e  s t a b i l i t y  o f  th e  s o l u t i o n  o f  th e  p ro b le m ’ s s e t  o f  g o v e rn in g  
e q u a t i o n s .  However th e  q u e s t i o n  i s  t o  what e x t e n t  t h i s  can  hap ­
pen. Based on th e  a u t h o r ’ s e x p e r i e n c e s  w i th  a n a l y s i s  o f  o r d i n a r y  
r e i n f o r c e d  c o n c r e te  s h e l l s  w hich a r e  u s u a l l y  v e ry  t h i n ,  th e  l i m i ­
t i n g  f a c t o r  o f  th e  b e a r i n g  c a p a c i t y  o f  t h i s  ty p e  o f  s t r u c t u r e s  i s  
d e p e n d en t  upon m a t e r i a l  f a i l u r e ,  and th e  b e s t  r e s u l t s  were o b t a i ­
ned w i th  th e  L a g ran g ia n  a p p ro x im a t io n  and f u l l  i n t e g r a t i o n  o f  th e  
e le m e n t .  T h is  ty p e  o f  e lem en t  f o r m u la t io n  w i l l  now be d i s c u s s e d .
The s t r u c t u r e  c o m p r is in g  two e le m e n ts  d e p i c t e d  i n  F ig .  5 .9  
was u se d  a g a in .  However i n s t e a d  o f  lo a d in g  by c o n c e n t r a t e d  f o r c e s  
a l o n g i t u d i n a l  d i s p la c e m e n t  a t  th e  f r e e  edge ( o p p o s i t e  to  th e  
clamped end) was a p p l i e d .  Com pression  h a rd e n in g  was modeled by 
th e  M adrid p a r a b o la ,  ( d e f in e d  by ( 3 .6 6 ) ,  (3 .6 7 )  in  C h a p te r  3 ) .
The a d d i t i o n a l  m a t e r i a l  c o n s t a n t s  u sed  were:
Com pression  s t r e n g t h  f ’ = 32MPa
C
T e ns ion  s t r e n g t h  f  = 3.0MPa
t u
Maximum u n i a x i a l  s t r a i n  beyond w hich f u l l  c r u s h in g  i s  e x p e c te d
e = 0 .0 0 6  
m, c
T ens ion  s t i f f e n i n g  f a c t o r  f o r  s t r e s s  norm al t o  th e  c r a c k  a 2= 0 .5
Shear  r e t e n t i o n  f a c t o r  f o r  s h e a r  modulus = 0 . 2 5
2
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The s t r a i n  in  th e  c r a c k  c o r r e s p o n d in g  to  z e ro  norm al s t r a i n  i n
th e  c r a c k  a  e = 0 .0 0 2
1 cr
The s t r a i n  i n  th e  c r a c k  c o r r e s p o n d in g  to  z e ro  s h e a r  m odulus in  
th e  c r a c k  13 e = 0 .0 0 4
1 cr
P l a s t i c i t y .
The s t r u c t u r e  was lo ad e d  by a l o n g i t u d i n a l  d i s p la c e m e n t  a t  
th e  f r e e - e n d  edge u n t i l  p l a s t i c i t y  o c c u r r e d  and th e  s o l u t i o n  d i ­
v e rg e d .  T h is  to o k  p l a c e  a t  an  a v e ra g e  s t r a i n  o f  a p p ro x im a te ly  
- 0 .0 0 2 1 .  At t h i s  s t a t e  th e  modal a n a l y s i s  o f  t h e  s t i f f n e s s  m a t r ix  
was c a r r i e d  o u t .  The r e s u l t s  a r e  shown i n  F ig .  5 .1 9 .  The l e a s t  
n o n -z e ro  mode was 686kPa, w hich i s  a p p ro x im a te ly  28% o f  i t s  o r i ­
g i n a l  v a lu e  ( f o r  th e  e l a s t i c  c o n d i t i o n ) .  The same d ro p  i n  th e  
l e a s t  n o n -z e ro  eigenmode was found  to  be 2 6 .5kP a  f o r  s e l e c t i v e  
i n t e g r a t i o n .
One can  s e e  t h a t  in  s p i t e  o f  a  s u b s t a n t i a l  d e c r e a s e  o f  e n e rg y  
p e r t a i n i n g  to  b e n d in g  and l o n g i t u d i n a l  membrane e igenm odes th e  
r a n k  o f  m a t r ix  rem ained  c o r r e c t .  On th e  o t h e r  hand th e  e lem en t  
r i g i d  body modes a r e  n o t  s im p le  movements o r  r o t a t i o n s  w i th  r e s ­
p e c t  to  p a r t i c u l a r  c o o r d i n a t e  a x i s .
N e v e r th e le s s  i t  can  be c o n c lu d ed  t h a t  n u m e r ic a l  c o l l a p s e  o f  
th e  s o l u t i o n  i s  ca u se d  by th e  in dependence  o f  i n t e r n a l  f o r c e s  on 
d i s p l a c e m e n ts  i n  th e  f u l l y  p l a s t i c  s t a t e  and n o t  by a s t i f f n e s s  
m a t r ix  s i n g u l a r i t y .  When s e l e c t i v e  i n t e g r a t i o n  i s  u s e d ,  i n  a d d i ­
t i o n  to  one s p u r i o u s  mode p e r t i n e n t  to  t h i s  f o r m u la t io n ,  th e  
f i r s t  n o n -z e ro  eigenmode m igh t become so sm a l l  t h a t  n u m e r ic a l  
p rob lem s may a r i s e .  The eigenmode e n e r g i e s  n e a r  f a i l u r e  f o r  t h a t  
e le m en t  f o r m u la t io n  a r e  summarized i n  Tab. 5 .7 .
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F ig . 5 .1 9  Rank a n a l y s i s  o f  th e  Ahmad’ s e le m e n t ,  th e  e igenm odes o f  
th e  L a g ra n g ia n  a p p ro x im a t io n ,  f u l l  i n t e g r a t i o n  -  p l a s t i c  m a t e r i a l  
c o n d i t i o n  i n  th e  l o n g i t u d i n a l  d i r e c t i o n .
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No. Energy No. Energy No. Energy
1 51197192.0000 16 1311029.7500 31 3749 .0940
2 28691792.0000 17 1176385.3750 32 3082 .9612
3 21580850.0000 18 969992.3750 33 2703 .8564
4 12146729.0000 19 825307.6250 34 2422.1797
5 10944694.0000 20 689302.8750 35 2037.1451
6 5364164.5000 21 343558.1250 36 1410.8766
7 5017893.5000 22 151468.1563 37 630.5328
8 4449131.5000 23 82119.0625 38 265 .3866
9 4427108.0000 24 68460.1328 39 0 .1875
10 3968827.5000 25 34204.8633 40 -0 .0 0 4 0
11 3955486.7500 26 21930.3730 41 -0 .0 1 5 6
12 3009769.0000 27 20257.8301 42 -0 .0 2 5 5
13 2025495.6250 28 9795.6201 43 -0 .0 8 3 3
14 1468745.5000 29 9222.1240 44 -0 .2 3 4 7
15 1344603.1250 30 8172.1479 45 -0 .2 8 0 0
T ab le  5 .7  Rank a n a l y s i s  o f  t h e  Ahmad’ s  e le m e n t ,  t h e  e igenm odes o f  
th e  L a g ra n g ia n  a p p ro x im a t io n ,  s e l e c t i v e  i n t e g r a t i o n  -  p l a s t i c  
c o n d i t i o n  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n .
C racks.
In  o r d e r  to  s tu d y  i n f l u e n c e  o f  c r a c k s  on th e  r an k  o f  th e
s t i f f n e s s  m a t r ix ,  th e  same s t r u c t u r e  was u se d  a g a in .  As w i th  th e
p l a s t i c  c a s e ,  th e  s t r u c t u r e  was lo ad e d  by a l o n g i t u d i n a l  d i s p l a ­
cement a t  t h e  f r e e  edge up to  f a i l u r e .  T h is  o c c u r r e d  f o r  an  a v e ­
rag e  s t r a i n ,  e = 0 .0 0 1 2 .  At t h i s  p o i n t  th e  s h e a r  modulus G had
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reduced  to  17% o f  i t s  o r i g i n a l  v a lu e .  For th e  c a l c u l a t i o n  o f  th e  
s t i f f n e s s  m a t r ix  Young’ s modulus p e r p e n d i c u l a r  to  t h e  c r a c k in g  i s  
assumed to  be , ( s e e  a l s o  m a t e r i a l  model b /  i n  C h a p te r  3, ( 3 .3 6 ) ,
( 3 .3 7 ) ) :
1 -  z e ro ,  i f  t h e  c r a c k  i s  i n  th e  p r o c e s s  o f  o p e n in g ,  and,
2 -  e q u a l  to  th e  r e s i d u a l  s e c a n t  v a lu e ,  i f  t h e  c r a c k  i s  i n  th e
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p r o c e s s  o f  c l o s i n g  ( i . e .  th e  c u r r e n t  s t r a i n  i s  below th e  
maximum v a lu e  r e a c h e d  d u r in g  p r e v i o u s  i t e r a t i o n s  a t  t h a t  
p a r t i c u l a r  i n t e g r a t i o n  p o i n t ) .  The r e s i d u a l  Young’ s -modulus 
i s  g iv e n  by th e  l i n e  d e f in e d  by th e  p o i n t s  [0; a fcE] and 
[e , 0 ] ,  i . e .  f o r  e e th e  v a lu e  o f  Young’ s modulus i s
m, t m,t
e q u a l  to  z e ro .  The f u l l  t e n s i o n  s t i f f e n i n g  model i s  
c o n s id e r e d  o n ly  f o r  c a l c u l a t i o n  o f  i n t e r n a l  f o r c e s .
F ig .  5 .2 0  p r e s e n t s  th e  r e s u l t s  o f  a  modal a n a l y s i s  c o r ­
re s p o n d in g  to  th e  f a i l u r e  s t a t e .  I t  sh o u ld  be n o te d  t h a t  most o f  
th e  i n t e g r a t i o n  p o i n t s  were i n  th e  p r o c e s s  o f  c l o s i n g  when th e  
s t i f f n e s s  m a t r ix  was c a l c u l a t e d  and Young’ s modulus u se d  a c r o s s  
th e  c r a c k  was a b o u t  3GPa. For th e  r e m a in in g  p o i n t s  (ab o u t  10%) 
z e ro  Young’ s modulus was used .
One can  se e  t h a t  t h i s  t im e  th e  l e a s t  n o n - z e r o  mode was o n ly  
166kPa and th u s  n u m e r ic a l  s t a b i l i t y  o f  t h e  s o l u t i o n  h a s  d e t e r i o ­
r a t e d  more s i g n i f i c a n t l y  th a n  was th e  c a s e  f o r  t h e  p l a s t i c  m ate­
r i a l .  U sing  s e l e c t i v e  i n t e g r a t i o n  th e  s i t u a t i o n  i s  even  w orse . 
The eigenm ode e n e r g i e s  n e a r  f a i l u r e  f o r  t h a t  e le m en t  f o r m u la t io n  
a r e  summ arized i n  Tab. 5 .8 .  In  t h i s  c a s e  a  p l a u s i b l e  r e a s o n  f o r  
th e  n u m e r ic a l  f a i l u r e  o f  th e  s o l u t i o n  seems to  be t h e  s i n g u l a r i t y  
which a p p e a r s  i n  th e  s t i f f n e s s  m a t r ix ,  t h e r e f o r e  a  p r i o r i  ran k  
d e f i c i e n t  e le m en t  f o r m u la t io n s  seem to  be l e s s  s u i t a b l e .
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Fig . 5 .2 0  Rank a n a l y s i s  o f  th e  Ahmad’ s e le m e n t ,  t h e  e igenm odes o f  
the  L a g ra n g ia n  a p p ro x im a t io n ,  f u l l  i n t e g r a t i o n  -  f u l l y  c ra c k e d  
m a t e r i a l  i n  th e  l o n g i t u d i n a l  d i r e c t i o n .
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No. Energy No. Energy No. Energy
1 57526536.0000 16 629158.1875 31 1762.8800
2 20083550.0000 17 269158.3750 32 1632.5271
3 11726142.0000 18 266928.6250 33 1135.1084
4 9764140.0000 19 198896.0000 34 816 .4446
5 5803756.5000 20 187466.2188 35 495 .8130
6 4188461.2500 21 90720.9063 36 337 .5460
7 3676849.5000 22 89170.3438 37 164.7204
8 2850331.0000 23 25611.5215 38 28 .1272
9 2750403.0000 24 18042.3672 39 0 .1456
10 1780067.7500 25 16290.3555 40 0 .0 3 6 4
11 1152568.3750 26 15856.6973 41 0 .0 2 3 6
12 1101694.3750 27 7409.3589 42 0.0121
13 958359.8750 28 5096.4927 43 0 .0072
14 892333.6875 29 4931.7388 44 -0 .0 0 2 7
15 845440.3750 30 3294.0686 45 -0 .1 1 4 9
T ab le  5 .8  Rank a n a l y s i s  o f  th e  Ahmad’ s e le m e n t ,  t h e  e igenm odes o f  
th e  L a g ra n g ia n  a p p ro x im a t io n ,  s e l e c t i v e  i n t e g r a t i o n  -  f u l l y  
c ra c k e d  m a t e r i a l  i n  th e  l o n g i t u d i n a l  d i r e c t i o n .
I t  can  be c o n c lu d ed  t h a t  some e a r l i e r  p u b l i s h e d  d a t a  on t h i s  
t o p i c  do n o t  a g re e  w i th  th e  p r e s e n t  r e s u l t s  even  f o r  t h e  e l a s t i c  
m a t e r i a l  c o n d i t i o n .  F u r th e rm o re  i t  was found  t h a t  i n  s p i t e  o f  th e  
f a c t  t h a t  n e i t h e r  p l a s t i c  no r  c ra c k e d  m a t e r i a l  c o n d i t i o n s  d i d n ’ t  
change th e  ran k  o f  th e  s t i f f n e s s  m a t r ix ,  (due to  th e  sm a l l  r e s i ­
d ua l  s h e a r  c o n s id e r e d ) ,  n u m e r ic a l  p rob lem s c o u ld  a r i s e  a s  a con­
sequence  o f  v e ry  sm a l l  l e a s t  n o n -z e ro  e ig e n v a lu e s .  The c r a c k s  in  
th e  m a t e r i a l  a r e  more d i f f i c u l t  to  t r e a t  n u m e r i c a l ly  th a n  p l a s t i ­
c i t y .  D e s p i te  o t h e r  recom m endations  p e r t a i n i n g  to  t h e  e l a s t i c  r e ­
gime [5 6 ] ,  f o r  n o n e l a s t i c  m a t e r i a l  c o n d i t i o n s  th e  e le m en t  form u­
l a t i o n  w i th  c o r r e c t  ran k  i s  h i g h ly  p r e f e r a b l e .  I t  s h o u ld  be a l s o  
n o ted  t h a t  th e  same m a t e r i a l  c o n d i t i o n s  i s  assumed w i t h i n  th e  
whole a r e a  o f  th e  i n t e g r a t i o n  p o i n t .  Hence, more i n t e g r a t i o n
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p o i n t s  r e s u l t  i n  a  more g r a d u a l  f a i l u r e .  From t h a t  p o i n t  o f  view 
i t  may be j u s t i f i e d  to  i n t e g r a t e  a t  more s a m p lin g  p o i n t s  th a n  r e ­
q u i r e d  f o r  e x a c t  i n t e g r a t i o n  u n d e r  e l a s t i c  m a t e r i a l  c o n d i t i o n s .
Note t h a t  t h e  s im p l e s t  c a s e  was assum ed, t h a t  i s  t h e  same t y ­
pe o f  f a i l u r e  o c c u r r e d  a t  a l l  i n t e g r a t i o n  p o i n t s .  However i t  i s  
r e a s o n a b le  to  presum e th e  e le m en t  b e h a v io r  i n  a  more g e n e r a l  c a se  
would be s i m i l a r .
182
6 .  N u m e r ic a l  m e t h o d  f o r  s o l u t io n  o f  n o n l in e a r  e q u a t io n s .
The f i n i t e  e le m en t  f o r m u la t io n  and d i s c r e t i z a t i o n  p r o c e d u r e s  
r e s u l t  i n  a  s e t  o f  e q u a t i o n s  w hich c h a r a c t e r i z e  t h e  r e s p o n s e  o f  
th e  s t r u c t u r e  due to  lo a d in g .  The d im e n s io n  o f  t h e  p rob lem  i s  g e ­
n e r a l l y  e q u a l  to  th e  number o f  s t r u c t u r a l  d e g r e e s  o f  f reedom . For 
r e a l  s t r u c t u r e s  t h i s  can  be v e ry  l a r g e .
In  l i n e a r  a n a l y s i s  th e  s e t  o f  e q u a t i o n s  i s  o b v io u s ly  l i n e a r  
and can  be s o lv e d  d i r e c t l y  u s in g ,  f o r  i n s t a n c e ,  Gauss e l i m i n a t i o n  
p r o c e d u r e s ,  th e  C holesky  method o r  some i t e r a t i v e  method such  a s  
G a u s s - S ie d e l , J o rd a n  m ethods e t c .  These p r o c e d u r e s  a r e  q u i t e  w e l l  
known and t h e i r  u sa g e  c a u se s  no s e r i o u s  p ro b le m s.
I f  t h e  s t r u c t u r a l  b e h a v io r  i s  n o n l i n e a r  t h e  s o l u t i o n  i s  much 
more d i f f i c u l t .  A d i r e c t  o r  " c lo s e d "  s o l u t i o n  f o r  p r a c t i c a l  exam­
p l e s  i s  im p o s s ib le  and we have to  u s e  some i t e r a t i v e  p r o c e d u re .  
T h is  b r i n g s  p rob lem s w i th ,  f o r  exam ple, c o n v e rg e n c e ,  n u m e r ic a l  
s t a b i l i t y ,  u n iq u e n e s s  e t c .  T h e r e f o r e  we must pay  c a r e f u l  a t t e n ­
t i o n  to  t h i s  p h ase  o f  th e  a n a l y s i s .
In  g e n e r a l  i t  i s  n o t  p o s s i b l e  to  su d d e n ly  lo a d  a s t r u c t u r e  
w i th  i t s  f u l l  l o a d in g  and i n s t e a d  we must a p p ly  s t e p - b y - s t e p  i n ­
c re m e n ta l  lo a d in g .  For each  lo ad  l e v e l  th e  r e s p o n s e  o f  th e  s t r u c ­
t u r e  i s  computed. T h is  c o r r e s p o n d s  to  th e  s i m p l i f i c a t i o n s  ( th e  
l i n e a r i z a t i o n  o f  d e fo r m a t io n  in c re m e n t)  made d u r in g  th e  a p p r o x i ­
m ation  o f  th e  v i r t u a l  work in c re m e n t .  I t  i s  a p p a r e n t ,  however, 
t h a t  th e  t im e  c o s t  o f  n o n l in e a r  a n a l y s i s  i s  v e ry  h ig h  and hence  
i t  i s  c r u c i a l l y  im p o r ta n t  to  e s t a b l i s h  th e  minimum number o f  i n ­
c rem en ts  w hich a r e  r e q u i r e d  to  p r e s e r v e  co n v e rg e n c e .
The main o b j e c t i v e  o f  t h i s  c h a p te r  i s  to  r ev ie w  some w e l l  
e s t a b l i s h e d  methods f o r  th e  s o l u t i o n  o f  a s e t  o f  n o n l in e a r  
e q u a t io n s  r e s u l t i n g  from n o n l i n e a r  s t r u c t u r a l  a n a l y s i s  and to  
p r e s e n t  an  improved s o l u t i o n  scheme. The n u m e r ic a l  r e s u l t s  
p e r t a i n i n g  to  th e  p a r t i c u l a r  a lg o r i th m s  a r e  d i s c u s s e d  i n  C hap te r  
8 .
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6.1 Newton-Raphson method.
U sing  th e  c o n c e p t  o f  in c r e m e n ta l  s t e p  by s t e p  a n a l y s i s  we 
o b t a i n  t h e  f o l l o w i n g  s e t  o f  n o n l i n e a r  e q u a t i o n s :
K (p) Ap = q  -  f ( p )  / 6 . 1 /
w here q  i s  th e  v e c t o r  o f  t o t a l  a p p l i e d  j o i n t  lo a d s  , 
f ( p )  i s  t h e  v e c t o r  o f  i n t e r n a l  j o i n t  f o r c e s ,
Ap i s  t h e  d e fo r m a t io n  in c re m e n t  due to  l o a d in g  in c re m e n t ,
p  a r e  t h e  d e fo r m a t io n s  o f  s t r u c t u r e  p r i o r  to  lo a d  i n c r e ­
ment ,
K(p) i s  t h e  s t i f f n e s s  m a t r ix ,  r e l a t i n g  lo a d in g  in c re m e n ts  
to  d e fo r m a t io n  in c re m e n ts .
The R .H .S . o f  / 6 . 1 /  r e p r e s e n t s  o u t - o f - b a l a n c e  f o r c e s  d u r in g  
a lo a d  in c re m e n t ,  i . e .  th e  t o t a l  lo a d  l e v e l  a f t e r  a p p ly in g  th e  
l o a d in g  in c re m e n t  minus i n t e r n a l  f o r c e s  b e f o r e  a d d i t i o n a l  
l o a d in g .  G e n e r a l ly ,  th e  s t i f f n e s s  m a t r ix  i s  d e fo r m a t io n  
d e p e n d e n t ,  i . e .  a f u n c t i o n  o f  p , b u t  t h i s  i s  u s u a l l y  n e g le c t e d  
w i t h in  a lo a d  in c re m e n t  i n  o r d e r  to  p r e s e r v e  l i n e a r i t y .  In  t h i s  
c a se  t h e  s t i f f n e s s  m a t r ix  i s  c a l c u l a t e d  b a se d  on th e  v a lu e  o f  p  
p e r t a i n i n g  to  t h e  l e v e l  p r i o r  th e  lo a d  in c re m e n t .
The s e t  o f  e q u a t io n s  / 6 . 1 /  i s  n o n l i n e a r  b e c a u se  o f  th e  
n o n l i n e a r i t y  o f  th e  i n t e r n a l  f o r c e s :
f ( k p )  * k f ( p ) , where k i s  an  a r b i t r a r y  c o n s t a n t
K(p) * K(p + Ap) / 6 . 2 /
and hence  th e  n e c e s s i t y  o f  a  n o n l i n e a r  s o l u t i o n  scheme.
The s e t  o f  e q u a t io n s  r e p r e s e n t  t h e  m a th e m a t ic a l  d e s c r i p t i o n  
o f  s t r u c t u r a l  b e h a v io r  d u r in g  one s t e p  o f  t h e  s o l u t i o n .  R e w r i t in g
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e q u a t i o n s  / 6 . 1 /  f o r  th e  i - t h  i t e r a t i o n  w i t h i n  a d i s t i n c t  l o a d in g  
in c re m e n t  we o b t a i n :
K (p  ) Ap = g  -  f ( p  ) / 6 . 3 /^ 1 -1  l i - i
A l l  t h e  q u a n t i t i e s  f o r  th e  i - 1  i t e r a t i o n  have  a l r e a d y  been  
c a l c u l a t e d  d u r in g  p r e v io u s  s o l u t i o n  s t e p s  and s o lv e d  f o r  p^ a t  
lo a d  l e v e l  q ,  w hich  c o r r e s p o n d s  to  l o a d in g  a t  t h i s  s t e p :
p  = p  + Ap / 6 . 4 /
As p o i n t e d  o u t  e a r l i e r ,  e q u a t i o n  / 6 . 3 /  i s  n o n l i n e a r  and t h e ­
r e f o r e  i t  i s  n e c e s s a r y  to  i t e r a t e  u n t i l  some c o n v e rg e n c e  c r i t e ­
r i o n  i s  s a t i s f i e d .  There  a r e  many p o s s i b i l i t i e s  f o r  d e f i n i n g  th e  
c o n v e rg en ce  c r i t e r i o n .  Two o f  t h e  most w id e ly  u se d  a r e  g iv e n  by:
ApT Ap
1 *-< c 2
T
P p 1 i
/ 6 .  5 /
and
( a  -  ( a  -  c > 2
T
9  9  
r e s p e c t i v e l y .
The f i r s t  one checks  th e  norm o f  d e fo r m a t io n  c hanges  d u r in g  
th e  l a s t  i t e r a t i o n  w hereas  th e  second  one ch eck s  th e  norm o f  t h e  
o u t - o f - b a l a n c e  f o r c e s .  In  b o th  c a s e s  t h e  a c c e p t a b l e  e r r o r  e and 
e ’ a r e  d e f i n e d  in  r e l a t i v e  te rm s  i n  o r d e r  to  a v o id  dependence  on 
u n i t s ,  d im e n s io n s  o f  s t r u c t u r e  e t c .  U s u a l ly  th e  v a lu e  o f  e and e ’ 
a r e  o f  o r d e r  o f  0 .0 1 .
The above s o l u t i o n  can  a l s o  be u n d e rs to o d  from th e  f o l l o w in g  
a b b r e v i a t e  p o i n t  o f  view: The main e q u a t i o n s  can  be r e - w r i t t e n
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a s :
f (p) = g /6.6/
where f ( p )  i s  th e  v e c t o r  o f  i n t e r n a l  n o d a l  f o r c e s  t h a t  c o r re s p o n d  
to  d e fo r m a t io n  p  and g  i s  t h e  v e c t o r  o f  a p p l i e d  lo a d s .  Then u s in g  
T a y l o r ’ s theorem  e q u a t i o n s  / 6 . 6 /  can  be w r i t t e n  f o r  t h e  j - t h  
e q u a t io n  by ( u s in g  o n ly  c o n s t a n t  and l i n e a r  t e r m s ) :
d f  (p  _ )
V E) = V e .- i1 * ap Apk + = q i /6 '7/k
where j  r a n g e s  from  1 to  n , k i s  th e  summation in d e x ,  i  i s  th e  
i t e r a t i o n  number, i . e .  i = 1 , 2 , . . .
Comparing / 6 . 7 /  and / 6 . 3 /  i t  i s  o b v io u s  t h a t  b o th  e x p r e s ­
s io n s  a r e  i d e n t i c a l ,  t h e  n o t a t i o n  o n ly  b e in g  d i f f e r e n t .
The c o n c e p t  o f  th e  in c r e m e n ta l  lo a d in g  s t r a t e g y  i s  d e p ic t e d  
in  F ig .  6 .1 .
Loaamc -ncrem*:
P PV r
Fig . 6 .1  Newton-Raphson method.
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6.2 Modified Newton-Raphson method.
The most t im e  consuming p a r t  o f  s o l u t i o n  / 6 i 3 /  i s  
r eco m p u tin g  th e  s t i f f n e s s  m a t r ix  ) f o r  e a c h  i t e r a t i o n .  In
many c a s e s  t h i s  i s  n o t  n e c e s s a r y  and we can  u s e  m a t r ix  from
th e  f i r s t  i t e r a t i o n  o f  th e  s t e p .  T h is  i s  t h e  b a s i c  i d e a  o f  th e  
s o - c a l l e d  M o d if ied  Newton-Raphson method. I t  p ro d u c e s  v e ry  
s i g n i f i c a n t  t im e  s a v in g ,  b u t  on th e  o t h e r  hand , i t  a l s o  c a u s e s  
worse co n v e rg en ce  o f  th e  s o l u t i o n  p r o c e d u re .
T h e r e f o r e  t h i s  s o l u t i o n  scheme i s  s u i t a b l e  f o r  s t r u c t u r e s  
and lo a d in g  f a r  enough from some l o c a l  e x tre m e ,  b i f u r c a t i o n  p o i n t  
e t c .  , where t h e r e  a r e  d i f f i c u l t i e s  to  d e a l  w i th .  An a d d i t i o n a l  
s i m p l i f i c a t i o n  i s  th e  s o - c a l l e d  I n i t i a l  s t i f f n e s s  method i n  w hich 
th e  m a t r ix  K i s  computed o n ly  f o r  th e  f i r s t  l o a d in g  s t e p  and i t e ­
r a t i o n ,  and t h e r e a f t e r  i s  k e p t  c o n s t a n t  f o r  a l l  f o l l o w i n g  s o l u ­
t i o n  s t e p s .
The s i m p l i f i c a t i o n  a d o p te d  i n  t h e  M o d if ied  Newton-Raphson 
method can  be m a th e m a t ic a l ly  e x p re s s e d  by:
KCEj^ )  “  K(pQ) / 6 .  8 /
The m o d if ie d  Newton-Raphson method i s  shown i n  F ig .  6 .2 .  
Comparing F ig .  6 .1  and 6 .2  i t  i s  a p p a re n t  t h a t  t h e  M o d if ied  New­
ton-R aphson  method co n v e rg e s  more s lo w ly  th a n  th e  o r i g i n a l  New­
ton-R aphson  method. On th e  o t h e r  hand one i t e r a t i o n  c o s t s  l e s s  
tim e b e c a u se  i t  i s  n e c e s s a r y  to  a ssem b le  and e l i m i n a t e  t h e  s t i f ­
f n e s s  m a t r ix  o n ly  once . In  p r a c t i c e  a c a r e f u l  b a la n c e  o f  t h e  two 
methods i s  u s u a l l y  ad o p te d  in  o r d e r  to  p ro d u ce  th e  b e s t  p e r f o r ­
mance f o r  a  p a r t i c u l a r  c a s e .  U s u a l ly  we s t a r t  a s o l u t i o n  w i th  th e  
M od if ied  Newton-Raphson method and l a t e r ,  i . e .  n e a r  ex trem e  
p o i n t s ,  s w i tc h  to  th e  o r i g i n a l  p ro c e d u re  to  a v o id  d iv e r g e n c e .
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to r m c
F ig .  6 .2  M o d if ied  Newton-Raphson method.
6 .3  Q uasi-N ew ton method.
The Q uasi-N ew ton method i s  v e ry  s i m i l a r  to  t h e  above methods
and can  be u n d e rs to o d  a s  a compromise be tw een  t im e  c o s t  and con­
v e rg e n c e  p e rfo rm a n c e .  The b a s i c  id e a  i s  t o  m odify  th e  s t i f f n e s s
m a t r ix  K(p^ f o r  e v e ry  i t e r a t i o n  b a sed  n o t  on th e  m echan ica l  
n a tu r e  o f  th e  problem , b u t  on th e  c o n v e rg en ce  b e h a v io r  in  p r e ­
v io u s  i t e r a t i o n s .  For most c a s e s  th e  s o l u t i o n  c o n v e rg e s  much b e t ­
t e r  compared to  th e  M odif ied  Newton-Raphson method and a t  th e  s a ­
me t im e  th e  re c o m p u ta t io n  and r e d e c o m p o s i t io n  o f  K p e r t a i n i n g  to  
the  o r i g i n a l  Newton-Raphson method i s  a v o id e d .  The c r u c i a l  impor­
tan c e  i s  t h e  way K i s  m o d if ie d .
E q u a t io n  / 6 . 3 /  can be r e - w r i t t e n  by:
D Ap = q  -  f ( p  ) / 6 . 9 /i i — 1-1
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where th e  m a t r ix  i s  b a sed  on th e  e q u a t i o n  b e h a v io r  a t  two 
s u c c e s s iv e  p o i n t s  p^ and p ^ :
D (p -  p  ) = f ( p  ) -  f ( p  ) + Ar / 6 . 1 0 /
i - l  i ^ i - l  “  ^1 “  i - l  “
Then f o r  p  => p  , f ( p  ) =* f ( p  ) and Ar => 0.
i ^ i - l  -  -  i - l  “  “
/ 6 . 11/
S u i t a b l e  c a n d id a t e s  f o r  m a t r ix  D must s a t i s f y  e q u a t io n s  
/ 6 . 1 0 /  and / 6 . 1 1 /  and i n  a d d i t i o n  t h e i r  e v a l u a t i o n  b a s e d  on D ,
i - l
Ap  ^ = p^-  p^  ^ (d is p la c e m e n t  in c re m e n t)  and Af^ = f  (p ) -  
= -g .  ( o u t - o f - b a l a n c e  f o r c e s )  must be e a s y .
The s im p l e s t  way to  m odify  m a t r ix  t o  i s  g iv e n  by
th e  f i r s t  o r d e r  change:
[Af -  D Ap 3 uT
— i  i  _ i  —
D = D + ------ -------— --------------- / 6 . 1 2 /
i i - l  T .M Apt
Twhere u i s  a r b i t r a r y  v e c t o r  to  be c h o sen ,  and u Ap^ * 0.
T here  a r e  many c h o ic e s  f o r  u and two o f  t h e  most w id e ly  u sed  
a r e  summarized a s  f o l lo w s :
u = Ap  ^  Broyden method (B),
u = (Af -  D Ap ) .........  D av idson  method (D)
“  “ i i - l
/ 6 . 1 3 /
S u b s t i t u t i n g  / 6 . 1 3 /  i n t o  / 6 . 1 2 /  i t  i s  p o s s i b l e  to  m odify  th e  
m a t r ix  D f o r  e v e ry  i t e r a t i o n ,  w hich a c t u a l l y  s e r v e s  a s  a  r e p l a c e ­
ment o f  t h e  o r i g i n a l  s t i f f n e s s  m a t r ix  K(p^ ) in  / 6 . 3 / .
The most u sed  second  o r d e r  m o d i f i c a t i o n  o f  t h e  m a t r ix  D a r e :  
(where E i s  th e  i d e n t i t y  m a t r ix ) :
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Davidson-Fletcher-Powel method (DFP):
r Af
E  -  _ 1
a T n
n F  _
Ae ,
T .Af 1
“ i
j j
i - l
n< _
AfT L ” 1 AEl J - A E l Af—i  J
Af AfT
+ --------   — / 6 . 1 4 /
ApT Af
“ l “ i
o r  B ro y d e n -F le tc h e r -G o ld fa rd -S h a n n o  method (BFGS):
Af AfT D Af AfT DT
D =  D + _1 _ i  -  i - 1 - 1 . ~ 1- 1~1
i i - l  T T
A p Af A p D p
i —i i i - i  i
U n f o r tu n a t e l y  t h e r e  i s  one e s s e n t i a l  d raw back  common t o  a l l  
Q uasi-N ew ton p r o c e d u r e s  and i t  i s  th e  f a c t  t h a t  th e y  d e s t r o y  th e
s p a r s e  c h a r a c t e r  o f  th e  s t i f f n e s s  m a t r ix .  In  p r a c t i c e  we work
w i th  v e ry  l a r g e  sy s tem s  o f  e q u a t i o n s  and hence  th e  s p a r s e  c h a r a c ­
t e r  o f  m a t r ix  K h a s  a c r u c i a l  im p o r ta n c e .  In  a d d i t i o n ,  t h e  s t i f ­
f n e s s  m a t r ix  i s  sym m etric  and t h i s  p r o p e r t y  i s  a l s o  employed. 
U sing  t h i s  method, th e  above a d v a n ta g e s  a r e  l o s t .  Only D avidson  
and BFGS methods p r e s e r v e  symmetry, b u t  th e  p e n a l t y  i s  a  w orse 
conve rgence  p e rfo rm a n c e .
T h e r e f o r e  i n s t e a d  o f  / 6 . 9 /  we u s u a l l y  r e w r i t e  th e  p rob lem  in  
th e  form:
Afi, = D'1 [g -  f ( E 1_1)] 7 6 .1 5 /
and m a t r ix  i s  i n v e r t e d  o n ly  once ,  i . e .  f o r  th e  f i r s t  
i t e r a t i o n .  Then d u r in g  th e  f o l l o w in g  s o l u t i o n  one o f  t h e  p r e v io u s  
m o d i f i c a t i o n s  o f  m a t r ix  D a r e  a p p l i e d  d i r e c t l y  on D^1 , i . e .  we 
compute d i r e c t l y  Ap  ^ w i th o u t  any d e c o m p o s i t io n  o f  D.
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In  th e  c a s e  o f  th e  second  o r d e r  m o d i f i c a t i o n s  i t  i s  n e c e s ­
s a r y  to  change / 6 . 1 5 /  a p p r o p r i a t e l y 1 . The s p a r s e  c h a r a c t e r  o f  
s t r u c t u r a l  m a t r i c e s  i s  l o s t  i n  any c a s e  and i t  i s  w o r th w h i le  to  
n o te  t h a t  th e  i n v e r s i o n  o f  D i s  a l s o  v e ry  l a b o r i o u s .
A dvan tages  a r e  g a in e d  by u s in g  th e  f i r s t  o r d e r  m o d i f i c a t i o n  
in  w hich c a s e  t h e  m a t r ix  D 1 can  be w r i t t e n  i n  form :i
D-1 = D-l
1
I k=0
/ 6 . 1 6 /
The e x p r e s s io n s  f o r  th e  s c a l a r  and v e c t o r  v^ can  be s e t  
by com paring  / 6 . 1 6 /  w i th  th e  i n v e r t e d  e x p r e s s i o n s  f o r  / 6 . 13 /  
th ro u g h  / 6 . 1 5 / .
Hence u s in g  / 6 . 1 6 /  i t  i s  n o t  n e c e s s a r y  t o  i n v e r t  m a t r ix  Dq , 
b e c au se  we can  w r i t e  d i r e c t l y :
i E . = Aei + F  z* £  [a  ■ i ' V i 5] / 6 - 1 8 /k=0 L J
and Api i s  computed d i r e c t l y  by Gauss e l i m i n a t i o n  s i m i l a r
Note:
XTo i n v e r t  t h e  m a t r ix  from  / 6 . 1 4 /  and / 6 . 1 5 /  t h e  f o l l o w i n g  form u­
l a e  a r e  used :
| a + a  u v j  = A 1 -  0 x zT
x = A 1 u
z = A-1 v
(2 = a f l  + avT A-1 u] / 6 . 1 7 /
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to  t h e  M o d if ied  Newton Raphson method u s in g  m a t r ix  K (p ^ ) .
U n f o r tu n a t e l y  t h i s  method o f  s o l u t i o n  can  be u se d  o n ly  i n  
th e  c a s e  o f  th e  f i r s t  o r d e r  m o d i f i c a t i o n s  o f  D. I t s  u s e  i s  r e l a ­
t i v e l y  s im p le  b e c a u se  i t  i n v o lv e s  s t o r i n g  o n ly  a c o u p le  o f  v e c ­
t o r s  v^ ( i n  s low  memory) and e v a l u a t i n g  t h e i r  s c a l a r  p r o d u c t .  For  
k 2: 4 i t  i s  u s u a l l y  b e t t e r  to  a ssem b le  a new m a t r ix  K and to  
s t a r t  t h e  Q uasi-N ew ton method from th e  b e g in n in g  a g a in ,  i . e . :
D = K(p ) / 6 . 1 9 /o o
Q uasi-N ew ton m ethods r e p r e s e n t  a s i g n i f i c a n t  improvement 
o v e r  th e  M o d if ied  Newton-Raphson method i n  te rm s  o f  c onve rgence  
p e rfo rm a n c e  and t im e  c o s t  b u t  i s  w orse  th a n  th e  f u l l  Newton Raph­
son scheme i n  te rm s  o f  co n v e rg e n c e ,  b u t  n o t  i n  t im e .  Good e x p e ­
r i e n c e  h a s  been  o b ta in e d  e s p e c i a l l y  w i th  t h e  BFGS m o d i f i c a t i o n  
and i t  can  be s a i d  t h a t  f o r  many y e a r s  i t  was t h e  o n ly  p ro c e d u re  
s u i t a b l e  f o r  th e  s o l u t i o n  o f  more d i f f i c u l t  l a r g e  p ro b lem s.  In  
t h e s e  c a s e s  t h e  M od if ied  Newton-Raphson method d iv e r g e d  and th e  
o r i g i n a l  Newton-Raphson method was u n a c c e p ta b l e  b e c a u s e  o f  s o l u ­
t i o n  t im e  c o s t .  In  r e c e n t  t im e s ,  th e  im p o r ta n c e  o f  t h i s  method 
has  d im in is h e d  b e c au se  o f  th e  d i s c o v e r y  o f  A r c - l e n g th  m ethods, 
which a r e  more r e l i a b l e  and r o b u s t  and a t  t h e  same t im e  n o t  a s  
e x p e n s iv e .  N e v e r th e le s s  some a u th o r s  combine th e  A r c - l e n g th  and 
Quasi-N ew ton m ethods i n t o  one s o l u t i o n  scheme and c la im  v e r y  good 
r e s u l t s  i n  th e  c a s e  o f  th e  f i r s t  o r d e r  m o d i f i c a t i o n s  i n  t h e  form 
/ 6 . 16 / .
More in f o r m a t io n  a b o u t  Quasi-N ew ton m ethods can  be found  in  
numerous r e f e r e n c e s ,  e . g .  [24 ] .
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6.4 Arc-length method.
Next to  th e  M o d if ied  Newton-Raphson m ethod, t h e  most- w id e ly  
u sed  method i s  b e g in n in g  to  be th e  A r c - l e n g th  m ethod. T h is  method 
was f i r s t  employed a b o u t  f i f t e e n  y e a r s  ago to  s o lv e  g e o m e t r i c a l l y  
n o n l i n e a r  s t r u c t u r e s .  B ecause o f  i t s  e x c e l l e n t  p e r fo rm a n c e ,  i t  i s  
now q u i t e  w e l l  e s t a b l i s h e d  f o r  g e o m e t r ic  n o n l i n e a r i t y  and f o r  ma­
t e r i a l  n o n l i n e a r i t y  a s  w e l l .  Many w o rk e rs  have been  i n t e r e s t e d  in  
u s in g  and im prov ing  A r c - l e n g th  p r o c e d u r e s .  The work o f  R ik s  [28] 
and C r i s f i e l d  [2 5 ] ,  [2 6 ] ,  [2 7 ] ,  [29] a r e  im p o r ta n t ,  b u t  t h e r e  i s
s t i l l  much to  do.
The main r e a s o n  f o r  th e  p o p u l a r i t y  o f  t h i s  method i s  i t s  
r o b u s t n e s s  and c o m p u ta t io n a l  e f f i c i e n c y  w hich  a s s u r e s  good 
r e s u l t s  even  in  c a s e s  where t r a d i t i o n a l  Newton-Raphson methods 
f a i l .  U sing  an A r c - l e n g th  method s t a b i l i t y  p ro b lem s  such  a s  snap  
back  and snap  th ro u g h  phenomena can  be s t u d i e d  a s  w e l l  a s  
m a t e r i a l l y  n o n l i n e a r  p rob lem s w i th  unsmooth o r  d i s c o n t in u o u s  
s t r e s s - s t r a i n  d iag ra m s .  T h is  i s  p o s s i b l e  due to  t h e  c h an g in g  lo ad  
c o n d i t i o n s  d u r in g  i t e r a t i o n s  w i t h i n  an  in c re m e n t .
The main id e a  o f  t h i s  method i s  w e l l  e x p la i n e d  by i t s  name, 
a r c - l e n g t h .  The p r im a ry  t a s k  i s  to  o b s e rv e  com ple te  l o a d -  
d i s p la c e m e n t  r e l a t i o n s h i p  and n o t  to  a p p ly  a c o n s t a n t  lo a d in g  i n ­
crem ent w hich  i s  d e f in e d  th ro u g h o u t  t h e  lo a d  s t e p  a s  i n  th e  New­
ton-R aphson  method. Hence t h i s  method f i x e s  n o t  o n ly  t h e  lo a d in g  
b u t  a l s o  t h e  d i s p la c e m e n t  c o n d i t i o n s  a t  th e  end o f  a  s t e p .  There  
a r e  many ways o f  f i x i n g  t h e s e ,  b u t  one o f  th e  most common i s  to  
e s t a b l i s h  t h e  l e n g t h  o f  th e  lo a d in g  v e c t o r  and d i s p la c e m e n t  chan­
ges  w i t h i n  th e  s t e p .  Hence th e  name o f  th e  p r o c e d u r e ,  b e c au se  a l l  
a d m is s ib l e  s o l u t i o n s  o f  one lo a d in g  in c re m e n t  must l a y  on an a r c .
From th e  m a th e m a t ic a l  p o i n t  o f  v iew  i t  means t h a t  we must 
in t r o d u c e  an  a d d i t i o n a l  d e g re e  o f  freedom  a s s o c i a t e d  w i th  th e  
lo a d in g  l e v e l  ( i . e .  a problem  h a s  n d i s p la c e m e n t  d e g re e s  o f  
freedom  and one f o r  lo a d in g )  and in  a d d i t i o n  a c o n s t r a i n t  f o r  t h e  
new unknown v a r i a b l e  must be in t r o d u c e d .  The new d e g re e  o f  f r e e ­
dom i s  u s u a l l y  named A. The a r e  many p o s s i b i l i t i e s  f o r  d e f i n i n g
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c o n s t r a i n t s  on A and some o f  t h e s e  a r e  b r i e f l y  rev ie w e d  i n  t h e  
f o l l o w in g .
To d e r i v e  th e  A r c - l e n g th  method we r e w r i t e  t h e  - s e t  o f  
e q u a t i o n s  / 6 . 1 /  i n  form  o f  / 6 . 2 0 / ,  where A d e f i n e s  t h e  new 
lo a d in g  f a c t o r :
Now r e - w r i t t i n g  / 6 . 2 0 /  i n  a  form  s u i t a b l e  f o r  i t e r a t i v e  
s o l u t i o n  th e n :
The n o t a t i o n  i s  e x p la in e d  i n  F ig .  6 .3 .  The m a t r ix  K can  be 
recom puted  f o r  e v e ry  i t e r a t i o n  ( s i m i l a r  to  o r i g i n a l  Newton- 
Raphson method) o r  i t  can  be f i x e d  w i t h i n  one s t e p  f o r  a l l  i t e r a ­
t i o n s  (M odif ied  Newton Raphson method) o r  i t  can  be r e p l a c e d  by 
m a t r ix  D a s  i n  th e  Quasi-N ew ton m ethods. The v e c t o r  g  does  n o t  
mean i n  t h i s  c a se  th e  t o t a l  lo a d in g  a t  th e  end o f  th e  s t e p  b u t  
o n ly  a r e f e r e n c e  lo a d in g  " ty p e " .  The a c t u a l  lo a d in g  l e v e l  i s  a 
m u l t i p l e  o f  t h i s .
The s c a l a r  t? i s  an a d d i t i o n a l  a r t i f i c i a l  v a r i a b l e  whichi- l
i s  u sed  to  a c c e l e r a t e  s o l u t i o n s  i n  c a s e s  o f  w e l l  behaved  
lo a d - d e f o r m a t io n  r e l a t i o n s h i p s  o r  to  damp i t  n e a r  b i f u r c a t i o n  and 
ex trem e  p o i n t s .
K (p) Ap = Ag -  f  (p) / 6 . 20/
K (p) Api = Ag -  f  ( p ^ )  = Ag -  f ^ / 6 . 21/
5i- l  - i - l / 6. 22/
5i- l  —i- l
7 6 .2 3 /
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F ig .  6 .3  The A r c - l e n g th  method n o t a t i o n  and conve rgence  
pe rfo rm a n c e .
A d d i t io n a l  n o t a t i o n  i s  d e f i n e d  a s  f o l lo w s :
O u t - o f - b a la n c e  f o r c e s  i n  i - t h  i t e r a t i o n :
g ( g  ) = g =  f -  A g  = f -  (A +AX )g  / 6 . 2 4 /
m  - i  - i  i - i  i _ i  ^
R.H .S v e c t o r  i n  i - t h  i t e r a t i o n :
RHS = A g - f = A A g - g  / 6 . 2 5 /
 i i “ i - l  i - l  i - l
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U sing  / 6 . 2 2 /  th ro u g h  / 6 . 2 5 /  i n t o  / 6 . 2 1 /  t h e  d e fo r m a t io n  
in c re m e n t  5 can  be c a l c u l a t e d  from:- i - l
8 = RHS = AA g  -  g- i - i   1 - 1  i - r 1 1 -1 / 6 . 2 6 /
H ence:
5 = 6  + AA 5
- 1 - 1  - 1 - 1  i - l - T
where
5 = -K-1 g  and S = K_1g
- i - l  i - i  - T
I t  rem a in s  o n ly  t o  s e t  t h e  a d d i t i o n a l  c o n s t r a i n t  f o r  AAi- i
and 7^ and th e  whole a lg o r i th m  i s  d e f i n e d .  Thus compared to  th e  
Newton-Raphson m ethods i n  w hich we s o lv e  n d im e n s io n a l  n o n l i n e a r  
p rob lem , we now need  to  s o lv e  a (n + 2) d im e n s io n a l  p rob lem , whe­
r e  t h e  f i r s t  n unknowns c o r r e s p o n d  to  d e f o r m a t io n s  and th e  l a s t  
two to  AA and T).i - l
I f  we s e t  f) = 1  th e n  we d e a l  w i th  an  (n  + 1) d im e n s io n a li - i
prob lem . E l s e  an  a d d i t i o n a l  c o n s t r a i n t  must be i n t r o d u c e d ,  u s u a l ­
ly  by th e  L ine  s e a r c h  method. T h is  i s  d i s c u s s e d  l a t e r .  A lso  8  ^ ,
8  ^ and 5^ a r e  o f  o r d e r  (n + 1 ) ,  and th e  (n  + l ) - t h  c o o r d i n a t e ,
which c o r r e s p o n d s  to  th e  lo a d in g  d im e n s io n  A, i s  s e t  t o  z e ro .
Now l e t  ^ i n t r o d u c e  two new 
F ig .  6 .4 .  There  a r e  d e f i n e d  by:
v e c t o r s  t  and 7) a s  shown i n“ i - i  i - i //
t  = Ap + a (A -A ) / 6 . 2 7 /
“ 1 - 1  1 -1  - 1 - 1  - s  t  a r t
and
n = 7) 8 + £ AA / 6 . 2 8 /
“ i - i  - i - l  - i - i
w h e re :
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(3 i s  s c a l a r  t h a t  r e l a t e s  d im e n s io n s  o f  A and d e f o r m a t io n  sp a ce ,
A i s  a  (n + 1) d im e n s io n a l  v e c t o r  w i th  i t s  f i r s t  n - 
- i - l
c o o r d i n a t e s  s e t  to  z e ro  (d e f o r m a t io n  s p a c e )  and i t s  
in + l ) - t h  c o o r d i n a t e  e q u a l  to  A^  i>
A i s  a (n + 1) d im e n s io n a l  v e c t o r  w i th  i t s  f i r s t  n
—s t a r t
c o o r d i n a t e s  s e t  to  z e ro  (d e fo rm a t io n  s p a c e )  and i t s  
( n + l ) - t h  c o o r d i n a t e  s e t  to  A , i . e .  t h e  lo a d  l e v e l
s t a r t
p r i o r  t o  th e  c u r r e n t  lo a d in g  in c re m e n t  was a p p l i e d ,
A^i i i s  a d e fo r m a t io n  v e c t o r  (The 1 - s t  th ro u g h  n - t h  
c o o r d i n a t e s  a r e  n o n z e ro ,  in + l ) - t h  c o o r d i n a t e  e q u a l s  z e ro )
The e n t i t i e s  t  and n a r e  u n d e r s t a n d a b l e  from  F ig u re
- i - i  “ i - i
6 .4 :
/5A
£
F ig . 6 .4  The v e c t o r s  t  , n and s c a l a r  (3.—l —i
197 t
I t  i s  th e n  o b v io u s  t h a t
t  = t  + n / 6 . 2 9 /
—i ~ i - l  “ i - l
A lso  th e  r e s i d u a l  R i s  d e f i n e d  by:
i - i  J
R = t  n / 6 . 3 0 /
i - l  “ i - l  “ i - l
E q u a t io n s  / 6 . 2 6 /  th ro u g h  / 6 . 3 0 /  l e a d  to  t h e  f i n a l  e x p r e s s io n
T Tf o r  t h e  unknown AA ( n o t in g  t h a t  Ap AA = p  * A, = 0 ) :
i - l  6  ^ i - l  - i - l  i - l  - i - l
R -  ApT 5
AA = _ L z j _ _ f l z j _ Z l z 3 ----------------  7 6 .3 1 /
1-1 7) ApT 8 + 02 (A -A )
i - l  - T  i - l  s t a r t
To o b t a i n  u s in g  / 6 . 3 1 / ,  t h e  main p rob lem  i s  how to
compute t h e  r e s i d u a l  R Some o f  t h e s e  a r e  now b r i e f l y  l i s t e d .
6 .4 .1  V e c to r  l i e s  i n  t h e  p l a n e  norm al t o  t^ (Normal
u p d a te  p l a n e  m e th o d ) :
In  t h i s  p a r t i c u l a r  c a se  R = t T n = 0 and th u s  / 6 . 3 0 /
v  i - l  " i - l  “ i - l
l e a d s  t o  :
t  -  Ap 5
AA = ------------- — — — ----------------------- /  6 . 3 2 /
1-1 7} ApT 8 + /32(A -A )
^ i - l  - T  i - l  s t a r t
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t
2F ig .  6 .5  Normal u p d a te  p la n e  f o r  s o l u t i o n  AA^  .
The main a d v a n ta g e  o f  t h i s  method i s  i t s  s i m p l i c i t y .  The 
Normal u p d a te  p l a n e  i s  r e l a t i v e l y  r e l i a b l e ,  b u t  i t  can  f a i l  i f  
th e  A-p d iag ram  su d d e n ly  changes  i t s  s lo p e  o r  t u r n s  back  o r  down
(snap  back  and snap  th ro u g h ) .  N e v e r th e le s s  i f  t h e s e  s p e c i a l  con­
d i t i o n s  a r e  t r e a t e d  by t h i s  method th e n  a v e ry  s i g n i f i c a n t  r e d u c ­
t i o n  i n  s t e p  l e n g t h  i s  u n a v o id a b le .
6 . 4 . 2  C o n s i s t e n t l y  l i n e a r i z e d  method:
The r e s i d u a l  R i s  d e f i n e d  in  t h i s  c a s e  by i- l  J
i - i | cosa=
7 6 .3 3 /
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The s t e p  l e n g t h  s  and a n g le  a  a r e  d e p i c t e d  i n  F ig .  6 .6 .  The 
norm o f  th e  v e c t o r  |t .  i s  c a l c u l a t e d  u s in g  / 6 . 2 7 /  :
I t  I2 = ApT Ap + /32 (A -X )2 / 6 . 3 4 /
'“ I - l 1 i - l  ^ i - l  - i - l  - s t a r t
ength
£
F ig . 6 .6  C o n s i s t e n t l y  l i n e a r i z e d  method f o r  AA^
S u b s t i t u t i n g  / 6 . 3 3 /  and / 6 . 3 4 /  in  / 6 . 3 /  we o b t a i n  th e  f i n a l  
e x p r e s s io n  f o r  AA^  . I t  sh o u ld  be n o te d  t h a t  th e  s c a l a r  s  i s  s e t  
’ a p r i o r i ’ and g o v e rn s  th e  a c t u a l  s t e p  l e n g th .  Of c o u r s e ,  th e  
p ro p e r  c h o ic e  o f  t h i s  p a ra m e te r  i s  e s s e n t i a l  f o r  t h e  s o l u t i o n  and 
t h e r e f o r e  i t  w i l l  be d i s c u s s e d  l a t e r  i n  more d e t a i l .
T h is  method i s  e s p e c i a l l y  s u i t a b l e  f o r  s o l u t i o n s  which 
embrace A-p d iag ram s  w i th  sudden b re a k s  and d i s c o n t i n u i t i e s .  
Thus i t  i s  employed e s p e c i a l l y  f o r  m a t e r i a l l y  n o n l i n e a r  p rob lem s.
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6.4.3 Explicit orthogonal method.
The basic constraint for AA in this case is that It | =i - l  ' “ i - l 1
11. | = s  = i s  some d i s t i n c t  ’a p r i o r i ’ s e t  s t e p  l e n g t h .  S i m i l a r  
to  t h e  p r e v i o u s  method we a l s o  have to  e v a l u a t e  t h e  r e s i d u a l  R. :
R = t  n = t  n c o sai - i  “ i - i  —i- i  1 —i - i 1 ' —i - i 1
= - I t|  M r  | / 6 . 3 5 /' “ i - l  ' ' “ i - l  '
Based on th e  s i m i l a r  t r i a n g l e s ,  t h e  f o l l o w i n g  can  be 
d e r iv e d :
r—i - i |t |' “ i - l 1
p p \ - s  TP' - i - l 1 ' -1
i . e . :
| t  |
i*.-J ■ n i y r  ~ s) / 6 -36/
A f t e r  some t e d i o u s  m a n ip u la t io n  o f  / 6 . 3 5 /  and / 6 . 3 6 /  we
o b t a i n :
-s2(11’ | - s)
R = -----i - i
where / 6 . 3 7 /
t ’ = t  + n ’“ I - i - l  “ i - l
The e n t i t i e s  t ’ and n ’ i p e r t a i n  t o  th e  s o l u t i o n  u s in g  th e  
Normal u p d a te  p la n e  method. W ithou t any a d d i t i o n a l  d e r i v a t i o n  l e t  
us p r e s e n t  th e  e x p r e s s io n  f o r  | t ' | :
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11’ |2= 1t’ 12 + /32 AX2 + 7) 2 |S I1 —i 1 1 “ i -1 1 i - l  1- i - l 1 7 6 . 3 8 /
The v e c t o r  | _ t *  | i s  c a l c u l a t e d  u s in g  /6 .3 4 Z .  By
s u b s t i t u t i n g  th e  above e q u a t i o n s  i n t o  / 6 . 3 1 /  we o b t a i n  th e  f i n a l
e x p r e s s io n  f o r  AA^  .
From th e  above d e r i v a t i o n  i t  i s  c l e a r  t h a t  i n  p r a c t i c e  we a t
ind n ’ and“ i - l
in  o r d e r  t o  s a t i s f y  th e
f i r s t  employ th e  method 6 .4 .1  to  s o lv e  f o r  t ’ anr  j —l - i - i
t h e r e a f t e r we
c o n s t r a i n t  I t  1=i - i  i
c o r r e c t  th e  
I t  I = s .' - i - i 1
AAi- i
Z - i - 1
i —  1
n
■ i - 1
— ^
s t ep ength
B
F ig .  6 .7  E x p l i c i t  o r th o g o n a l  method f o r  AAi- l
T h is  method i s  u s u a l l y  u t i l i z e d  to  a n a ly z e  g e o m e t r i c a l l y  
n o n l in e a r  s t r u c t u r e s ,  p a r t i c u l a r l y  s t a b i l i t y  p ro b le m s.  I t s  main 
f e a t u r e  i s  r o b u s t n e s s  and compared w i th  th e  " c l a s s i c a l "  C r i s f i e l d  
c y l i n d e r  method [29] i t  a v o id s  th e  prob lem  o f  t h e  c h o ic e  o f  th e
p ro p e r  AA r o o t  ( th e  c o n d i t i o n  t  = t  ). I t  i s  r e a c h e d  by ap -i-1 “ i “ i- l  3 y
p ly in g  g e o m e t r i c a l l y  s i m i l a r  t r i a n g l e s  ( s e e  F ig .  6 .7 )  r a t h e r  th an
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d i r e c t  e v a l u a t i o n  o f  th e  s t e p  l e n g t h  t  (w hich l e a d s  t o  q u a d r a t i c  
e q u a t i o n s ) .
As r e g a r d s  c o n v e rg e n c e ,  th e  method i s  co m parab le  to .  method 
6 . 4 . 1 ,  b u t  h a s  th e  a d v a n ta g e  t h a t  i t  p r e s e r v e s  t h e  s t e p  l e n g t h .
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6.4.4 The Crisfield method.
The C r i s f i e l d  method i s  d e r i v e d  d i r e c t l y  from  th e  c o n s t r a i n t  
o f  c o n s t a n t  s t e p  l e n g t h  | |  = f t^  i | = s .  The r e s i d u a l  R^  i s
n o t  u se d  i n  t h i s  c a s e  and we s u b s t i t u t e  e q u a t i o n s  / 6 . 2 1 /  th ro u g h
/ 6 . 2 9 /  s t r a i g h t  i n t o  th e  above c o n s t r a i n t .  I t  l e a d s  to  th e  
f o l l o w in g  e q u a t i o n  f o r  AA^
a AA2 + a AA + a = 0 / 6 . 3 9 /
1 i - l  2 i - l  3
where f o r  t h e  c a se  o f  an  a r b i t r a r y  i t e r a t i o n :
t  8a = 7) S 8 +-£-
1 —T - T  T)
,  A -A .
oTa T s -l. s T s  ^ o2 1-1 start 1a  = 2 Ap 8 + t) 6 5 + 8 --------------------
2 [  i - l  - T  - i - l  —T 7) J
a  = 2 Ap 5 + t / 6 T 8
3  ^ 1 - 1  - i - l  - i - l  - i - l
and f o r  th e  f i r s t  i t e r a t i o n :
a = /32 + v 2 8T 8
1 - T  —T
a = 2/32 (A -  A ) + 2ST 8 t\2
2  i - l  s t a r t  - T  - i - l
o2 t >  ^2 , 2 ? T T 2a = 8 (A - A  ) + t j 5  8 -  s
3 i - l  s t a r t  - i - l  - i - l
The u se  o f  d i f f e r e n t  e q u a t io n s  to  s o lv e  f o r  AA^  i n  t h e  f i r s t  
i t e r a t i o n  and i n  a l l  a d d i t i o n a l  ones  i s  j u s t i f i e d  by th e  
improvement o f  n u m e r ic a l  s t a b i l i t y .  Fo r  t h e  f i r s t  i t e r a t i o n  we 
s im p ly  employ th e  b a s i c  c o n s t r a i n t  f o r  t h i s  m ethod, i . e .  | t  | = 
s .  Fo r  a l l  a d d i t i o n a l  i t e r a t i o n s ,  i t  i s  much more n u m e r i c a l ly  
s t a b l e  t o  c o n s t r a i n  AA by |_t  ^ -  t^ = 0 r a t h e r  th a n  | t  J = s ,  
which i s  i n  f a c t  th e  i d e n t i c a l  e q u a t io n .
E q u a t io n  / 6 . 3 9 /  h a s  g e n e r a l l y  two r o o t s  AA^  i and hence  we 
must d e c id e  w hich o f  them to  u s e .  O b v io u s ly  two v a lu e s  o f  AA, i
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a r e  accom panied  by two v e c t o r s  ( s e e  eq . 6 .2 8  and 6 .2 9 ) .  The
s i t u a t i o n  i s  shown in  F ig u re  6 .8  :
S e v e r a l  recom m endations  a r e  a v a i l a b l e  on how to  choose  th e  
s u i t a b l e  AA^  r o o t .  These a r e  g e n e r a l l y  b a sed  on th e  p a th  o f  
p r e v io u s  d e fo r m a t io n s .  Some o f  t h e s e  were checked  in  t h i s  work
t h a t  cos© i s  p o s i t i v e  ( f o r  0, se e  F ig .  6 . 8 ) .  In  o t h e r  words th e  
re q u i re m e n t  i s  t h a t  th e  a n g le  betw een t  and t  i s  a c u te  o r
i i - l
t h a t  t h e i r  s c a l a r  p ro d u c t  i s  p o s i t i v e .
U n f o r tu n a t e l y  i t  can som etim es happen t h a t  th e  above c o n d i ­
t i o n  i s  s a t i s f i e d  e i t h e r  f o r  b o th  r o o t s  o r  n e i t h e r .
In  t h e  fo rm e r  c a se ,  th e  b e t t e r  c h o ic e  i s  u s u a l l y  t h e  r o o t  
which i s  most c lo s e  to  th e  l i n e a r  s o l u t i o n ,  i . e .
F ig .  6 .8  The c h o ic e  o f  th e  p r o p e r  AA^  i r o o t .
and th e  most r e l i a b l e  was found to  be when AA was chosen  so
i - l
a
AA 3 /6.40/i - l ,  1 in a2
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In  t h e  l a t t e r  c a s e  i t  i s  recommended t h a t  th e  r o o t  c l o s e s t  
to  t h e  a c u te  a n g le  c o n s t r a i n t  i s  chosen . I t  s h o u ld  be n o te d ,  
however t h a t  t h i s  c a s e  i s  v e ry  r a r e  and u s u a l l y  s i g n a l s  t h a t  
t h e r e  i s  som e th ing  wrong ( s o l u t i o n  o u t  o f  t h e  c o n v e rg e n c e ,  nume­
r i c a l  d i f f i c u l t i e s ,  v i o l a t i o n  o f  some g e n e r a l  m ec h a n ic a l  p r i n c i ­
p l e  e t c . ) .  In  t h i s  s i t u a t i o n ,  th e  r e l i a b l e  remedy i s  u s u a l l y  to  
d e c r e a s e  th e  s t e p  l e n g th .
The s t e p  l e n g t h
The p r o p e r  s t e p  l e n g t h  i s  o f  e s s e n t i a l  im p o r ta n c e  f o r  good 
e x e c u t io n  p e rfo rm a n c e .  I t  d i r e c t l y  i n f l u e n c e s  t h e  co n v e rg en ce  
r a d i u s  on th e  one hand and th e  number o f  r e q u i r e d  s t e p s  on th e  
o t h e r .  Hence i f  s  i s  to o  b ig ,  th e  s o l u t i o n  d i v e r g e s ,  i f  i t  i s  too  
sm a l l  th e  c o m p u ta t io n a l  c o s t  i s  e x c e s s iv e  b e c a u se  th e  d iag ram  A-p 
i s  t r a c e d  i n  u n n e c e s s a ry  d e t a i l .  Hence much c a r e  must be p a id  i n  
s e t t i n g  a v a lu e  f o r  s .
The l i t e r a t u r e  p r o v id e s  numerous ways f o r  e s t i m a t i n g  s .  
These a r e  u s u a l l y  b a sed  on p r e v io u s  co n v e rg en ce  p e rfo rm a n c e  and 
on th e  v a lu e  o f  B e rg a n ’ s s t i f f n e s s  p a ra m e te r  [1 8 ] .  U n f o r tu n a t e l y  
none o f  t h e s e  a r e  100 p e r  c e n t  r e l i a b l e  and th u s  i t  i s  b e t t e r  to  
e n t r u s t  more to  th e  p r o f e s s i o n a l  judgm ent o f  t h e  a n a l y s t  u s in g  
th e  A r c - l e n g th  method.
Based on th e  a u t h o r ’ s e x p e r ie n c e  i t  i s  a good id e a  t o  s e t  s  
so t h a t  th e  a n a l y s i s  o f  th e  s t r u c t u r e  e x h i b i t s  some A-p d iag ram  
d i f f i c u l t i e s  a f t e r  a p p ro x im a te ly  3 - 4  s o l u t i o n  s t e p s .  T h is  
a p p ro ach  to  th e  prob lem  i s  o f  c o u rs e  a l s o  n o t  t o t a l l y  s a t i s f a c t o ­
ry  b u t  may be b e t t e r  th a n  th e  b l i n d  f o l lo w in g  o f  some u n s u i t a b l e  
fo rm u la e .
D uring  e x e c u t io n  i t  i s  a l s o  im p o r ta n t  to  know a t  what 
p a r t i c u l a r  p a r t  o f  a A-p d iag ram  th e  s o l u t i o n  i s  and to  change s  
a c c o r d in g ly .
In  p r a c t i c e  th e  f o l l o w in g  sequence  i s  u s u a l l y  recommended:
1 /  S e t  lo a d in g  v e c to r  q  and th u s  d e f i n e  t h e  ty p e  o f  l o a d in g .
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2 /  Compute Aq so t h a t  a f t e r  3 - 4  lo a d  in c r e m e n ts  AqC[ th e  "dan­
g e ro u s"  p a r t  o f  A-q d iag ram  can  be e x p e c te d .  The s t e p  l e n g t h  i s  
th e n  g iv e n  by:
s  = A 5T 8 / 6 . 4 1 /
0 —T -T
where t h e  e x p r e s s io n  / 6 . 4 1 /  i s  d e r i v e d  from  / 6 . 2 6 /  f o r  | J  = 0, 
i . e .  i t  i s  assumed t h a t  a t  th e  b e g in n in g  o f  s t e p  t h e  s t r u c t u r e  i s  
i n  e q u i l i b r i u m .
The s t e p  l e n g t h  can  be f i x e d  f o r  a l l  s t e p s  o r  p r e f e r a b l y  i t  
can  be a d j u s t e d  f o r  e v e ry  new s t e p  w i th  r e s p e c t  t o  t h e  p r e v io u s  
c o n v e rg en ce  p e rfo rm a n c e .  Some o f  t h e  p o s s i b i l i t i e s  a r e  a s  f o l ­
lows:
n
a /  s  = i
i - l  sn i - i
b /  s
4 / 1
=  / E = L
i V n Si - i 7 6 .4 2 /
c /  s  = J — —  
1 / n i - i i - l
w h e re :
s  ^ and s  ^ a r e  new and l a s t  s t e p  l e n g t h  s ,  
n  i s  number o f  i t e r a t i o n  r e q u i r e d  to  r e a c h  co n v e rg en ce
in  l a s t  s t e p ,  c o r r e s p o n d in g  to  , 
n i s  d e s i r e d  number o f  i t e r a t i o n s  p e r  s t e p ,  u s u a l l y  5 to  6.
I t  i s  a p p a re n t  t h a t  e x p r e s s io n s  a /  and b /  te n d  t o  keep  f i x e d  
lo a d in g  in c re m e n ts .  For poo r  c onve rgence  and many i t e r a t i o n s ,  th e  
AA f a c t o r  d e c r e a s e s  and hence  to  e l i m i n a t e  t h i s ,  i t  i s  n e c e s s a r y  
to  i n c r e a s e  th e  i n i t i a l  s t e p  l e n g th .  T h is  c a u s e s  a  l a r g e r  i n i t i a l
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AA, b u t  b e c a u s e  o f  th e  above, i t  d e c r e a s e s  d u r in g  i t e r a t i o n s  and 
a t  t h e  end o f  i t e r a t i n g ,  a good v a lu e  o f  AA i s  o b t a in e d .
The s t r a t e g y  f o r  th e  l a s t  e x p r e s s io n  c /  h a s  q u i t e  t h e  oppo­
s i t e  c h a r a c t e r .  I f  t h e r e  a r e  d i f f i c u l t i e s  w i th  c o n v e rg e n c e ,  i . e .  
th e  v a lu e  o f  n i s  i n c r e a s i n g ,  th e  s t e p  l e n g t h  i s  d e c r e a s e d .
i - l
Hence i t  m a in ta in s  a n e a r l y  c o n s t a n t  d e f o r m a t io n  in c re m e n t  r a t h e r  
th a n  lo a d  in c re m e n ts  a s  i n  a /  and b / .  Based on p r a c t i c a l  expe ­
r i e n c e  th e  l a s t  e x p r e s s io n  seems to  be t h e  b e s t  one ( a p a r t  from 
some s p e c i a l  c a s e s ) .  D e c re a s in g  s  im proves c o n v e rg e n c e  and i t  
seems q u i t e  r e a s o n a b le  t h a t  in  th e  c a s e  o f  p ro b le m s  w i th  c o n v e r ­
gence  one sh o u ld  t r y  to  improve i t  by d e c r e a s i n g  s .  On th e  o t h e r  
hand i t  s h o u ld  be n o te d  t h a t  e x p r e s s io n  a /  and b /  can  som etim es 
h e lp  i n  p a s s i n g  some ex trem e  p o i n t s  e t c .
I t  rem a in s  t o  add t h a t  t h e  r e s u l t  o f  u s in g  6 . 4 . 3  and  6 . 4 . 4  
c o n s t r a i n t s  f o r  AA p r o v id e s  i d e n t i c a l  s o l u t i o n s .  The C r i s f i e l d  
method i s  s l i g h t l y  more r o b u s t  b u t  c o s t s  more t im e  and one h a s  to  
d e a l  w i th  th e  d i f f i c u l t i e s  o f  c h o o s in g  th e  p r o p e r  AA r o o t .
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6.5 Line search method
T h is  method can  be u se d  e i t h e r  q u i t e  in d e p e n d e n t ly  ( - i .e .  in  
c o n ju n c t io n  w i th  some Newton-Raphson method) o r  s im u l ta n e o u s ly  
w i th  t h e  above A r c - l e n g th  method. In  t h i s  c a s e  t h e  p a ra m e te r  A i s  
c o n s t a n t  d u r in g  a l l  L ine  s e a r c h  i t e r a t i o n s .
The o b j e c t i v e  o f  t h i s  method i s  to  c a l c u l a t e  t h e  p a ra m e te r  7) 
t h a t  was u se d  i n  p r e v io u s  e x p r e s s io n s  and w hich  p r e v i o u s l y  was 
assumed f o r  th e  sake  o f  s i m p l i c i t y  to  be e q u a l  to  one.
The p r im a ry  r e a s o n  f o r  i n t r o d u c in g  a new p a ra m e te r  i n  th e  
e q u a t i o n s  i s  to  a c c e l e r a t e  o r  to  damp th e  speed  o f  a n a l y s i s  o f  
th e  lo a d - d i s p l a c e m e n t  r e l a t i o n s h i p .  The s e c o n d a ry  r e a s o n  i s  t h a t  
i t  can  be u se d  a s  a v e ry  a d v a n ta g e o u s  c r i t e r i o n  to  t r a c e  th e  
c o n v e rg en ce  p r o p e r t i e s  o f  a n a ly z e d  s t e p s .
The b a s i c  id e a  u sed  to  d e r i v e  th e  7) v a lu e  i s  m in im iz a t io n  o f  
th e  work done by o u t - o f - b a l a n c e  f o r c e s  on th e  d i s p la c e m e n t  i n c r e ­
ment. T h is  work can  be u sed  a s  a c r i t e r i o n  to  e v a l u a t e  c o n v e rg e n ­
ce q u a l i t i e s .  I f  i t  i s  s m a l l ,  th e n  th e  s o l u t i o n  c o n v e rg e s  w e l l ,  
i f  t h e  work i s  n e a r l y  th e  same a s  i t  was b e f o r e  t h e  c u r r e n t  i t e ­
r a t i o n  o r  even  l a r g e r ,  i t  s i g n a l s  t h a t  som e th ing  i s  wrong and we 
can e x e c u te  th e  a p p r o p r i a t e  a c t i o n s  to  improve c o n v e rg e n c e .
L e t u s  assume t h a t  we have a l r e a d y  s o lv e d  two p o i n t s  pQ and 
p + t)’ S, and th u s  we have a l s o  c a l c u l a t e d  o u t - o f - b a l a n c e  f o r c e s  
£(Eq ) and + 7)’ 5) a t  t h e s e  p o i n t s .  The aim o f  t h i s  method i s
to  s e t  th e  p a ra m e te r  7) so t h a t  th e  work b e in g  done by o u t - o f -  
b a la n c e  f o r c e s  a t  p o i n t  p  = pQ + 7)5 i s  m in im al.
F o r  th e  work o f  o u t - o f - b a l a n c e  f o r c e s  we can  w r i t e  th e  
f o l l o w in g  e x p r e s s io n :
■o
minimum / 6 . 4 3 /
The g iv e n  c o n s t r a i n t  f o r  7) l e a d s  to :
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a » te ) = o
d i )
a
ap
T 3]d
97) = 0
7 6 .4 4 /
Now l e t  u s  l i n e a r l y  i n t e r p o l a t e  t h e  o u t - o f - b a l a n c e  f o r c e s  g  
be tw een  p o i n t s  pQ and + 7 )’ 5:
g ( p o+ 7 )5 )  = g ( p Q) +
f k (q0 + -n'8) -  sCEq) 1
1=0 + ^  -  Eq I
l v  ^  -  Eol”
KCE,, + D’ S) -  
■ +  T'---------------  ”
In  a d d i t i o n :
B = no + 7)5
and
7 6 .4 5 /
SB- = 59t) 7 6 .4 6 /
S u b s t i t u t i n g  / 6 . 4 6 /  i n  / 6 . 4 5 /  and / 6 . 4 4 /  t h e  f i n a l  form  f o r
th e  c a l c u l a t i o n  o f  p a ra m e te r  tj can  be d e r iv e d :
g (E Q) 5
g ( p o )T5 -  g ( p Q + t)’ 5 ) T 5
7 6 .4 7 /
Hence, u s in g  th e  L ine  s e a r c h  method th e  a lg o r i t h m  o f  th e  
s o l u t i o n  i s  a s  f o l lo w s :
-  Use any o f  th e  p re c e d in g  methods to  c a l c u l a t e  d i s p la c e m e n t  
in c re m e n t  5 ( i . e .  t h e  t o t a l  d i s p la c e m e n t  o f  t h e  s t r u c t u r e  changes 
from pQ to  pQ+ 7)’ 5 ) .  In  t h i s  p h a s e ,  p a ra m e te r  7)’ can  be s e t  from 
th e  l a s t  L ine  s e a r c h  i t e r a t i o n  o r  s im p ly  s e t  e q u a l  one.
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-  Fo r  b o th  p o i n t s  c a l c u l a t e  o u t - o f - b a l a n c e  f o r c e s ,  i . e .
g (p  ) and g ( p  + V  5 ) .  o o —
-  U sing  fo rm u la  / 6 . 4 7 /  c a l c u l a t e  new 7) p a ra m e te r .
-  Due to  ou r  s i m p l i f i c a t i o n  ( l i n e a r  r e g r e s s i o n  o f  o u t - o f -  
b a la n c e  f o r c e s  g )  e q u a t io n  / 6 . 4 4 /  may n o t  be s a t i s f i e d  a c c u r a t e l y  
and i t  m igh t be n e c e s s a r y  to  r e p e a t  th e  above s t e p s .  Hence / 6 . 4 4 /  
i s  checked  and i f  th e  d e s i r e d  co n v e rg en ce  i s  r e a c h e d  a new 
d i s p la c e m e n t  o f  th e  s t r u c t u r e  + T) 5 can  be c a l c u l a t e d .
-  I f  n o t ,  t h e  whole p ro c e d u re  must be r e p e a t e d .  F o r  t h e  two
i n i t i a l  p o i n t s  th e  c u r r e n t  s o l u t i o n ,  i . e .  p o i n t  + 7)8 and
e i t h e r  p o i n t  p Q o r  p Q + 7)’8,  ( u s u a l l y  a r e  u se d .  A cco rd ing  to  
t h i s  c h o ic e  i t  i s  n e c e s s a r y  to  m odify  / 6 . 4 7 /  (w hich  i s  w r i t t e n  
f o r  p o i n t  p Q).
The e x a c t  s a t i s f a c t i o n  o f  / 6 . 4 4 /  i s  v e ry  d i f f i c u l t  and t h e ­
r e f o r e  a s u i t a b l e  c r i t e r i o n  must be d e r i v e d  to  c u t  o f f  L ine  
s e a r c h  i t e r a t i o n s .  I f  th e  method i s  u sed  s e p a r a t e l y ,  th e n  th e  
work o f  t h e  o u t - o f - b a l a n c e  f o r c e s  can  be r e l a t e d  t o  t h e  work due 
to  t h e  e x t e r n a l  lo a d in g .  I f  t h e  method i s  u sed  i n  c o n ju n c t io n
w i th  t h e  A r c - l e n g th  method, i t  i s  recommended t h a t  t h e  L in e -
| g ( p Q + 7)8) |
s e a r c h  i t e r a t i n g  i s  f i n i s h e d  i f   g ( p  )-----------  < ” 0 - 8 ,  i . e .
t h e r e  i s  a p p ro x im a te ly  a 40% d e c r e a s e  i n  th e  work b e in g  done by
th e  o u t - o f - b a l a n c e  f o r c e s  d u r in g  th e  c u r r e n t  i t e r a t i o n .  T h e re ­
a f t e r  e x e c u t io n  c o n t r o l  i s  r e t u r n e d  to  th e  A r c - l e n g th  s o l u t i o n  
schem e.
P r a c t i c a l  e x p e r ie n c e  s u g g e s t s  t h a t  th e  v a lu e  o f  p a ra m e te r  7) 
sh o u ld  be l i m i t e d  w i t h i n  a g iv e n  ra n g e .  Good r e s u l t s  have been  
a c h ie v e d  u s in g :
7) e  < 0. 1 ; 10. > / 6 . 4 8 /
Sometimes d i f f i c u l t i e s  a r e  e x p e r ie n c e d  w i th  c o n v e rg e n c e  o f  
th e  L ine  s e a r c h  and th u s  i t  i s  u s e f u l  to  s u p p o r t  t h i s  p o s s i b i l i t y  
in  t h e  s o l u t i o n  a lg o r i th m  so t h a t  t h e  L ine  s e a r c h  i s  e x e c u te d  
on ly  f o r  one i t e r a t i o n  o r  i s  used  o n ly  to  e v a l u a t e  th e  o v e r a l l  
convergence  r a t e .
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6.6 Parameter (3^
As a l r e a d y  m en tio n ed ,  th e  p a ra m e te r  £ s c a l e s  t h e  d e fo r m a t io n  
sp a ce  p  to  t h e  l o a d in g  d im e n s io n  A. The s e n s e  o f  t h e  p a ra m e te r  13 
can  be d e m o n s t ra te d  on th e  C r i s f i e l d  c o n s t r a i n t  f o r  AA.
I f  |3 = 0, th e  s o l u t i o n  f o r  AA i s  s e a r c h e d  f o r  on th e  a r e a  o f  
a c y l i n d r i c a l  shape  o f  r a d i u s  s  ( th e  s t e p  l e n g t h )  and th e  a x i s  
norm al to  t h e  p  ( d e fo rm a t io n )  sp a c e .  The s o l u t i o n  i s  t h e  p o i n t  o f  
i n t e r s e c t i o n  o f  t h i s  a r e a  and th e  l i n e ,  d e f i n e d  by th e  e n e rg y  
g r a d i e n t s  o f  s t r u c t u r e  and by th e  a p p l i e d  lo a d  a t  p o i n t  pQ.
I f  £ = 1, th e  shape  o f  th e  c y l i n d r i c a l  a r e a  i s  changed  to  an 
e l l i p s o i d  (o r  in  s p e c i a l  c a s e s  to  a s p h e r e ) .
Based on th e  a u t h o r ’ s e x p e r ie n c e  f o r  t h e  c a s e  when £ = 0 th e  
A - p  d iag ram  i s  a n a ly z e d  more c o a r s e l y  th a n  i f  (3 i s  l a r g e .  T h is  
i s  q u i t e  a p p a re n t  i f  one r e a l i z e s  t h a t  f o r  £ = 0 t h e  s i z e  o f  
changes  in  t h e  lo a d in g  sp ace  i s  n e g le c t e d  and th u s  t h e  u s e r  d e f i ­
ned s t e p  l e n g t h  s  i s  f u l l y  a v a i l a b l e  f o r  changes  i n  d e fo r m a t io n  
s p a c e .
I f  th e  p a ra m e te r  13 i s  to o  b ig ,  t h e  "w e ig h t  f a c t o r "  o f  
changes  i n  lo a d in g  sp a ce  i s  so h ig h  t h a t  th e y  c a n ’ t  be  a c h ie v e d .  
Thus th e  A r c - l e n g th  method d e g e n e r a te s  to  t h e  Newton-Raphson 
method.
A s u i t a b l e  c h o ic e  o f  (3 and i t s  changes  d u r in g  th e  e x e c u t io n  
a r e  now d i s c u s s e d .  U n l ik e  th e  c a se  o f  th e  A r c - l e n g th  m ethod, t h e ­
r e  i s  a l a c k  o f  a v a i l a b l e  i n fo r m a t io n  f o r  d e a l i n g  w i th  t h e  £ p a ­
ra m e te r .  T heypare  some recom m endations  u s u a l l y  b a sed  on th e  v a lu e  
o f  B e rg a n ’ s s t i f f n e s s  p a ra m e te r ,  b u t  t h e s e  a r e  a p p l i c a b l e  o n ly  
f o r  v e ry  s im p le  sy s tem s  ( e .g .  s t r u c t u r e s  c r e a t e d  by e l a s t i c  
s p r i n g s  e t c . ) .  A l l  t h e  f o l lo w in g  s u g g e s t i o n s  a r e  b a se d  on th e  
a u t h o r ’ s p r a c t i c a l  e x p e r ie n c e  in  s o lv i n g  numerous t e s t  p rob lem s. 
T h e re fo re  i n  th e  a lg o r i th m  p r e s e n t e d  i n  th e  n e x t  s e c t i o n ,  t h e r e  
i s  a l s o  th e  p o s s i b i l i t y  o f  a d j u s t i n g  th e  f3 p a ra m e te r  m an u a lly .
B es t  r e s u l t s  were o b se rv e d  i f  th e  s i z e  o f  d e fo r m a t io n  sp ace  
was a p p ro x im a te ly  th e  same a s  th e  s i z e  o f  th e  l o a d in g  d im e n s io n .  
Hence th e  p a ra m e te r  /3 i s  e s t im a te d  by:
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AA 6O ■ —T ■13 = (3 = 4 ^ -  / 6 . 4 9 /ref AA
i . e .  /3 i s  b a sed  on th e  a s su m p t io n s  t h a t  a t  t h e  f i r s t  lo a d in g
s t e p  th e  norm o f  th e  d i s p la c e m e n t  in c re m e n ts  and "A change" ( i . e .
AA ) a r e  i d e n t i c a l ,  o
D uring  th e  s u b s e q u e n t  s t e p s  th e  p a ra m e te r  13 i s  a d j u s t e d  a s  
f o l lo w s :
3
/3 = . ,  . AA / 6 . 5 0 /
i - l
where lAp^ 1 | anc* AA^  a r e  changes  i n  d e f o r m a t io n s  and lo a d ­
in g  due to  t h e  p r e v io u s  lo a d in g  in c re m e n t  r e s p e c t i v e l y .  T h is  en ­
s u r e s  a p p ro x im a te ly  t h e  same s c a l e  f o r  t h e  s u b s e q u e n t  lo a d  i n c r e ­
m ents .
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6.7 The new solution algorithm.
The new a lg o r i th m ,  which w i l l  be now p r e s e n t e d ,  com bines a l l  
th e  m ethods a l r e a d y  d i s c u s s e d  to  c r e a t e  a  s o l u t i o n  scheme w hich 
f a c i l i t a t e s  a l l  o f  t h e i r  p a r t i c u l a r  a d v a n ta g e s .  In  com parison  
w i th  o t h e r  s i m i l a r  s e t s  o f  s o l u t i o n  schemes th e  p r e s e n t  a lg o r i th m  
i n c o r p o r a t e s  th e  i n f l u e n c e  o f  t h e  lo a d in g  s p a c e  d im e n s io n  (A co­
o r d i n a t e )  and new s u g g e s t i o n s  f o r  th e  b e s t  a d ju s tm e n t  o f  /3 f a c ­
t o r .
These  were d e v e lo p e d  in  F o r t r a n  77 program  codes  f o r  t h e  c a ­
s e s  o f  t h e  f r o n t a l  s o l u t i o n  t e c h n iq u e  and f o r  band s o l u t i o n  t e c h ­
n iq u e  w i th  v a r i a b l e  sky l i n e .  A more d e t a i l e d  d e s c r i p t i o n  o f  a l l  
codes  w i l l  be g iv e n  l a t e r ,  h e re  th e  t h e o r e t i c a l  background  and 
th e  f lo w  c h a r t  w i l l  be p r e s e n t e d .  P r a c t i c a l  d e m o n s t r a t io n s  and 
Benchmark t e s t s  a r e  a l s o  d i s c u s s e d  l a t e r .
The main id e a  o f  th e  scheme i s  to  combine d i f f e r e n t  methods 
to  p r o v id e  a s o l u t i o n  p r o c e d u re  w hich  on r u n - t im e  b a s i s  c h o o ses  
a u t o m a t i c a l l y  t h e  most e f f e c t i v e  s o l u t i o n  s t r a t e g y .  The d e c i s i o n  
i s  b a se d  on th e  conve rgence  b e h a v io r  from p r e v i o u s  s t e p s .  I t  a l s o  
o p t im iz e s  th e  s t e p  l e n g th ,  /3 s c a l e  f a c t o r  and 17 p a ra m e te r .
I t  i s  a p p a re n t  t h a t  no recom m endation  f o r  a d j u s t i n g  o f  
th e  e x e c u t io n  p a ra m e te r s ,  which a r e  u s u a l l y  b a sed  on e m p i r i c a l  
fo rm u la e ,  a r e  a p p l i c a b l e  f o r  e v e ry  c a s e .  Hence g r e a t  c a r e  was g i ­
ven i n  programming t h i s  method to  e n a b le  u s e r  a d ju s tm e n t s  d u r in g  
th e  e x e c u t io n .  The s im p le s t  example i s  th e  s e t t i n g  o f  maximum 
number o f  i t e r a t i o n s  p e r  lo a d in g  s t e p .  I f  i t  i s  s e e n  t h a t  th e  
conve rgence  c r i t e r i o n  i s  n e a r l y  s a t i s f i e d  b u t  th e  maximum number 
o f  i t e r a t i o n s  i s  a l r e a d y  re a c h e d ,  th e n  i t  i s  b e t t e r  to  i n c r e a s e  
th e  t h r e s h o l d  f o r  th e  number o f  i t e r a t i o n s  and l e t  e x e c u t io n  s u c ­
c e s s f u l l y  f i n i s h  (and f o r  example s l i g h t l y  d e c r e a s e  t h e  s t e p  
l e n g t h  f o r  th e  n e x t  lo a d in g  s t e p s )  th a n  to  t e r m in a t e  th e  whole 
s o l u t i o n  and r e p e a t  e v e r y th in g  once a g a in .  Many r u n - t im e  changes  
a r e  t h e r e f o r e  i n c o r p o r a t e d  in  b o th  s o l v e r s  f r o n t a l  and band s t r a ­
teg y .
214
I t  s h o u ld  be a l s o  n o te d  t h a t  u n l i k e  th e  o r i g i n a l  Newton- 
Raphson m ethods, a p roblem  o f  n + 2 d im e n s io n s  i s  s o lv e d .  Some 
a u th o r s  s u g g e s t  i n c o r p o r a t i n g  th e  a d d i t i o n a l  two e q u a t i o n s  d i ­
r e c t l y  in  t h e  s t i f f n e s s  m a t r ix  ( e . g .  R ik s )  b u t  i n  t h e  p r e s e n t  
work th e  n d e fo r m a t io n  d e g re e s  o f  freedom  a r e  s o lv e d  f i r s t  and 
t h e r e a f t e r  one e q u a t i o n  f o r  X p a ra m e te r  and one e q u a t i o n  f o r  7) 
p a ra m e te r  a r e  s o lv e d  s e p a r a t e l y .  T h is  t e c h n iq u e  i s  employed e . g .  
by C r i s f i e l d  e t c .
I t  i s  known t h a t  th e  fo rm er  ap p ro a c h  g i v e s  b e t t e r  r e s u l t s .  
However t h i s  i s  c o u n te r b a la n c e d  by a s l i g h t l y  more c o m p l ic a te d  
f low  c h a r t  o f  th e  s o l u t i o n  and th e  f a c t  t h a t  i t  c a u s e s  v i o l a t i o n  
o f  symmetry o f  t h e  p rob lem  (which i s  much more s e r i o u s ) .
The b e s t  way to  u n d e r s t a n d  th e  d e v e lo p e d  s o l u t i o n  scheme i s  
to  f o l l o w  th e  f lo w  c h a r t  in  F ig .  6 .9 :
The f o l l o w i n g  n o t a t i o n  i s  u sed :
d ! = AE
Td = Ap 
4 1
8
- 1  - i - l
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The above c o n s t a n t s  a r e  u se d  to  c a l c u l a t e  t h e  new X and tj 
p a r a m e te r s .  The d e t a i l e d  e x p r e s s io n s  t o  compute X, tj and Ap  ^
were g iv e n  i n  th e  p r e v io u s  s e c t i o n s .
The p r e s e n t  method p r o v id e s  much b e t t e r  c o n v e rg e n c e  th a n  th e  
Newton-Raphson f a m i ly  o f  p r o c e d u r e s ,  and i s  a l s o  b e t t e r  th a n  th e  
s o l u t i o n  schemes b a sed  on a s i n g l e  A r c - l e n g th  b e c a u s e  i t  i s  p o s ­
s i b l e  to  employ th e  most s u i t a b l e  form o f  c o n s t r a i n t  f o r  AX.
A lso , m a t r ix  K can be c a l c u l a t e d  and i t s  t r i a n g u l a t i o n  
p e rfo rm e d  f o r  t h e  f i r s t  s t e p  and i t e r a t i o n  o n ly  ( i . e .  t h e  I n i t i a l  
s t i f f n e s s  m ethod) ,  a t  th e  b e g in n in g  o f  e v e ry  lo a d  in c re m e n t  ( i . e .  
th e  M o d if ied  Newton-Raphson method) o r  a t  e v e ry  i t e r a t i o n  ( i . e .  
th e  o r i g i n a l  Newton-Raphson m ethod). In  a d d i t i o n  i t  i s  a l s o  
p o s s i b l e  to  recom pute  K e v e ry  second  i t e r a t i o n  and i n  t h e  c a s e  o f  
s t r u c t u r a l  u n lo a d in g  ( i . e .  a t  t h e  p o i n t  o f  p r o b a b le  d i f f i c u l t i e s ) .
I Entry |
noyes
New i t e r a t i o n
C a l c u l a t e  3
C a l c u l a t e  5
- t
Update  d i s p la c e m e n ts
C a l c u l a t e  i n t e r n a l  f o r c e s
1. s t e p . o r . ( . n o t . C r i s f i e l d )  ?
E s t im a te  t) (1 o r  from  l a s t  s t e p )
In p u t  d a t a  ( d e s i r e d  c o n v e rg e n c e  . . . )
A d ju s t  s  and AA , (n o t  f o r  C r i s f i e l d )
f o r c e s  from  d a t a  f i l e
Read i n t e r n a l
C a l c u l a t e  o u t - o f - b a l a n c e
f o r c e s
F ig .  6 .9  S o l u t i o n  f lo w  c h a r t  ( p a r t  1)
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S o l u t i o n  c o n t .
no y e s
no y es
yes no
yes no
noyes
New i t e r a t i o n
Update  7)
L ine  s e a r c h ?
P r i n t  r e s u l t s
Next i t e r a t i o n
Update  d i s p la c e m e n t
L ine  s e a r c h  c o n v e rg e s?
C a l c u l a t e  d
C a l c u l a t e  e
E r r o r  r e t u r n
Convergence  check  O.K. ?
I n c r e a s e  max. mum. o f  i t e r . ?
i  ^ max. number o f  i t e r a t i o n ?
S u c c e s f u l  r e t u r n
Change e x e c u t io n  
p a ra m e te r s
Update  d i s p la c e m e n t  
and A
C a l c u l a t e  new AA
1 0 .4 .1 1 0 .4 .4
a c c o r d in g
and c a l c u l a t e  new i n t e r n a l
U pdate  d i s p la c e m e n t
f o r c e s
Fig. 6.9 Solution flow chart (part 2).
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6.8 Final remarks on nonlinear solution schemes.
F i n a l l y  i t  i s  n e c e s s a r y  to  d i s c u s s  one o f  t h e  most d i f f i c u l t  
p rob lem s w hich i s  u n f o r t u n a t e l y  common to  a l l  n o n l i n e a r
p r o c e d u r e s ,  i . e .  u n iq u e n e s s  o f  r e s u l t s  and th e  g u a r a n t e e  t h a t  th e  
l e a s t  e n e rg y  s o l u t i o n  has  been  found .
I t  i s  u n f o r t u n a t e  t h a t  in  v e ry  c o m p l ic a te d  s i t u a t i o n s  t h e r e  
i s  no g u a r a n t e e  t h a t  th e  l e a s t  e n e rg y  p a th  h a s  been  found  and 
what i s  w orse t h e r e  i s  no t h e o r e t i c a l  check  o r  p r o o f  t o  e v a l u a t e  
th e  q u a l i t y  o f  computed r e s u l t s .  On th e  o t h e r  hand i t  must be 
n o te d  t h a t  f o r  th e  v a s t  m a j o r i t y  o f  p rob lem s we r e a l l y  do f i n d  
what we a r e  lo o k in g  f o r .  The main d i f f i c u l t i e s  o c c u r  e s p e c i a l l y  
i n  m a t e r i a l l y  n o n l i n e a r  s t r u c t u r e s  w i th  s t r o n g  d i s c o n t i n u i t i e s  in  
th e  m a t e r i a l  s t r e s s - s t r a i n  d iag ram  and i n  t h e  c a se  o f
g e o m e t r i c a l l y  n o n l i n e a r  s t r u c t u r e s  n e a r  b i f u r c a t i o n  p o i n t s  (o r  
even  m u l t i p l e  b i f u r c a t i o n  p o i n t s ) .
In  b o th  c a s e s  we u s u a l l y  have  p rob lem s w i th  c o n v e rg e n c e .  One 
p o s s i b i l i t y  i s  to  o b t a i n  some i n f o r m a t io n  a b o u t  t h e  s t a t e  o f  th e  
o b se rv e d  s t r u c t u r e  by com puting  th e  e i g e n v e c t o r s  and e igenm odes, 
o r  even  to  s tu d y  th e  c l a s s  o f  a l l  p o s s i b l e  v i r t u a l  d i s p l a c e m e n ts  
a t  th e  p o i n t  ( u s u a l l y  u s in g  T a y lo r  s e r i e s  w i th  b a s e  f u n c t i o n s  
e q u a l  to  e ig en m o d es) .  T h is  i s  th e  main id e a  o f  t h e  p e r t u r b a t i o n  
method. But a g a in  i t  i s  em phasized  t h a t  i t  i s  o n ly  in f o r m a t io n ,  
n o t  p r o o f .
An a d d i t i o n a l  prob lem  i s  to  f i n d  th e  r e a l  f a i l u r e  p o i n t  o f
th e  s t r u c t u r e  and n o t  th e  f a i l u r e  p o i n t  o f  th e  n u m e r ic a l
s o l u t i o n ,  a s  i s  o f t e n  th e  c a s e .  Here, u s u a l l y ,  i t  i s  b e t t e r  to  
f o r g e t  a b o u t  m a th e m a t ic a l  a s p e c t s  and to  f o c u s  a t t e n t i o n  more on 
th e  m echan ics  o f  t h e  problem .
A ll  n o n l i n e a r  c o m p u ta t io n s  a r e  i n  most c a s e s  o n ly  " e x t r a ­
p o l a t i o n "  o f  l i n e a r  s o l u t i o n s .  However what i s  a p p l i c a b l e  f o r  a 
l i n e a r  s o l u t i o n  need  n o t  be a p p l i c a b l e  f o r  a n o n l i n e a r  s o l u t i o n .  
I t  i s  a lw ays  a good id e a  n o t  to  r e l y  100 p e r  c e n t  on th e  computed 
r e s u l t s ,  b u t  to  u se  i n  p r i n c i p l e  a d i f f e r e n t  method t o  check  th e  
r e s u l t s .
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7 . A n a l y s is  o f s t r u c t u r e s  s u b je c t  to  s h o r t - te r m  l o a d in g .
T h is  c h a p te r  p r e s e n t s  a s e r i e s  o f  s h o r t - t e r m  loading* a n a ly ­
s e s  u s in g  th e  p ro p o se d  t h e o r e t i c a l  m ethods and th e  d e v e lo p e d  
s o f tw a r e .  A dvan tages  and s h o r tc o m in g s  o f  p a r t i c u l a r  s o l u t i o n  
t e c h n iq u e s  a r e  d i s c u s s e d  a t  th e  end o f  t h e  exam ples  and where a p ­
p r o p r i a t e  recom m endations  tow ards  t h e i r  u se  a r e  g iv e n .
I t  i s  d i f f i c u l t  to  c a t e g o r i z e  th e  a n a ly s e s  b e c a u s e  one s t r u c ­
t u r e  i s  o f t e n  u sed  to  i n v e s t i g a t e  more th a n  one a s p e c t  o f  th e  mo­
d e l i n g  and s o l u t i o n  p r o c e d u r e s .  However a n a l y s e s  a r e  p r e s e n t e d  
w i th  a s t a t e m e n t  a t  th e  b e g in n in g  a s  to  what i s  b e in g  exam ined in  
t h a t  exam ple, and why th e  a n a l y s i s  was c a r r i e d  o u t .  A s h o r t  sum­
mary o f  t h e  a n a ly s e s  and th e  a s p e c t s  exam ined f o l lo w s :
A n a l . S t r u c t u r e P rob lem s: Program:
7 .1 2 t r u s s e s ,  e l a s t i c NS, GN P I-1
7 .2 Ramm’ s s h e l l ,  e l a s t i c NS, GN, FE-2 P I -2
7 .3 Ramm’ s s h e l l ,  R/C NS, CE-2, GN P I -2
7 .4 S la b s  A, B, R/C NS, FE-2 P I -2
7 .5 S la b  C, R/C GN, CE-2, NS P I - 2
7 .6 S h e l l  [6 7 ] ,  R/C FE-2, GN, CE-2 P I -2
where:
CE-1 = C o n s t i t u t i v e  e q u a t io n s f o r  2D a n a l y s i s ,
CE-2 = C o n s t i t u t i v e  e q u a t io n s f o r  s h e l l  a n a l y s i s ,
FE-1 = F i n i t e  e lem en t  f o r  2D ;a n a l y s i s ,
FE-2 = F i n i t e  e lem en t  f o r  s h e l l  a n a l y s i s ,
GN = E f f e c t  o f  g e o m e t r i c a l  n o n l i n e a r i t y ,
NS = New a lg o r i th m  to  s o lv e  n o n l i n e a r  s t r u c t u r a l  g o v e rn in g
e q u a t i o n s ,
P I -1  = 2D program  
P I -2  = S h e l l  program
I t  s h o u ld  be em phasized  t h a t  th e  p r e s e n t  work d e a l s  w i th  so 
many a s p e c t s  o f  an  a n a l y s i s ,  e . g .  g e o m e t r ic  n o n l i n e a r i t y ,  n o n l i ­
n e a r  m a t e r i a l  law c o m p r is in g  s e v e r a l  p a r a m e te r s ,  d i f f e r e n t  t e c h ­
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n iq u e s  f o r  s o lv i n g  n o n l i n e a r  e q u a t i o n s  e t c .  t h a t  o n ly  a few o f  
them c o u ld  be a d d re s s e d  h e re .
L a s t  b u t  n o t  th e  l e a s t  t h i s  c h a p te r  d e m o n s t r a t e s  t h a t  th e  
d e v e lo p e d  s o f tw a r e  works s a t i s f a c t o r i l y  and th u s  one o f  t h e  t a s k s  
o f  t h i s  work, namely to  c r e a t e  PC com puter  b a se d  e n v iro n m en t  f o r  
g e n e r a l  n o n l i n e a r  a n a ly s e s  o f  2D and s h e l l  R/C s t r u c t u r e s  was 
s a t i s f a c t o r i l y  a c co m p lish e d .
7 .1  S im ple  two t r u s s  e lem en t  s t r u c t u r e .
A. Aim o f  t h e  a n a l y s i s :
- c o m p a r is o n  o f  v a r i o u s  A r c - l e n g th  t e c h n iq u e s  to  s o lv e  s t r u c ­
t u r a l  n o n l i n e a r  g o v e rn in g  e q u a t i o n s ,
- t o  p ro v e  t h a t  th e  p r e s e n t  s o l u t i o n  a lg o r i t h m  i s  a b l e  to  d e a l  
w i th  " sn ap -b ack "  phenomenon,
- t o  show th e  im p o r ta n c e  o f  g e o m e t r i c a l  n o n l i n e a r i t y ,
- t o  t e s t  th e  newly d e v e lo p e d  n o n l i n e a r  e q u a t i o n  s o l v e r  w i th  
s k y - l i n e  d a t a  h o u se k ee p in g .
B. D e s c r i p t i o n  o f  a n a ly s e s  and r e s u l t s :
A s im p le  s t r u c t u r e  was chosen  f o r  t h i s  a n a l y s i s  so  t h a t  th e  
c a l c u l a t e d  l o a d - d i s p la c e m e n t  r e l a t i o n s h i p  c o u ld  a l s o  be checked  
m an u a l ly .  The o t h e r  a d v a n ta g e  o f  t h i s  s t r u c t u r e  b e in g  u se d  i s  
t h a t  d u r in g  th e  s o l u t i o n  th e  s t i f f n e s s  m a t r ix  i s  a t  f i r s t  p o s i t i ­
ve d e f i n i t e ,  th e n  n e a r l y  s i n g u l a r ,  t h e r e a f t e r  n e g a t i v e  d e f i n i t e  
and f i n a l l y  p o s i t i v e  d e f i n i t e  a g a in .  Hence th e  a lg o r i t h m  i s  t e s ­
t e d  f o r  v e ry  d i f f i c u l t  s t r u c t u r a l  c o n d i t i o n s .  The symmetry o f  th e  
s t r u c t u r e  h e lp s  to  t r a c e  n u m e r ic a l  a c c u ra c y  and s t a b i l i t y  o f  th e  
s o l u t i o n .
The a n a ly z e d  s t r u c t u r e  i s  d e p ic t e d  i n  F ig u r e  7 .1 .  I t  i s  an 
a ssem b lage  o f  two t r u s s  e le m e n ts  (no b e n d in g  o r  t o r s i o n  a r e  a c ­
co u n te d  f o r )  w i th  two d e g re e s  o f  freedom . However, due to  sym­
m etry ,  o n ly  th e  v e r t i c a l  d i s p la c e m e n t  i s  n o n z e ro .  The h o r i z o n t a l  
d i s p la c e m e n t  shows o n ly  n u m e r ic a l  s t a b i l i t y  n e a r  ex trem e  p o i n t s  
o f  s t r u c t u r e .
2 2 1
F ig .  7 .1  S t r u c t u r e  and lo a d in g  c o n d i t i o n  to  t e s t  n o n l i n e a r  s o l ­
v e r  .
A l i n e a r  e l a s t i c  c o n s t i t u t i v e  model was assumed. The a n a ly ­
s i s  was f o rm u la te d  in  th e  T o ta l  L a g ran g ia n  c o o r d i n a t e s .  The 
s t r u c t u r e  was lo ad e d  v e r t i c a l l y  a t  t h e  to p  by th e  l o c a l  f o r c e  P =
0.08A.
The A r c - l e n g th  methods have been  combined w i th  t h e  M od if ied  
Newton-Raphson method. I f  a L ine  s e a r c h  was i n c o r p o r a t e d ,  th e  
s o l u t i o n  a lw ays converged  to  th e  c l o s e s t  ex trem e  p o i n t  
i r r e s p e c t i v e  o f  w he ther  we s t a r t e d  from a p o i n t  l y in g  b e f o r e  o r  
b eh ind  t h i s  ex trem e . Hence th e  L ine  s e a r c h  method i s  more 
s u i t a b l e  f o r  f i n d i n g  th e  ex trem e  p o i n t s  r a t h e r  th a n  t r a c i n g  th e  
whole w ork ing  d iag ram  o f  th e  s t r u c t u r e .  The r e s u l t s  o f  a n a ly s e s ,
1 .e .  th e  r e l a t i o n s h i p  betw een  lo a d  and v e r t i c a l  d i s p la c e m e n t  f o r  
v a r i o u s  m o d i f i c a t i o n s  o f  s o l u t i o n  scheme (p ro c e d u re  p a r a m e t e r s ) ,  
i s  d e p i c t e d  in  F ig .  7 .2  and Tab. 7 .1 .
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F ig .  7 .2  Load v s .  d i s p la c e m e n t  r e l a t i o n s h i p  o f  t h e  t r u s s  
s t r u c t u r e  to  t e s t  th e  n o n l i n e a r  s o l v e r .
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F ig . 7 .2  Load v s .  d i s p la c e m e n t  r e l a t i o n s h i p  o f  t h e  t r u s s  
s t r u c t u r e  to  t e s t  th e  n o n l i n e a r  s o l v e r  ( c o n t . ) .
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. 1 Results of truss analysis testing the nonlinear solver.
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The results can be summarized as follows:
1 /  The a lg o r i t h m  i s  c a p a b le  o f  a n a ly z in g  s t r u c t u r e s  w i t h  n e g a t i v e  
d e f i n i t e  s t i f f n e s s  m a t r ix  and can  be u se d  to  t r a c e  "snap  th ro u g h "  
phenomenon.
2 /  T here  i s  no s i g n i f i c a n t  d i f f e r e n c e  be tw een  th e  r e s u l t s  p r o v i ­
ded by p a r t i c u l a r  A r c - l e n g th  c o n s t r a i n t s .  The e x c e p t io n  m igh t be 
i n  zones  w hich a r e  e s p e c i a l l y  d i f f i c u l t  t o  h a n d le ,  e . g .  n e a r  
s t r u c t u r a l  f a i l u r e  and b i f u r c a t i o n  p o i n t s .
3 /  Near e x tre m e s  and on th e  d e s c e n d in g  p a r t  o f  f o r c e - d i s p l a c e m e n t  
d iag ram  no p rob lem s were e x p e r ie n c e d  w i th  s t a b i l i t y  and c o n v e r ­
gence  o f  t h e  s o l u t i o n  a lg o r i th m .  No s p e c i a l  i n c r e a s e  i n  t h e  num­
b e r  o f  i t e r a t i o n  was n e c e s s a r y .
4 /  The h o r i z o n t a l  d i s p la c e m e n t  a t  t h e  to p  o f  t h e  s t r u c t u r e  was 
a lw ays  n e a r l y  z e ro  even  in  c a s e s  when co n v e rg e n c e  had n o t  y e t  
been  re a c h e d .  T h is  p ro v e s  t h e  h ig h  n u m e r ic a l  s t a b i l i t y  o f  t h e  
a d o p te d  d o u b le  p r e c i s i o n  a r i t h m e t i c .
l ib
5 /  I t  i s  n o t  i n t e n t i o n  o f  t h i s  a n a l y s i s  to  t e s t  an  i n f l u e n c e  o f  
th e  fB f a c t o r  on conve rgence  p r o p e r t i e s  o f  t h e  s o l u t i o n  p r o c e d u r e .  
T h is  i s  i n v e s t i g a t e d  in  a n a l y s i s  7 .2 .  Here |3 i s  c o n s id e r e d  i n  
o r d e r  to  check  i f  th e  program  works c o r r e c t l y .
When /3 = 0 ( i . e .  t h e  lo ad  d im ens ion  i s  ig n o re d  i n  c a l c u l a t i o n s  o f  
th e  s t e p  l e n g th )  convergence  was re a c h e d  w i t h i n  two i t e r a t i o n s .  
The f i r s t  i t e r a t i o n  a lw ays c a l c u l a t e d  th e  d i s p la c e m e n t  a c c o r d in g  
to  t h e  c u r r e n t  t a n g e n t  s t i f f n e s s  m a t r ix  and in  t h e  second  i t e r a ­
t i o n  th e  c u r r e n t  d e fo rm a t io n ,  ( i . e .  th e  d e fo r m a t io n  a f t e r  th e  
f i r s t  i t e r a t i o n ) ,  rem ained  unchanged and o n ly  t h e  lo a d  l e v e l ,  
( i . e .  A), was a d j u s t e d  to  s a t i s f y  th e  s t r u c t u r a l  n o n l i n e a r  b eh a ­
v i o r .  T h is  i s  i n  agreem ent w i th  th e o r y  and shows t h a t  no i n a c ­
c u ra c y  was i n t r o d u c e d  due to  th e  h o r i z o n t a l  d e g re e  o f  freedom .
I f  t h e  IB * 0 more i t e r a t i o n s  a r e  n e c e s s a r y .
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6 /  A co m p ar iso n  w i th  t h e  s t a n d a r d  Newton-Raphson method was im­
p o s s i b l e  b e c a u se  t h i s  method d iv e r g e d  beyond th e  f i r s t  ex tre m e  o f  
th e  l o a d - d i s p l a c e m e n t  c u rv e .
7 .2  Ramm’ s s h e l l .
A. Aim o f  th e  a n a l y s i s :
- t o  check  t h a t  t h e  p r e s e n t  s o l u t i o n  a lg o r i t h m  i s  a b l e  t o  d e a l  
w i th  " sn ap -b ack "  and "snap  th ro u g h "  phenomena i n  t h e  c a s e  
o f  a more c o m p l ic a te d  s t r u c t u r e ,
- t o  show th e  im p o r ta n c e  o f  g e o m e t r i c a l  n o n l i n e a r i t y ,
- t o  t e s t s  th e  new n o n l i n e a r  e q u a t i o n  s o l v e r  w i th  a  f r o n t a l  
d a t a  h o u s e k e e p in g  s t r a t e g y ,
- c o m p a r iso n  o f  A r c - l e n g th  t e c h n iq u e s  w i th  and w i th o u t
p a ra m e te r  /3,
- t o  s tu d y  v a r i o u s  mesh s i z e s  and t h e i r  i n f l u e n c e  on th e  r e ­
s u l t s .
B. D e s c r i p t i o n  o f  a n a ly s e s  and r e s u l t s :
In  t h i s  a n a l y s i s  Ramm’ s c y l i n d r i c a l  s h e l l  [69] h a s  been  e x a ­
mined. T h is  s t r u c t u r e  was chosen  b e c au se  i t s  b e h a v io r  h a s  a l s o  
been  s t u d i e d  by o t h e r  a u th o r s ,  e . g .  Ramm, R iks  [7 0 ] ,  S a b i r  and 
Lock [71] e t c .  and t h e r e f o r e  th e  r e s u l t s  can  be compared w i th  i n ­
d ep en d en t  s o u rc e s .
The geom etry  and m a t e r i a l  p r o p e r t i e s  o f  th e  s t r u c t u r e  a r e
d e p ic t e d  in  F ig .  7 .3 .  A q u a r t e r  o f  th e  s h e l l  was m odeled by 4
s h e l l  e le m e n ts  u s in g  9 -noded  L a g ra n g ia n  b i q u a d r a t i c  a p p ro x im a t io n  
o f  d i s p la c e m e n t  i n t e g r a t e d  a t  9 i n t e g r a t i o n  p o i n t s ,  ( i . e .  f u l l
i n t e g r a t i o n ) .  G e o m e tr ic a l  n o n l i n e a r i t y  was a c c o u n te d  f o r  w hereas  
a l i n e a r  e l a s t i c  i s o t r o p i c  m a t e r i a l  was assumed. The s h e l l  was 
lo ad ed  a t  i t s  m id -p o in t  by c o n c e n t r a t e d  f o r c e .
227
FREE
2L
HINGEDFREE j
0.1rad
R -10L-2540M M  
H-6.35M M  
E -3103M Pa 
POISSO N’S  RA TIOO .3
DEFLECTION AT POINT c
FORCE (KN)
0.8
0.6
0.4
0.2
0.2
0.4
0 5 10 15 20 25 30
  FINE SOLUTION
+  SETA>0 
*  BETA varlabl* 
x  SABIR AND LOCK 
0  RAMM
DEFLECTION AT POINT i
FORCE (KN)
0.8
0.6
0.4
0.2
-0.2 -
-0 .4
■5 0 5 10 15 20 25 30
  FINE SOLUTION
+  BETA-0 
*  BETA variable 
0  RAMM
DISPLACEMENT (MM) DISPLACEMENT (MM)
F ig .  7 .3  Ramm’ s s h e l l ;  geom etry ,  l o a d in g  and d e f l e c t i o n s  a t  
p o i n t s  c ,  i .
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The C r i s f i e l d  v a r i a n t  o f  th e  A r c - l e n g th  method combined w i th  
f u l l  Newton-Raphson method was employed to  s o lv e  t h e  p rob lem  b e ­
ca u se  we b e l i e v e  i t  to  be t h e  most r o b u s t  s o l u t i o n  scheme. L ine 
s e a r c h  was n o t  a c t i v a t e d .  Three  a n a ly s e s  h a s  been  c a r r i e d  o u t .  In  
th e  f i r s t  one 13 p a ra m e te r  was z e ro  d u r in g  th e  whole a n a l y s i s  and 
th e  s t r u c t u r e  was lo ad e d  in  v e ry  sm a l l  l o a d in g  in c r e m e n ts .  In  th e  
second  s o l u t i o n  |3 p a ra m e te r  was a g a in  z e ro  b u t  much l a r g e r  lo a d ­
in g  in c re m e n ts  were a p p l i e d .  The t h i r d  v a r i a n t  was t h e  same as  
t h e  second  one e x c e p t  (3 was v a r i a b l e ,  a d j u s t e d  a t  t h e  b e g in n in g  
o f  e v e ry  lo a d  in c re m e n t  by th e  p ro p o se d  a lg o r i t h m  ( s e e  C h ap te r  
6 ) .  R e s u l t i n g  d i s p l a c e m e n ts  a t  c e n t r a l  p o i n t  c  and a t  m id - p o in t  i  
o f  t h e  f r e e  s h e l l  edge a r e  compared w i th  o t h e r  a u t h o r s  i n  F ig .  
7 .3 .  The norm o f  d i s p la c e m e n ts  changes  due to  i t e r a t i o n  o v e r  th e  
norm o f  t o t a l  d i s p la c e m e n t  i s  l e s s  th e n  0 .0 0 1 .
The f o l l o w i n g  o b s e r v a t io n  can  be deduced  from  th e  r e s u l t s :
-  No s p e c i a l  p rob lem s w i th  c onve rgence  were e x p e r ie n c e d  in  any o f  
t h e  a n a ly s e s .  The f i r s t  a n a l y s i s  converged  w i t h i n  2 -3  i t e r a t i o n s  
p e r  l o a d in g  in c re m e n t  w h i l s t  th e  o t h e r  a n a ly s e s  needed  a b o u t  3-5  
i t e r a t i o n s  p e r  p e r  lo a d in g  in c re m e n t  to  meet th e  c o n v e rg e n c e  c r i ­
t e r i o n .  Loading in c re m e n ts  u sed  in  th e  p a r t i c u l a r  a n a l y s i s  a r e  
d e p i c t e d  i n  F ig .  7 .3 .
-The s o l u t i o n  p ro c e d u re  managed to  d e a l  w i th  snap  back  a s  w e l l  a s  
snap  th ro u g h  phenomena.
-T h e re  i s  l i t t l e  d i f f e r e n c e  betw een t h e s e  r e s u l t s  and th o s e  o f  
t h e  o t h e r  a u th o r s ,  (Ramm used  th e  same geom etry  o f  s t r u c t u r a l  
d i s c r e t i z a t i o n  b u t  w i th  b i c u b i c  e l e m e n ts ) .
-F o r  t h e  l o a d in g  p a r t  o f  th e  f o r c e - d i s p l a c e m e n t  d iag ra m s  lo a d  i n ­
c rem en t s i z e  had l i t t l e  i n f l u e n c e  on th e  r e s u l t s ,  however in  th e  
u n s t a b l e  p h a s e ,  i . e .  f o r  n e g a t i v e  f o r c e  P, some d i f f e r e n c e s  a p ­
p e a re d .  These  a r e  p r o b a b ly  due to  th e  f a c t  t h a t  a f u l l y  increm en­
t a l  s o l u t i o n  scheme i s  a d o p te d  in  w hich th e  s t a r t i n g  p o i n t  f o r  
e v e ry  i t e r a t i o n  i s  th e  f i n a l  r e s u l t  from th e  p r e v i o u s  i t e r a t i o n .  
Some o t h e r  a u th o r s  a lw ays p r e f e r  to  s t a r t  from  th e  converged  
s t r u c t u r a l  c o n d i t i o n s ,  i . e .  from th e  end o f  t h e  l a s t  s t e p .  In
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o t h e r  words a s e c a n t  ap p ro a c h  must be u se d  w i t h i n  th e  lo a d  i n c r e ­
ment. However t h i s  i s  c o n t r a d i c t o r y  to  th e  h y p o e l a s t i c  c o n s t i t u ­
t i v e  e q u a t i o n s  u sed  and in v o lv e s  t h e  n e c e s s i t y  o f  much f i n e r  
lo a d in g  in c re m e n ts .
- I f  p a ra m e te r  ^ was n o n -z e ro ,  p o i n t s  on th e  l o a d - d e f o r m a t io n  r e ­
l a t i o n s h i p  were s p re a d  more e v e n ly  th a n  f o r  (3 = 0. Hence th e  v a ­
r i a b l e  /3 * 0 o p t io n  i s  p r e f e r a b l e .
In  o r d e r  to  s tu d y  th e  im p o r ta n c e  o f  g e o m e t r i c a l  n o n l i n e a r i t y
and mesh s i z e  dependence  6 a d d i t i o n a l  a n a ly s e s  were c a r r i e d  o u t .
A q u a r t e r  o f  th e  s t r u c t u r e  modeled by 4, 9 and by 16 e le m e n ts  
were compared. One s e t  o f  s o l u t i o n s  d i d  n o t  a c c o u n t  f o r  g e o m e t r i c  
n o n l i n e a r i t y  w h i l s t  th e  o t h e r  d id .  D e f l e c t i o n s  a t  p o i n t s  c  and i ,  
(F ig .  7 . 3 ) ,  a r e  p r e s e n t e d  i n  F ig .  7 .4  and 7 .5 .  T hroughout t h e s e  
a n a ly s e s  f3 = 0 was assumed.
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F ig .  7 .4  D e f l e c t i o n  a t  p o i n t  c o f  Ramm’ s  s h e l l ;  d i f f e r e n t  meshes, 
w i th  and w i th o u t  g e o m e t r i c a l  n o n l i n e a r i t y .
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F ig .  7 .5  D e f l e c t i o n  a t  p o i n t  i  o f  Ramm’ s s h e l l ;  d i f f e r e n t  m eshes,
w i th  and w i th o u t  g e o m e t r i c a l  n o n l i n e a r i t y .
I t  can  be c o nc luded  from t h e s e  r e s u l t s  t h a t :
-4  e le m en t  mesh r e s u l t s  d id  n o t  d i f f e r  s u b s t a n t i a l l y  from th o s e  
f o r  f i n e r  m eshes, hence  a 4 e lem en t  mesh i s  a c c e p t a b l e ,
- t h e  e f f e c t  o f  g e o m e t r i c a l  n o n l i n e a r i t y  i s  im p o r ta n t  from  an
e a r l y  lo a d in g  s t a g e  and i t s  c o n s i d e r a t i o n  i s  e s s e n t i a l  f o r  s t a ­
b i l i t y  p rob lem s s i m i l a r  to  th e  p r e s e n t  one,
- t h e  same prob lem s a s  th o se  in  th e  p r e v io u s  a n a l y s i s  h a s  been  ex ­
p e r i e n c e d  in  th e  u n s t a b l e  phase  o f  f o r c e - d i s p l a c e m e n t  d iag ra m s .  
They have a l r e a d y  been d i s c u s s e d  in  th e  p r e v io u s  s e c t i o n .
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7.3 Ramm’ s shell in reinforced concrete.
A. Aim o f  t h e  a n a l y s i s :
- t o  t e s t  th e  new n o n l i n e a r  e q u a t i o n s  s o l v e r  w i th  
f r o n t a l  d a t a  h o u se k ee p in g  s t r a t e g y ,
- t o  compare o f  th e  f u l l  n o n l i n e a r  s o l u t i o n ,  ( i . e .  g e o m e t r i c a l  
and m a t e r i a l )  w i th  th e  f u l l  l i n e a r  s o l u t i o n  and m a t e r i a l l y  
o n ly  n o n l i n e a r  s o l u t i o n .
B. D e s c r i p t i o n  o f  a n a ly s e s  and r e s u l t s :
The same s h e l l  a s  t h a t  from a n a l y s i s  7 .2  i s  i n v e s t i g a t e d  h e ­
r e  a g a in ,  however t h e  s t r u c t u r e  i s  now o f  r e i n f o r c e d  c o n c r e t e .  
The s h e l l  i s  r e i n f o r c e d  i n  i t s  bo t tom  and to p  s u r f a c e s  by 1% 
r e in f o r c e m e n t  meshes in  each  d i r e c t i o n .  Load ing  and boundary  
c o n d i t i o n s  were n o t  changed. The f o l lo w in g  m a t e r i a l  c o n s t a n t s  we­
r e  c o n s id e r e d :
C o n c re te :  Young’ s  modulus = 33 GPa 
P o i s s o n ’ s r a t i o  = 0 .1 8  
S t r e n g t h  in  t e n s i o n  = 3 . 8  MPa 
S t r e n g t h  in  c o m press ion  = 38 MPa
Max. c o m p ress io n  s t r a i n  = 0 .0 0 3  (beyond w hich  com ple te  
l o s £  o f  m a t e r i a l  r i g i d i t y  i s  assum ed)
Max. t e n s i l e  s t r a i n  = 0 .0 0 2  (beyond w hich  no s t r a i n  
s t i f f e n i n g  i s  c o n s id e r e d ) .
S t e e l :  Young’ s modulus = 200 GPa
P o i s s o n ’ s r a t i o  = 0 . 2  
Y ie ld  s t r e n g t h  = 294 MPa
The same m a th e m a t ic a l  model a s  u sed  i n  a n a l y s i s  7 .2  (w i th  4 
e le m e n ts )  was u se d  a g a in .
Load v s .  d e f l e c t i o n s  a r e  p r e s e n t e d  in  F ig .  7 .6 .  For c o m p a r i-
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so n ,  th e  f i g u r e  a l s o  i n c l u d e s  r e s u l t s  from  a n a l y s e s ,  where geo ­
m e t r i c a l  n o n l i n e a r i t y  was n e g l e c t e d  and r e s u l t s  f o r  a  l i n e a r  
e l a s t i c  m a t e r i a l  c o n d i t i o n  where b o th  th e  l i n e a r  e l a s t i c .  Young’ s 
m odulus and th e  lo a d in g  f o r c e  were c o n s id e r e d  to  have  v a lu e s  10 
t im e s  h i g h e r  th e n  th o s e  in  a n a l y s i s  7 .2 .  Thus Young’ s  modulus o f  
c o n c r e t e  and Young’ s modulus o f  e l a s t i c  m a t e r i a l  become comparab­
l e  a s  w e l l  a s  d e fo r m a t io n s  f o r  b o th  s t r u c t u r e s  b e in g  com parab le .
F ig .  7 . 6  shows t h a t  th e  R/C s t r u c t u r e  c o l l a p s e d  due to  m ate­
r i a l  p r o p e r t i e s ,  r a t h e r  th a n  due to  l o s s  o f  s t a b i l i t y .  The u l t i ­
m ate lo a d s  f o r  g e o m e t r i c a l  l i n e a r  and n o n l i n e a r  a n a l y s e s ,  (w i th  
n o n l i n e a r  m a t e r i a l  law) n e a r l y  e q u a l  each  o t h e r  d e s p i t e  t h e  d i f ­
f e r e n c e  i n  c o r r e s p o n d in g  d e fo r m a t io n s .  R e in fo r c e d  c o n c r e t e  can 
n o t  s u s t a i n  h ig h  s t r u c t u r a l  d e f o r m a t io n s ,  w hich a r e  n e c e s s a r y  to  
a c t i v a t e  g e o m e t r ic  n o n l i n e a r i t y ,  and th u s  a  s t r u c t u r e  u s u a l l y  
c o l l a p s e s  due to  m a t e r i a l  f a i l u r e .  I t  em p h a s ize s  t h e  im p o r ta n c e  
o f  m a t e r i a l  n o n l i n e a r i t y  and t h a t  a m a t e r i a l l y  l i n e a r  s o l u t i o n  
can  o n ly  s e r v e  a s  some v e ry  rough  f i r s t  e s t i m a t e .
The s o l u t i o n  a lg o r i th m  u sed  ( i . e .  t h e  A r c - l e n g th  method w i th  
C r i s f i e l d ’ s  c o n s t r a i n t  and 3 = 0) d i d  n o t  manage t o  t r a c e  t h e  d e s ­
c e n d in g  b r a n c h  o f  th e  l o a d i n g - d e f l e c t i o n  d iag ram  b e c a u s e  o f  th e  
to o  sudden  d ro p  o f  s t r u c t u r a l  s t i f f n e s s  a f t e r  peak  lo a d .  I t  w i l l  
be shown l a t e r  t h a t  a L ine s e a r c h  can  be o f  g r e a t  h e lp  i n  t h i s  
p h a s e .
234
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F ig .  7 .6  Ramm’ s  s h e l l  from r e i n f o r c e d  c o n c r e t e .
7 .4  R/C s l a b s  A and B.
A. Aim o f  th e  a n a l y s i s :
- t o  examine th e  p e rfo rm an ce  o f  th e  s h e l l  e lem en t  
f o r m u la t io n  f o r  th e  a n a l y s i s  o f  R/C s l a b s ,
- c o m p a r is o n  o f  converged  b e h a v io r  o f  d i f f e r e n t  t e c h n iq u e s  to  
s o lv e  s t r u c t u r a l  n o n l in e a r  g o v e rn in g  e q u a t i o n s ,
- i n f l u e n c e  o f  s t e p  l e n g th  d u r in g  s o l u t i o n  on r e s u l t s  a c c u r a ­
cy,
- c o m p a r is o n  o f  r e s u l t s  u s in g  s e l e c t i v e  and re d u c e d  i n t e g r a ­
t i o n ,
- i n f l u e n c e  o f  mesh s i z e  on r e s u l t s  a c c u ra c y ,
-e le m e n t  a c c u ra c y  s u b j e c t  to  pu re  b en d in g  and b e n d in g  and 
t w i s t i n g  a c t i o n s ,  (2 d i f f e r e n t  boundary  c o n d i t i o n s ) .
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B. D e s c r i p t i o n  o f  a n a ly s e s  and r e s u l t s :
Two R/C p l a t e s  a r e  a n a ly z e d ,  one w i th  s im p le  bou n d a ry  c o n d i ­
t i o n s ,  ( p l a t e  A) where o n ly  e le m en t  b e n d in g  b e h a v io r  i s  im p o r ta n t  
and th e  o t h e r  one w i th  a  p i n  s u p p o r t  a t  one c o r n e r ,  ( p l a t e  B ) in  
w hich e le m en t  t w i s t i n g  a l s o  m a t t e r s .
P l a t e  A^ _
The r e i n f o r c e d  c o n c r e t e  s q u a re  p l a t e  i s  shown i n  F ig .  7 .7 .  
N ine H e t e r o s i s  e le m e n ts ,  ( s e e  F ig .  7 .8 )  w i th  s e l e c t i v e  and r e d u ­
ced  i n t e g r a t i o n s  were u sed  to  model a q u a r t e r  o f  t h e  p l a t e .  The 
g eo m etry  and r e in f o r c e m e n t  a r e  d e p i c t e d  i n  F ig u r e  7 .7 .  The p l a t e  
t h i c k n e s s  i s  10 cm.
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F ig .  7 .7  P l a t e  A: geom etry ,  r e in f o r c e m e n t ,  lo a d in g  and boundary  
c o n d i t i o n s .
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The s t r u c t u r e  i s  s u p p o r te d  a lo n g  i t s  bou n d a ry  by r o l l e r s  and 
lo a d in g  i s  a p p l i e d  a t  f o u r  p o i n t s  by v e r t i c a l  f o r c e s  o f  50A kN.
B ecause  o f  th e  r e l a t i v e l y  c o a r s e  f i n i t e  e le m e n t  mesh each  
f o r c e  o f  50A kN was r e p l a c e d  by e i g h t  f o r c e s  a c t i n g  a t  e lem en t  
n o d e s .  T h e i r  v a lu e s  a r e  g iv e n  in  t a b l e  7 .2 .
P o i n t s F o rce  (kN)
14 -6 .3629A
15 29.5850A
16 -10.853A
21 13.8270A
27 -8.7545A
26 13.8270A
25 -10 .853A
28 29.5850A
Tab. 7 .2  P l a t e  A: j o i n t  lo a d in g  f o r  9 e le m en t  mesh.
The m a t e r i a l  c o n s t a n t s  d e f i n i n g  c o n c r e t e  and s t e e l  m a t e r i a l  
a r e  a s  f o l l o w s :
C o n c re te :  Young’ s modulus E
C
P o i s s o n ’ s  r a t i o  fj.
T e n s io n  s t r e n g t h  f  
C om pression  s t r e n g t h  f ’
C
U l t im a te  com press, s t r a i n  em
Max. t e n s i o n  s t r a i n  (=a e )
1 c r
T e n s io n  s t i f f ,  p a ra m e te r  a 
S h ea r  param.
S h e a r  param. (3^
S h e a r  param |3
2 1 .5  GPa 
0. 18 
3 .4  MPa 
4 6 .1  Mpa 
0 .0060  
0.002 
0 .5  
0 .2 5  
0
0 .0 0 4 / e
S t e e l : Young’ s modulus E
s t
Young’ s modulus (h a rd e n in g )  E ’
s t
Y ie ld s  s t r e n g t h  f
s t
214 GPa 
16 GPa 
473 MPa
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where e i s  s t r a i n  t h e  a c r o s s  t h e  c r a c k  and 0 , 3 , / 3  and
c r  1 2  3
a  , <*2 a r e  s h e a r  r e t e n t i o n  and t e n s i o n  s t i f f e n i n g  p a ra m e te r s .
R ef. [4 6 ] ,  where e x p e r im e n ta l  d a t a  f o r  t h i s  s l a b  i s  a v a i l a b l e  
p r o v id e s  n e i t h e r  t h e s e  p a ra m e te r s  n o r  a  v a lu e  f o r  u l t i m a t e  com­
p r e s s i o n  s t r a i n  e . However R ef. [42] d e a l s  w i t h  a  s i m i l a r  a n a ly -m
s i s  and th u s  d a t a  from t h i s  was u se d .
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FACTOR 0,23000 
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IAXIS= 3 
ALPHA- -45.000 
BETA- 45.000 
DEFLECTION SCALE FACTDR= 
56307.9
F i g . 7 .8  P l a t e  A: f i n i t e  e lem en t  mesh and s t r u c t u r a l  d e fo r m a t io n s
The a c t u a l  8 mm r e i n f o r c i n g  b a r s  were r e p l a c e d  by a c o n t in u  
ous s t e e l  l a y e r  w i th  th e  same r e in f o rc e m e n t  a r e a  f o r  b o th  d i r e c ­
t i o n s .
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F ig .  7 .9  P l a t e  A: l o a d - d e f o r m a t io n  d iag ram .
A l a y e r  model was used  w i th  two s t e e l  l a y e r s  and t e n  c o n c r e te  
l a y e r s  (two o f  them, n e a r  th e  p l a t e  to p  and bo ttom , had h a l f  th e  
t h i c k n e s s  o f  th e  o t h e r s  f o r  b e t t e r  a p p ro x im a t io n  o f  a r e a s  w i th  
th e  h i g h e s t  s t r e s s e s .
The r e s u l t i n g  maximum s t r u c t u r a l  d e f o r m a t io n s ,  i . e .  a t  th e  
c e n t e r ,  a r e  compared w i th  e x p e r im e n ta l  d a t a  [46] i n  F ig u re  7 .9 ;  
s t r u c t u r a l  d e fo rm a t io n  i s  d e p ic t e d  in  F ig u re  7 .8 .
The n o n l i n e a r  e q u a t io n s  were s o lv e d  by a Newton-Raphson i t e ­
r a t i o n  scheme where th e  s t i f f n e s s  m a t r ix  was recom puted  e v e ry  s e ­
cond i t e r a t i o n .
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Good ag reem en t  be tw een  th e  e x p e r im e n ta l  r e s u l t s  and th e  p r e ­
s e n t  a n a l y s i s  h a s  been  r e a c h e d .  T h is  i s  p a r t i a l l y  due t o  t h e  f a c t  
t h a t  th e  t e n s i o n  s t i f f e n i n g  p a ra m e te r s  u se d  were a d j u s t e d  -in  [42] 
f o r  a v e ry  s i m i l a r  s t r u c t u r a l  sh a p e ,  l o a d in g  and bou n d a ry  c o n d i ­
t i o n s .
In  o r d e r  to  s tu d y  th e  s o l u t i o n  b e h a v io r  o f  n o n l i n e a r  s o l ­
v e r s ,  th e  same s l a b  was a l s o  computed by A r c - l e n g th  m ethods w i th  
norm al u p d a te  c o n s t r a i n t  and v a r i a b l e  s t e p  l e n g t h ,  C r i s f i e l d  con­
s t r a i n t  w i th  v a r i a b l e  l a r g e  s t e p  l e n g t h  and C r i s f i e l d  c o n s t r a i n t  
w i th  f i x e d  sm a l l  s t e p  l e n g th .  The r e s u l t s  were compared w i th  New- 
ton -R ap h so n  a n a l y s i s  w i th  l a r g e  lo a d  in c r e m e n ts  and s m a l l  lo ad  
in c re m e n ts  i n  F ig .  7 .1 0 .  Note t h a t  e v e ry  p l o t  mark c o r r e s p o n d s  to  
a c o n v e rg ed  lo a d in g  in c re m e n t .
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F ig .  7 .1 0  P l a t e  A: com parison  o f  t h e  n o n l i n e a r  s o l v e r s .
From th e  above r e s u l t s  i t  can be summarized:
- A l l  t e s t e d  n o n l in e a r  schemes a r e  a b le  to  t r a c e  th e  l o a d -  
d i s p la c e m e n t  r e l a t i o n s h i p s .
-Newton-Raphson method can be used  o n ly  i f  v e ry  sm a l l  lo a d in g  i n ­
c re m en ts  a r e  a p p l i e d .  In  th e  c a se  o f  l a r g e r  lo a d in g  in c re m e n ts  
th e  s o l u t i o n  d i v e r g e s  a t  a lo ad  l e v e l  a b o u t  A = 0 .6 ,  i . e .  th e  
lo ad  l e v e l  c o r r e s p o n d in g  to  th e  b e g in n in g  o f  c r a c k  c r e a t i o n .  At 
th e  same t im e  th e  Newton-Raphson method i s  n o t  a b le  to  t r a c e  any 
sudden d ro p s  (snaps  th ro u g h )  o f  a w ork ing  d iag ram  o f  s t r u c t u r e  
and th e  method con v e rg es  a lw ays o n to  an s t a b l e  e n e rg y  p a r t  o f  th e
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l o a d - d i s p l a c e m e n t  d iag ram .
- A r c - l e n g t h  method, even  f o r  b ig  lo a d in g  s t e p s ,  co n v e rg ed  s a t i s ­
f a c t o r i l y .  The "waving" o f  th e  c u rv e  i s  c a u se d  by th e  f a c t  t h a t  
th e  p r e s e n t  m a t e r i a l  model ( e l a s t i c - p l a s t i c )  u s e s  a  l i n e a r  s t i f ­
f n e s s  m a t r ix  f o r  th e  u n lo a d in g  c o n d i t i o n .  T h is  s i t u a t i o n  o c c u rs  
p r a c t i c a l l y  in  e v e ry  i t e r a t i o n ,  b e c a u se  d u r in g  i t e r a t i o n s  th e  
A r c - l e n g th  u s u a l l y  te n d s  to  d e c r e a s e  A lo a d  f a c t o r .  T h is  r e s ­
t r i c t s  t h e  maximum a c c e p t a b l e  s t e p  l e n g t h  o f  a  s o l u t i o n .  I f  u sed  
w i th  h y p e r e l a s t i c  c o n s t i t u t i v e  e q u a t i o n s  t h i s  phenomenon d i s a p ­
p e a r s  .
- F ig .  7 .1 0  a l s o  shows th e  im p o r ta n c e  o f  u s in g  a v a r i a b l e  s t e p  
l e n g t h  i n  th e  A r c - l e n g th  method. I f  a f i x e d  l e n g t h  i s  employed 
th e n  n e a r  s t r u c t u r a l  f a i l u r e  th e  l o a d - d i s p l a c e m e n t  d iag ram  i s  
t r a c e d  in  too  much d e t a i l  w h i l s t  a t  th e  b e g in n in g  th e  s o l u t i o n  i s  
c o a r s e  and c o u ld  m iss  some e s s e n t i a l  p o i n t s .
-Good c o m p u ta t io n  p e rfo rm a n c e s  h a s  been  re a c h e d  a l s o  by Normal 
u p d a te  and o t h e r  m o d i f i c a t i o n s  o f  th e  A r c - l e n g th  method.
-The t im e  n e c e s s a r y  f o r  a n a l y s i s  u s in g  Newton Raphson method was 
a p p ro x im a te ly  3 - 4  t im es  lo n g e r  th e n  u s in g  A r c - l e n g th  method 
( f o r  a p p ro x im a te ly  th e  same d e n s i t y  o f  p o i n t s  on th e  l o a d -  
d i s p la c e m e n t  d ia g ra m ) .  T h is  was due to  th e  f a c t  t h a t  Newton Rap­
hson  u sed  a b o u t  two t im es  more i t e r a t i o n s  to  r e a c h  c o n v e rg e n c e .  
Convergence was e s p e c i a l l y  d i f f i c u l t  (ab o u t  15 i t e r a t i o n s ! ) a t  
th e  b e g in n in g  o f  c r a c k in g .  A r c - l e n g th  s o lv e d  t h i s  s i t u a t i o n  by 
s im p ly  r e d u c in g  th e  lo ad  f a c t o r  A d u r in g  t h r e e  i t e r a t i o n s  o n ly .  
- A l l  A r c - l e n g th  m o d i f i c a t i o n s  t r a c e d  w i th o u t  any p rob lem s sudden 
d ro p s  i n  th e  s t r u c t u r e  due to  c ra c k  i n i t i a t i o n .
In  o r d e r  to  t e s t  th e  p o s s i b i l i t y  o f  s a v in g  c o m p u ta t io n  t im e ,  
th e  s t r u c t u r e  was a l s o  a n a ly z e d  u s in g  red u c e d  i n t e g r a t i o n  o n ly .  
The r e s u l t s  a r e  shown i n  F ig  7 .11  (Newton-Raphson s o l v e r ) .  I t  i s  
o b v io u s  t h a t  th e  r e s u l t s  a r e  n e a r l y  i d e n t i c a l  and hence  i n t e g r a ­
t i o n  i n  two by two sam p ling  p o i n t s  i s  p e r m i s s i b l e  i n  t h i s  c a s e .
244
1.20 +L.
CD
U
ro
cm
c
“—I
TD
HD
□ a S e l e c t iv e  integration  
a Reduced integration
0.40 -W
0.00
0.00 0.10 0.20 0.30 0.40 0.50
Max. displacement /  th ick ness
F ig .  7 .1 1  P l a t e  A: com parison  o f  r e s u l t s  f o r  re d u c e d  and s e l e c t i ­
ve i n t e g r a t i o n  scheme.
F i n a l l y  a t t e n t i o n  was fo c u s e d  on th e  s e n s i t i v i t y  o f  r e s u l t s  
to  th e  f i n i t e  e lem en t  mesh d e n s i t y .  The same p l a t e  was computed 
by f i n i t e  e le m en t  mesh c o m p r is in g  s i x  by s i x  e le m e n ts  (F ig .  
7 .1 2 ) .  Mesh no. 1 was d i s t o r t e d  n e a r  th e  lo a d s  i n  o r d e r  to  e n s u re  
a f i n i t e  e le m en t  node a t  th e  p l a c e  o f  a f o r c e  and to  examine th e  
i n f l u e n c e  o f  mesh d i s t o r t i o n .  Mesh no. 2 was q u i t e  r e g u l a r  and 
lo a d in g  f o r c e s  was a g a in  r e p l a c e d  by th e  e i g h t  n o d a l  f o r c e s  l i s ­
t e d  i n  Tab. 7 .3 .
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P o i n t s F o rc e  (kN)
57 -10 .088A
70 16.5890A
83 -11 .520A
84 29.4912A
85 -9 .0110A
72 29.4910A
59 -11 .520A
58 16.5800A
Tab. 7 .3  P l a t e  A: j o i n t  lo a d in g  f o r  36 e le m en t  mesh.
The r e s u l t s  f o r  s i x  lo a d in g  in c re m e n ts  f o r  mesh no. 
shown i n  F ig u r e  7 .1 3 .
1 a r e
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M E S H  1
Simply s u p p o r te d  s q u a re , 36 elem ents, loading 44 cm -from c e n te r
3 9 — g g 165— 7 3 104 |117 13 0 1143  13 6 |169
64 77 116 129 142 155 16890 103
37— 3 3 3 3 — 7 3 167
36 49 62 75 114 127 140 133 16688 101
163
99 112 123 138  131
3 3  46
32 45 58 110 123 136 149 162
161
56 69 108 121 134 147 16082 95
39— 4 3 ■53— 6 3 '107' 120 133 146 159
54 67 106 119 132 145 158
3 7 — 4 tr -L3 3 — 6 3 13 1 - 144 137
UNDEFDRMED SHAPE 
APRIL 2L 1990 9'16
I AXIS = 2
ALPHA* 0,000 
BETA- 0.000
L
MESH 2
Simply s u p p o r te d  s q u a re , 36 elem ents, loading 44 cm from  c e n te r  MESH 2
UNDEFDRMED SHAPE3 9 32 -1 63— 7 3 104 1117 130 1143 136 1169
64 77 116 12990 103 168
[37— 30- 167
23 62 75 88 101 114 127 140 133 166
164
1137 150
32 45 110 123 136 149 162
109 -1 22
30 43 56 69 108 121 134 147 160
[29— 4 3 159
54 67 106 119 132 145 158
3 7 — 40 53— 66 *79— 92 *105 118 *131 144 *137
APRIL 2L 1990 
IAXIS= 2
ALPHA-
BETA-
0.000
0.000
L ,
F ig  7 .1 2  P l a t e  A: mesh no. 1 and mesh no. 2.
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LDADING 1 THRDUGH 6
APRIL 21, 1990 9:19
IAXIS= 3
ALPHA= -45 .000
BETA= 45.000
DEFLECTIDN SCALE FACTDR;
F ig  7 .1 3  P l a t e  A: mesh no. 1, lo a d in g  1 to  6.
The maximum d i s p la c e m e n ts  w i th  r e s p e c t  to  lo a d in g  l e v e l  a r e  
s i m i l a r  t o  th e  r e s u l t s  f o r  th e  3 by 3 e le m e n ts  mesh d e p i c t e d  in  
F ig .  7 .1 4 .  The r e s u l t s  f o r  mesh no. 1 and mesh no. 2 a r e  n e a r l y  
th e  same and i t  s u g g e s t s  t h a t  r e p l a c i n g  one lo a d in g  f o r c e  by 
e i g h t  n o d a l  f o r c e s  a c c o rd in g  to  t a b l e  7 .3  works c o r r e c t l y .  The 
r e s u l t s  compared w i th  e x p e r im e n ta l  r e s u l t s  i l l u s t r a t e  t h a t  th e  36 
e le m e n ts  model i s  by abou t  10 p e r c e n t  l e s s  s t i f f  and t h a t  th e  
s t r u c t u r a l  c o l l a p s e  c o r r e s p o n d s  to  a low er l o a d in g  l e v e l .  T h is  i s  
due to  t h e  w e l l  known f a c t  t h a t  m a t e r i a l  p a ra m e te r s  ( t e n s i o n  
s t i f f e n i n g )  a r e  d i r e c t l y  dependen t  on e lem en t  mesh s i z e  and may 
be a d j u s t e d  by f r a c t u r e  en e rg y  th e o r y .  In  a d d i t i o n ,  th e  36 e l e ­
ment f i n i t e  e le m en t  model i s  i t s e l f  s l i g h t l y  l e s s  s t i f f  th a n  9 
e le m en t  model due to  b e t t e r  a p p ro x im a t io n s  o f  geom etry  and d i s ­
p la c e m e n ts  .
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0.100 0.150 0.200 0.250
Max. d isp lacem en t
F ig .  7 .1 4  P l a t e  A: r e s u l t s  f o r  mesh no. 1 and no. 2.
F ig .  7 .1 4  a l s o  d e m o n s t r a te s  an o t h e r  im p o r ta n t  prob lem  in  
n o n l in e a r  a n a l y s i s  which i s  to  d i s t i n g u i s h  betw een  l o c a l  and g l o ­
b a l  c o l l a p s e s  o f  s t r u c t u r e .  The g lo b a l  f a i l u r e  o f  36 e le m e n ts  mo­
d e l  c o r r e s p o n d s  to  lo a d in g  l e v e l  abou t  A = 0 .9 .  The a n a l y s i s  
u s in g  mesh no. 1 however f a i l e d  a t  a lo a d in g  l e v e l  A = 0 .8  due to  
l o c a l  c o l l a p s e  in  which th e  s h e a r  s t r e n g t h  was ex ceeded  n e a r  th e  
a p p l i e d  lo a d s  r a t h e r  th e n  b e nd ing  f a i l u r e  a t  mid p l a t e  ( g lo b a l  
c o l l a p s e  mode). Thus th e  mesh no. 1 "h id"  a l o c a l  s h e a r  f a i l u r e  
mode o f  th e  s l a b .
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P l a t e  £L_
In  o r d e r  t o  examine th e  s o l u t i o n  p e rfo rm a n c e  f o r  more 
d i f f i c u l t  c o n d i t i o n s ,  a n e a r l y  s q u a re  p l a t e  B s i m i l a r  to  th e  
p r e v i o u s  example h a s  been  a n a ly z e d .  However t h i s  p l a t e  was 
s u p p o r te d  by ’ r o l l e r ’ l o n g i t u d i n a l  s u p p o r t s  a t  t h e  two a d j a c e n t  
edges  and by a p i n  s u p p o r t  a t  th e  c o r n e r  o p p o s i t e  t o  th e  
i n t e r s e c t i o n  o f  t h e  l o n g i t u d i n a l  s u p p o r t s .  An e x p e r im e n ta l  t e s t  
o f  th e  s l a b  was c a r r i e d  o u t  by [46] . Load ing  was a p p l i e d  by th e  
two f o r c e s  in  a  d i s t a n c e  o f  200mm from  th e  p l a t e  c e n t e r .  The 
geom etry  o f  th e  s t r u c t u r e  i s  drawn i n  F ig u r e  7 .1 5  and 
r e i n f o r c e m e n t  a t  bo t tom  and to p  o f  t h e  p l a t e  i s  d e p i c t e d  i n  F ig  
7 .1 6 .
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£000
Poin t 'A'
1000
E dge o f  a c t u a l  p la t e
Edge o f  FE model
£100Point 'B'400
800 800400
800
£160 LEGEND
+  Position o f  loading 
f o r c e s  45 X kN
O 'Roller' typ e  boundary 
condition
^  Displacement check point 
X  Corner pin support
F ig .  7 .1 5  P l a t e  B: geom etry ,  lo a d in g  and boundary  c o n d i t i o n s .
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F ig  7 .1 6  P l a t e  B: r e in f o rc e m e n t  n e a r  to p  and bottom .
Simply su p p o rted  sq u are, 36 elem ents, loading 44 cm from c e n te r
1 0 4  117— 1 3 0  1-4-3 1 5 6  | 1 6 9■gfc—13 9 — 5 2
1 4 2  1 5 5 1682 5 6 4  7 7 9 0  1 0 3 116 1 2 9
1 6 7
1 4 0  1 5 32 3 6 2  7 5 114 1 2 73 6  4 9
1 6 5
1 3 8  151112 1 2 5 1 6 46 0  7 3 8 6  9 9
1 3 7  1 5 0 1 6 3—r? ■m—
1 3 6  1 4 9 1 6 2110 1 2 38 4  9 7
161
1 3 4  1 4 71 0 8  121 1 6 05 6  6 9 8 2  9 53 0  4 3
1 5 9
1 3 2  1 4 5 1 5 85 4  6 7 8 0  9 3 1 0 6  119
118 H at'" 144- ‘157-53— 66- -*-79— 92
UNDEFDRMED SH A PE  
A P R IL  2 2 ,  1 9 9 0  12= 7
IA X IS =  2  
A L PH A = 0 .0 0 0  
B E T A = 0 .0 0 0
Simply su p p o rte d  sq u are , 36 elements, loading 44 cm from c e n te r
LDAD C A SE  3  
TIME 1 INCR 3  
FACTOR 0 .0 0 0 0 0  
A P R IL  2 2 ,  1 9 9 0  12i 7
IA X IS =  3  
A LPH A = - 4 5 .0 0 0  
B E T A = 4 5 .0 0 0  
D EFLEC TID N  SC A L E  FA C TO R 1 
2 5 1 8 .5 5
F ig .  7 .1 7  P l a t e  B : f i n i t e  e lem en t  mesh and d e fo r m a t io n s  f o r  th e  
t h i r d  lo a d  in c re m e n t .
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The s t r u c t u r e  was modeled by 36 e le m e n ts  and th e  two l o c a l  
f o r c e s  45A kN were r e p l a c e d  by e i g h t  n o d a l  f o r c e s  a s  shown in  
Tab. 7 . 4 . :
P o i n t s F o rce  (kN)
59 -21.600A
72 3 4 . 5600A
85 - 2 0 .1 6 0 A
86 3 4 . 5600A
87 -21.610A
74 51.8410A
61 - 1 9 .4 4 0 A
60 51.8400A
P o i n t s F o rc e  (kN)
83 -21 .605A
96 51.8400A
109 -19 .440A
110 51.8400A
111 -21 .605A
98 34.5600A
85 - 2 0 . 160A
84 3 4 . 5600A
Tab. 7 . 4  P l a t e  B: n o d a l  lo a d in g  f o r c e s .
The f i n i t e  e le m en t  mesh u sed  and d i s p la c e m e n t  shape  i s  p r e ­
s e n te d  i n  F ig u r e  7 .1 7 .
The f o l lo w in g  m a t e r i a l  c o n s t a n t  were u sed :
C o n c re te :  Young’ s modulus E
c
P o i s s o n ’ s r a t i o  p 
T en s io n  s t r e n g t h  f  
C om pression  s t r e n g t h  f ’
c
U l t im a te  compres. s t r a i n  em
Max. t e n s i o n  s t r a i n  (=a e )
1 cr
T e n s io n  s t i f f ,  p a ra m e te r  a: 
S h ea r  param. (3^
S hea r  param. £
S h ea r  param (3
2 .0 4  10 kPa 
0 .1 8  
2970kPa 
3 7 . 3Mpa 
0 .0060  
0.002 
0 .5  
0 .0025  
0
0 .0 0 4 / e
S t e e l : Young’ s  modulus Est
Young’ s modulus ( p l a s t .  ) E’s t
S t r e n g t h  f st
2 .1 4  108kPa 
1 .6 0  10 7kPa 
473Mpa
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where e i s  t h e  s t r a i n  a c r o s s  t h e  c r a c k .  The t e n s i o n
cr
s t i f f e n i n g  p a ra m e te r s  c o r r e s p o n d  to  model b /  d e s c r i b e d  i n  C h a p te r  
3 and a g a in  v a lu e s  recommended in  [42] were u se d .
The d e f l e c t i o n s  a t  p o i n t s  ’ A’ and ’B’ , ( s e e  F ig u r e  7 .1 5 )  a r e  
compared w i th  th e  e x p e r im e n ta l  r e s u l t s  [46] i n  F ig u r e s  7 .1 8  and
7. 19.
DEFLECTION FT POINT ' 3 ’ (FIG. 11.18) 
140 “j------------------ !------------------ i------------------!------------------<----------------
.20
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m rLJ
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a Present analysis 
m Experimental analysis
0.40
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0.00
0.00 0.10 0.20 0.30 0.40 0.50
Max. d isp lacem en t  /  t h i c k n e s s
F ig .  7 .1 8  P l a t e  B : t h e  d e f l e c t i o n  n e a r  th e  p l a t e  c e n t e r  ( a t  
p o i n t  ’B’ ).
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DEFLECTION RT POINT #R* (FIG. 11.18)
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F ig .  7 .1 9  P l a t e  B: th e  d e f l e c t i o n  a t  th e  mid o f  f r e e  p l a t e  
edge ( a t  p o i n t  ’A’ ).
The r e s u l t s  a r e  l e s s  a c c u r a t e  th e n  f o r  th e  p l a t e  A. The 
s t r u c t u r a l  s t i f f n e s s  i s  o v e r e s t im a te d ,  e s p e c i a l l y  f o r  h ig h e r  
lo a d in g  l e v e l s  (by a b o u t  15%). The remedy c o u ld  be to  u se  a f i n e r  
e lem en t  mesh o r  e le m e n ts  w i th  h ig h e r  o r d e r  a p p ro x im a t io n s .  Of 
c o u rs e ,  a d ju s tm e n t s  o f  th e  m a t e r i a l  c o n s t a n t s  f o r  t h i s  p a r t i c u l a r  
s t r u c t u r e  would a l s o  be f e a s i b l e  (u s in g  e x p e r im e n ta l  r e s u l t s ) ;  
however no g e n e r a l  a d v is e  f o r  im prov ing  t h e i r  v a lu e s  i s  known.
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The a n a l y s i s  was done by A r c - l e n g th  method w i th  i m p l i c i t  l i ­
n e a r i z e d  s t e p  l e n g t h  and £ = 0. The l e v e l  o f  l o a d in g  a t  s t r u c t u ­
r a l  f a i l u r e  was c a l c u l a t e d  by L ine  s e a r c h  m ethod. As i t  - i s  ap ­
p a r e n t  from  F ig .  7 .1 8  and 7 .1 9 ,  a r e l a t i v e l y  l a r g e  l e n g t h  o f  a n a ­
l y s i s  s t e p s  was u sed  and a g a in  no p ro b lem s  w i th  co n v e rg e n c e  were 
f  o u n d .
7 .5  R/C s l a b  C.
A. Aim o f  th e  a n a l y s i s :
- t o  i n v e s t i g a t e  t h e  e f f e c t  o f  g e o m e t r i c a l  n o n l i n e a r i t y  f o r  
R/C s l a b  c / ,
- t o  examine th e  p o s t - f a i l u r e  b e h a v io r  o f  t h e  s t r u c t u r e ,  and 
p a r t i c u l a r l y  to  t e s t  th e  L ine  s e a r c h  .
B. D e s c r i p t i o n  o f  a n a ly s e s  and r e s u l t s :
The R/C p l a t e  C, s i m i l a r  to  t h e  p l a t e  A from  a n a l y s i s  7 .5  i s  
i n v e s t i g a t e d .  The d im e n s io n s ,  r e in f o r c e m e n t  and m a t e r i a l  p r o p e r ­
t i e s  a r e  th e  same a s  th o s e  f o r  th e  p l a t e  A. The p l a t e  i s  s u p p o r ­
t e d  by h in g e s  a t  i t s  boundary , i . e .  compared to  p l a t e  A, d i s p l a ­
cem ents  norm al to  th e  p l a t e  edges  a r e  a l s o  r e s t r a i n e d .  The s t r u c ­
t u r e  was lo ad e d  by un ifo rm  lo a d in g  and, a g a in ,  9 H e t e r o s i s  e l e ­
m ents w i th  s e l e c t i v e  i n t e g r a t i o n  have been  u se d  to  model one 
q u a r t e r  o f  th e  p l a t e .
Three  s o l u t i o n s  have been c a r r i e d  o u t :  g e o m e t r i c a l l y  l i n e a r ,  
g e o m e t r i c a l l y  n o n l i n e a r ,  b o th  s o lv e d  by A r c - l e n g th  method w i th  £ 
= 0 and s u p p re s s e d  L ine  s e a r c h  method, and g e o m e t r i c a l l y  n o n l i ­
n e a r  s o l u t i o n  u s in g  ^  = 0 and L ine s e a r c h  method. M a te r i a l  n o n l i ­
n e a r i t y  was a lw ays  c o n s id e r e d .  R e s u l t i n g  maximum d i s p l a c e m e n ts ,  
( a t  t h e  c e n t e r )  v s .  l o a d in g  l e v e l s  a r e  d e p i c t e d  i n  F ig .  7 .2 0 .
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F ig .  7 .2 0  P l a t e  C: l o a d - d i s p la c e m e n t  r e l a t i o n s h i p s .
The a n a l y s i s  em phas izes  th e  im p o r ta n c e  o f  g e o m e t r i c a l  non- 
l i n e a r i t y  to  be a b le  to  a c co u n t  f o r  membrane a c t i o n  i n  t h e  p l a t e .  
O b v io u s ly  i f  r o l l e r s  r a t h e r  th a n  h in g ed  boundary  c o n d i t i o n s  a r e  
assumed, g e o m e t r i c a l  n o n l i n e a r i t y  become much l e s s  s i g n i f i c a n t .
Comparing r e s u l t s  f o r  s u p p r e s s in g  and i n c o r p o r a t i n g  th e  L ine 
s e a r c h  in  th e  e q u a t io n  s o l v e r ,  th e  p o s i t i v e  e f f e c t  o f  th e  L ine 
s e a r c h  i s  c l e a r .  However th e  p r e s e n t  m a t e r i a l  model f o r  c o n c r e te  
does  n o t  e x h i b i t  h ig h  a c c u ra c y  f o r  sudden u n lo a d in g ,  (from h ig h  
s t r e s s  l e v e l s ) ,  so  t h a t  th e  d e s c e n d in g  b ra n c h  in  F ig .  7 .2 0  i s  
d i s p u t a b l e .  Of c o u r s e ,  f o r  g e o m e t r i c a l  n o n l i n e a r  and m a t e r i a l l y  
l i n e a r  a n a ly s e s  th e  s i t u a t i o n  i s  d i f f e r e n t .  The p o i n t  h e re  i s  
t h a t  t h e  p ro p o se d  s o l v e r  i s  a b le  to  d e a l  even  w i th  such  complex 
s t r u c t u r a l  b e h a v io r .
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7.6 Cylindrical R/C shell [67].
A. Aim o f  th e  a n a l y s i s :
- t o  examine th e  r e s u l t s  d e t e r i o r a t i o n  i n  r e s u l t s  due t o  i n ­
c o r r e c t  m odeling  o f  s h e l1 - e d g e  beam i n t e r f a c e ,
- t o  examine th e  i n f l u e n c e  o f  g e o m e t r i c a l  n o n l i n e a r i t y  on 
b e h a v io r ,
- t o  i n v e s t i g a t e  e f f e c t  o f  i n c o r p o r a t i o n  c o m p re s s io n  h a rd e n in g  
and c o m p re ss io n  s t r a i n  s o f t e n i n g  i n t o  c o n c r e t e  m a t e r i a l  
m ode l ,
- t o  p r o v id e  much i n f o r m a t io n  a b o u t  s t r u c t u r a l  b e h a v io r  and 
th u s  to  t h e  s tu d y  f i n i t e  e le m en t  p r o p e r t i e s .  These w i l l  
i n c lu d e  f i g u r e s  o f  d e f o r m a t io n s ,  s t r e s s e s ,  f a i l u r e  zones 
e t c .  f o r  v a r i o u s  l o a d in g  l e v e l s .
B. D e s c r i p t i o n  o f  a n a ly s e s  and r e s u l t s :
The c y l i n d r i c a l  s h e l l  examined h e re  was f i r s t  e x p e r i m e n t a l l y  
i n v e s t i g a t e d  in  [6 7 ] ,  and a n a l y t i c a l  r e s u l t s  a r e  a l s o  a v a i l a b l e  
[4 1 ] ,  [66 ] .
The geom etry  and r e in f o r c e m e n t  o f  th e  s t r u c t u r e  a r e  d e p i c t e d  
i n  F ig .  7 .2 1 .  Note t h a t  r e f .  [67] p r e s e n t s  f i v e  a l t e r n a t i v e s  o f  
edge beam r e in f o r c e m e n t .  The r e p o r t e d  r e s u l t s  d i d  n o t  d i f f e r  s i g ­
n i f i c a n t l y  and t h e r e f o r e ,  i n  th e  p r e s e n t  a n a l y s i s  o n ly  v a r i a n t  
No. 2 i s  a n a ly z e d .
The s h e l l  h as  a span  o f  3.36m, w id th  o f  1.305m and a h e ig h t  
o f  0.339m i n c l u d in g  0.1m deep edge beams. The s h e l l  i s  s u p p o r te d  
a lo n g  i t s  more d i s t a n t  ends where b r a c i n g  w a l l s  a r e  mounted. The 
s t r u c t u r e  i s  lo ad e d  by th e  s e l f - w e i g h t  and by v e r t i c a l  s u r f a c e  
lo a d in g  w hich i s  a l s o  s e l f - w e i g h t  p r o p o r t i o n a l .  T h e r e f o r e ,  i n  th e  
p r e s e n t  a n a l y s i s  l o a d in g  i s  d e f i n e d  a s  a  A m u l t i p l e  o f  th e  s t r u c ­
t u r a l  s e l f - w e i g h t .
M a te r i a l  p r o p e r t i e s  a r e  summarized i n  T ab le  7 .5 .  Some d i s ­
c r e p a n c i e s  i n  r e p o r t e d  m a t e r i a l  p r o p e r t i e s  u sed  by r e f s .  [6 6 ] ,  
[41] and [67] were found . A lthough  i n  r e f s .  [66] and [41] th e
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authors state they have used the values from ref. [67], their va­
lues differ significantly. Because of the fact that we refer also 
to their results, Tab. 7.5 also includes their values.
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Fig. 7.21 Geometry and reinforcement details of the cylindrical shell.
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P r e s .  a n a l . [67] [41] [66]
C o n c re te :
Young’ s modulus[GPa] 33 33 30 2 9 .4
P o i s s o n ’ s r a t i o 0 .1 8 * 0 .2 0 .2
U l t .  comp, s t r e s s [M P a ] 38 38 30 2 9 .4
U l t .  t e n s .  s t r e s s [M P a ] 3 .8 * 1 .6 7 1 .6 4
U l t .  comp, s t r a i n 0 .0 0 3 * 0 .0027 v a r .
Tens, s t i f f ,  c o e f .  a 0 .5 * 0 .5 *
Tens, s t i f f ,  c o e f .  c
m
0 .0 0 2 * 0 .0015 *
S h e a r  r e t .  f a c t o r  £ 0 .5 * * *
S t r a i n  f o r  t  = 0 .
c r
0 .0 0 4 * * *
S t e e l :
Young’ s modulus[GPa] 200 * 196. 206.
Young’ s m .( p l a s t ) [ G P a ] 20. * 20. 1 9 .6
Y ie ld  s t r e s s  [MPa] 
( s h e l l ) 294. 289. 295. 295.
Y ie ld  s t r e s s  [MPa] 294. 2 7 4 .6 280. 2 7 4 .6
(edge beam)
Legend: * = v a lu e  n o t  g iv e n  
T a b .7 .5  M a te r i a l  p r o p e r t i e s  f o r  s h e l l  a n a l y s i s .
To t e s t  t h e  consequence  o f  i n c o r r e c t  m odeling  o f  t h e  s h e l l -  
beam i n t e r f a c e ,  two models have been  u se d .  In  t h e  f i r s t  (F ig .  
7 .2 2 )  th e  edge beams were modeled by v e r t i c a l  s h e l l  e le m e n ts ,  
i . e .  t h e  r e a l  p o s i t i o n .  Because o f  d o u b ts  a b o u t  s h e l l  b e h a v io r  in  
t h e  a r e a  n e a r  th e  s h e l l -b e a m  c o n n e c t io n ,  (due to  l o c a l  c o o r d in a ­
t e s  sy s tem , which does  n o t  a l lo w  i n - p l a n e  r o t a t i o n s ,  r o t a t i o n  
d e g re e s  o f  freedom  on s h e l l -b e a m  edge a r e  c o n s t r a i n e d ) ,  a n o th e r  
model was a l s o  u se d ,  where edge beams were r e p l a c e d  by a smooth 
c o n t i n u a t i o n  o f  th e  s h e l l  (F ig .  7 .2 3 ) .  T h is  " a r t i f i c i a l l y "  c r e a ­
t e d  p a r t  was d e s ig n e d  so t h a t  th e  t o t a l  d e p th  o f  th e  s h e l l  i s  n o t  
changed , th e  c r o s s  s e c t i o n  a r e a  o f  edge beams d oes  n o t  d i f f e r  and 
a l s o  th e  amount o f  r e in f o rc e m e n t  i s  i d e n t i c a l  w i th  th e  o r i g i n a l  
s h e l l .
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Due to  symmetry o n ly  a q u a r t e r  o f  t h e  s t r u c t u r e  was a n a ly z e d .  
In  b o th  m odels  th e  s h e l l  was d i s c r e t i z e d  by 4 x 5 e le m e n ts  (5 i n  
l o n g i t u d i n a l  d i r e c t i o n )  and edge beams by 2 x 5 e le m e n ts .  For 
e le m e n ts  m odeling  th e  s h e l l  p a r t  o f  t h e  s t r u c t u r e  8 e q u a l l y  deep 
l a y e r s  were u sed  w h i l s t  e le m e n ts  f o r  edge beams com prised  o n ly  4 
e q u a l l y  deep  l a y e r s .
SHELL ANALYSIS -  MDDEL ND. 1
UNDEFDRMED SHAPE
MARCH 21 1991
IAXIS= 3
ALPHA= 60
BETA= - 3 0
12
18
2 41710
3 02 316
2 922
2 8
21
2 7
F ig .  7 .2 2  S h e l l ,  model No. 1.
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SHELL ANALYSIS -  MDDEL ND. 2
UNDEFDRMED SHAPE
MARCH 21, 1991 20-29
IAXIS= 3
ALPHA= 30
BETA= - 6 0
12
18
2 4
10 3 02 3
2 922
15
2 8
21
2 7
2 6
2 5
F ig .  7 .2 3  S h e l l ,  model No. 2.
A l l  r e in f o r c e m e n t  was sm eared i n t o  s t e e l  l a y e r s .  Only norm al 
r i g i d i t y  o f  r e in f o r c e m e n t  i s  a c c o u n te d  f o r ,  i . e .  dowel a c t i o n  in  
th e  s t e e l  b a r s  i s  n o t  c o n s id e r e d .
A f u l l  n o n l i n e a r  s o l u t i o n ,  i n c lu d in g  th e  e f f e c t  o f  g e o m e t r ic  
n o n l i n e a r i t y  u s in g  th e  Von Karman a s su m p t io n s ,  and c o m p ress io n  
h a rd e n in g  f o r  c o n c r e t e ,  was c a r r i e d  o u t  by th e  A r c - l e n g th  method 
w i th  th e  C r i s f i e l d  e q u a l  s t e p  l e n g t h  c o n s t r a i n t  f o r  A p a ra m e te r .  
The L ine  s e a r c h  was i n h i b i t e d  and ft = 0.
The m id -sp an  v e r t i c a l  d i s p la c e m e n ts  o f  edge beams, (maximum 
d e f l e c t i o n )  v s .  l o a d in g  l e v e l s  a r e  shown in  F ig .  7 .2 4 .  The r e ­
s u l t s  a r e  compared w i th  th o s e  g iv e n  by [6 6 ] ,  [41] and [67 ] .  The
model N o .l  m atched th e  e x p e r im e n ta l  d a t a  v e ry  w e l l ,  b e t t e r  th e n
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[66] o r  [4 1 ] .  The s t i f f n e s s  r e d u c t i o n  i n  model No. 2, (due to  r e ­
moving th e  sudden  change o f  e le m en t  s lo p e  be tw een  s h e l l  and beam) 
cau sed  h i g h e r  s t r u c t u r a l  d e fo r m a t io n s .  Model N o .l  i s  c l e a r l y  s u ­
p e r i o r  t o  model N o .2.
MID-SPAN DISPLACEMENT 
(EDGE BEAM)
lambda factor
40
35
3 0 -
25 -
2 0 -
10  -
0 10 20 30 40 50 60
displacement [mm] 
Loading*lambda*1.55kN ( s e l f -w e ig h t )
E xper im ent  
Model N o .2 -fu l l  NL 
M odel No.1-full NL 
Ramm ( e p s - u t - 0 .0 0 0 5 )  
Ramm ( e p s - u t - 0 .0 0 3 )  
Thannon
F ig .  7 .2 4  M id-span  d i s p la c e m e n t  o f  s h e l l  edge  beams.
D e fo rm a tio n s  c o r r e s p o n d in g  to  X = 10 .3  f o r  t h e  model No. 1 
and model No. 2 a r e  d e p i c t e d  i n  F ig .  7 .2 5  and F ig .  7 .2 6 .
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SHfO-L
AHM-VS1S
.  HODOL NO. t
LOAD CASE 
TIME 1941 
FACTOR 10.15 
MARCH 21, 1991 
IAXIS= 3 
ALPHA= 30. 
BETA= -60,
F ig
S f te l l defc>r
n a t i o n  f ° r
* 1 0 . 3 model
No. 1.
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SHELL ANALYSIS -  MDDEL ND, 2 LDAD CASE 
TIME 20:29 
FACTOR 10:47 
MARCH 21, 1991 
IAXIS= 3 
ALPHA= 30 
BETA= -6 0
F ig .  7 .2 6  S h e l l  d e fo r m a t io n  f o r  A = 1 0 .3 ,  model No. 2.
F a i l u r e  deve lopm ent i n  model N o . l .  i s  shown i n  F ig  7 .2 7 .  
Near l o a d in g  l e v e l  A = 5, f i r s t  c r a c k s  have  been  c r e a t e d .  At A = 
10 th e  p r o c e s s  o f  f i r s t  c r a c k s  p r o p a g a t io n  seemed to  s e t t l e  and 
a t  a b o u t  A = 20 th e  f i r s t  p l a s t i c  a r e a s  d e v e lo p  and r e in f o rc e m e n t  
y i e l d i n g  f i r s t  o c c u r r e d .  At u l t i m a t e  l o a d in g ,  (A = 2 9 .2 3 )  n e a r l y  
th e  w hole s t r u c t u r e  was beyond m a t e r i a l  e l a s t i c i t y ,  i n c l u d in g  
l o n g i t u d i n a l  r e in f o rc e m e n t  a t  m id -span  o f  th e  edge beams. Here 
a l s o  f i r s t  c r u s h in g  o f  s t r u c t u r e  o c c u r r e d .  Beyond t h i s  lo a d in g  a 
s p o n ta n e o u s  c r u s h in g  n e a r  m idspan and n e a r  s u p p o r t s  happened  r e ­
s u l t i n g  i n  a  s t r u c t u r a l  s i n g u l a r i t y  and c o n s e q u e n t ly  n u m e r ic a l  
c o l l a p s e .
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Fig. 7.27 Shell , model No.l, failure zone progression.
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Fig. 7,27 Shell , model No.l, failure zone progression (cont.).
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C o n to u rs  o f  i n t e r n a l  f o r c e s  f o r  X = 4 .3 ,  1 1 .9 6 ,  1 9 .52  and
2 9 .2 3 ,  (model N o . l )  a r e  g iv e n  i n  F ig  7 .2 8  th ro u g h  F ig .  7 .3 1 .  They 
show how th e  i n t e r n a l  f o r c e s  move from  m idspan  a r e a  o f  beam, ( i n  
l o n g i t u d i n a l  d i r e c t i o n )  and s h e l l ,  ( i n  c i r c u m f e r e n t i a l  d i r e c t i o n )  
t o  l e s s  e x p l o i t e d  n e ig h b o u r in g  a r e a s ,  up t o  t h e  u l t i m a t e  lo a d  
where no f u r t h e r  f o r c e  r e d i s t r i b u t i o n  i s  p o s s i b l e  and th e  s t r u c ­
t u r e  c o l l a p s e s .
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Fig. 7.28 Shell internal forces for X = 4.3, model No. 1.
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Fig. 7.29 Shell internal forces for A = 11.96, model No. 1.
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Fig. 7.30 Shell internal forces for A = 19.52, model No. 1.
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Fig. 7.31 Shell internal forces for A = 29.23, model No. 1.
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S t r u c t u r a l  c o l l a p s e  a c c o r d in g  to  t h e  e x p e r im e n t  o c c u r r e d  due 
to  p u n ch in g  i n  th e  a r e a  n e a r  s h e l l  c e n t e r .  I t  i s  v e r y  d i - f f i c u l t  
to  i d e n t i f y  c o l l a p s e  mode from  th e  p r e s e n t  a n a l y s i s ,  b e c a u s e  we 
u se d  smooth m a t e r i a l  laws r e d u c in g  c o n t i n u o u s ly  m a t e r i a l  r e s i s ­
tance^***, t o  z e ro  v a lu e .  Hence th e  s t r u c t u r a l  f a i l u r e ,  n o t  n u m er i­
c a l  f a i l u r e ,  l i e s  a l r e a d y  somewhere below u l t i m a t e  v a lu e  A =
2 9 .2 3 .  Some e s t i m a t e s  c o u ld  be drawn by a c l o s e r  e x a m in a t io n  o f  
f i g u r e s  7 .2 7  -  7 .3 1 .
In  t h e  f o l l o w in g  i n t e r e s t  i s  fo c u s e d  on th e  e f f e c t  o f  th e  
d e g re e  o f  n o n l i n e a r i t i e s  c o n s id e r e d  on a n a l y s i s  a c c u r a c y .  Model 
No. 1 i s  i n v e s t i g a t e d .  S t r u c t u r a l  load-maximum d i s p la c e m e n t  r e l a ­
t i o n s h i p  i s  r e c a l c u l a t e d  f o r  t h e  f o l l o w in g  c a s e s :  
a /  f u l l  n o n l i n e a r i t y  i s  c o n s id e r e d ,  c o m p re ss io n  h a rd e n in g  o f  con­
c r e t e  n e g le c t e d .  T h is  l e a d s  to  e l a s t i c - p e r f e c t  p l a s t i c  c o n s t i t u ­
t i v e  e q u a t i o n s  in  c o m p re ss io n ,  ( t e n s i o n  reg im e i s  u n a f f e c t e d ) .  
Beyond u l t i m a t e  c o m p ress io n  s t r a i n ,  (assumed to  be a v a lu e  o f  
0 .0 0 3 )  a sudden  d rop  o f  m a t e r i a l  r i g i d i t y  to  z e ro  o c c u r s ,  
b /  The improved v e r s i o n  o f  c o n c r e t e  m a t e r i a l  model i n  u s e d ,  i . e .  
w i th  c o m p re ss io n  h a rd e n in g  and th e  s o f t e n i n g  b ra n c h ,  however geo ­
m e t r i c a l  n o n l i n e a r i t y  i s  n e g le c t e d .
The r e s u l t s  a r e  compared w i th  th e  p r e v i o u s ,  f u l l y  n o n l i n e a r  
s o l u t i o n  i n  F ig .  7 .3 2 .
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MID-SPAN DISPLACEMENT 
(EDGE BEAM)
3 5
lambda factor
25 -|
20H
0 10 20 30 40 6050
displacem ent [mm] 
LoadingBlambda*1.55kN (self-weight)
Experiment 
Model No.2-full NL 
Model No.1-no hard. 
Model No.1-full NL 
Model No.1-no GNL
F ig .  7 .3 2  I n f lu e n c e  o f  g e o m e t r i c a l  n o n l i n e a r i t y  and v a r i o u s  mo­
d e l i n g  o f  c o n c r e t e  c o m p re ss io n  on th e  s h e l l  b e h a v io r ,  model N o . l .
F ig .  7 .3 2  i n c lu d e s  a l s o  r e s u l t s  f o r  f u l l y  n o n l i n e a r  s o l u t i o n  
u s in g  model N o.2. A p p a re n t ly  a p ro p e r  s t r u c t u r a l  model i s  th e  
f i r s t  r e q u i r e m e n t  f o r  a c c u r a t e  a n a l y s i s .
In  summary:
-good  ag reem en t  be tw een e x p e r im e n ta l  and th e  p r e s e n t  a n a l y s i s  h as  
been  re a c h e d ,
-model No. 1 p r o v id e s  more a c c u r a t e  r e s u l t s  th e n  model No. 2 and 
c o n s e q u e n t ly  c o n s t r a i n i n g  o f  r o t a t i o n s  a lo n g  s h e l l -b e a m  edge 
do es  n o t  i n f l u e n c e  th e  a c c u ra c y  too  much,
- n e g l e c t i n g  g e o m e t r i c a l  n o n l i n e a r i t y  r e s u l t e d  in  l e s s  
s t r u c t u r a l  s t i f f n e s s ,  (abou t  10%),
- t h e  im provem ents o f  c o n c r e te  m a t e r i a l  model e n a b le  h i g h e r  a n a ly ­
s i s  a c c u r a c y  and red u c e  n u m e r ic a l  p rob lem s n e a r  th e  l i m i t  p o i n t .
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N o t ic e  a l s o  t h a t  u l t i m a t e  lo a d  i t s e l f  was c a l c u l a t e d  more a c c u r a ­
t e l y .
7 .7  Summary.
I t  i s  beyond th e  scope  o f  t h i s  work to  i n v e s t i g a t e  a l l  a s ­
p e c t s  in v o lv e d  i n  th e  p r e s e n t e d  a n a ly s e s .  T h e r e f o r e  we c o n c e n t r a ­
t e d  on p r o v id i n g  some e v id e n c e  to  s u p p o r t  t h e  t h e o r e t i c a l  d ev e ­
lopm en ts  .
I n t r o d u c in g  c o m p re ss io n  h a rd e n in g  and s o f t e n i n g  i n t o  th e  
e l a s t i c - p l a s t i c  c o n s t i t u t i v e  e q u a t io n s  f o r  c o n c r e t e  im proved b o th  
th e  a c c u r a c y  and th e  n u m e r ic a l  b e h a v io r  o f  t h e  model.
The new n o n l i n e a r  s o l u t i o n  a lg o r i t h m  can  h a n d le  c o m p l ic a te d  
s i t u a t i o n s  o f  s t r u c t u r a l  b e h a v io r ,  e . g .  snap  back  and snap  
th ro u g h  phenomena. I f  th e  g o v e rn in g  e q u a t i o n s  o f  a  s t r u c t u r e  
s u f f e r  from  d i s c o n t i n u i t i e s  ( e .g .  due to  c r a c k i n g ) ,  th e  L ine  
s e a r c h  may be o f  g r e a t  h e lp ,  o th e r w i s e  i t s  u s e  i s  d e b a t a b l e .  I t  
i s ,  how ever, a lw ays  u s e f u l  f o r  c h e c k in g  th e  o v e r a l l  c onve rgence  
o f  t h e  a lg o r i th m .
A l l  a n a ly s e s  were c a r r i e d  o u t  on a s t a n d a r d  p e r s o n a l  compu­
t e r  t h u s  m ee t in g  one o f  th e  o b j e c t i v e s  o f  t h i s  work.
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8 . Cr e e p  and S hrinkage An a l y sis .
When a c o n c r e te  specim en  i s  lo a d e d ,  t h e  spec im en  f i r s t  shows 
an i n s t a n t a n e o u s  d e fo r m a t io n  w hich  i s  th e n  f o l lo w e d  by a s low  i n ­
c r e a s e  o f  f u r t h e r  d e fo r m a t io n .  T h is  s low  i n c r e a s e  o f  d e fo r m a t io n ,  
o r i g i n a l l y  d i s c o v e r e d  a t  th e  b e g in n in g  o f  t h e  2 0 th  c e n tu r y ,  i s  
c a l l e d  c r e e p .  A c o n c r e te  specim en  defo rm s i n  t im e  even  i f  no 
l o a d in g  i s  a p p l i e d .  These d e fo r m a t io n s  a r e  c a l l e d  s h r in k a g e  
( a p a r t  from te m p e ra tu re  d e f o r m a t io n s ) .
I t  i s  known t h a t  th e  p h y s i c a l  n a t u r e  o f  c r e e p  h a s  i t s  s o u rc e  
i n  t h e  h a rd e n in g  o f  cement p a s t e  and in  f a i l u r e  o f  t h e  p a s t e -  
a g g r e g a te  bond. The cement g e l  c o n ta i n s  a b o u t  40 to  55% o f  c a p i l ­
l a r y  p o r e s  i n  volume, has  an enormous p o re  s u r f a c e  (ab o u t  500
2  3m /cm ) and i s  made up o f  s h e e t s  o f  c o l l o i d a l  d im e n s io n s .  Because  
th e  p o r e s  o f  cement g e l  a r e  m ic ro p o re s  o f  s u b c a p i l l a r y  d im e n s io n s  
th e y  c a n n o t  c o n t a i n  e v a p o ra b le  w a te r ,  w hich i s  s t r o n g l y  h e ld  by 
s o l i d  s u r f a c e s  and may be r e g a r d e d  a s  a b s o rb e d  w a te r  o r  i n t e r -  
l a y e r  w a te r .  T h is  w a te r  can e x e r t  on th e  p o re  w a l l s  a  s i g n i f i c a n t  
p r e s s u r e  c a l l e d  th e  d i s j o i n i n g  p r e s s u r e .  The bonds be tw een  th e  
c o l l o i d a l  s h e e t s  i n  cement a r e  v e ry  d i s o r d e r e d  and u n s t a b l e .  Hen­
ce  c r e e p  i s  c au sed  by changes  i n  s o l i d  s t r u c t u r e .  The p r e c i s e  me­
chan ism  o f  c r e e p  i s  s t i l l  a s u b j e c t  o f  d i s c u s s i o n .  Bonding and 
r e b o n d in g  p r o c e s s  s i m i l a r  to  movement o f  d i s l o c a t i o n s  may be i n ­
v o lv e d  and i t  i s  a l s o  p o s s i b l e  t h a t  v a r i o u s  s o l i d  p a r t i c l e s  mi­
g r a t e  from th e  zones w i th  a h ig h  s t r e s s  to  u n s t r e s s e d  zones  w i th  
l a r g e r  p o r e s .  Due to  d i s j o i n i n g  p r e s s u r e  th e  p r e s e n c e  o f  w a te r  
c a u s e s  a w eakening  o f  bonds. T h is  i s  t h e  r e a s o n  why a f t e r  d r y in g  
th e  c r e e p  i s  l e s s .  On th e  o t h e r  hand d u r in g  d r y in g  th e  c r e e p  i s  
h i g h e r  th a n  in  s e a l e d  spec im ens .  I t  h a s  p r o b a b ly  two main s o u r ­
c e s :  s t r e s s e s  and m ic ro c ra c k s  p roduced  by d r y in g  i n  t h e  specim en 
a s  a  whole and th e  f a c t  t h a t  w a te r  d i f f u s i n g  o u t  o f  t h e  lo ad e d  
g e l  m ic ro p o re s  c r e a t e s  d i s o r d e r  and m ig r a t i o n  o f  s o l i d  p a r t i c l e s .
Because  th e  s o l i d  p a r t i c l e s  m ig r a te  o u t  o f  t h e  h i g h ly  
s t r e s s e d  r e g i o n s ,  t h e i r  lo ad  i s  g r a d u a l l y  r e l a x e d  and i s  
t r a n s f e r r e d  to  more s t a b l e  p a r t  o f  th e  m i c r o s t r u c t u r e .  T h e re fo re  
t h e  c r e e p  r a t e  d e c r e a s e s  i n  t im e .  The second  r e a s o n  f o r  c r e e p  r e ­
d u c t i o n  i n  tim e  i s  i n c r e a s i n g  volume o f  cement g e l  a t  t h e  expense
278
o f  c a p i l l a r y  p o r e s  due to  th e  h y d r a t i o n  p r o c e s s .
The main c a u se  o f  s h r in k a g e  i s  t h e  i n c r e a s e  o f  s o l i d  s u r f a c e  
t e n s i o n  and c a p i l l a r y  t e n s i o n  due to  d r y in g  and a l s o  t h e  d e c l i n e  
o f  d i s j o i n i n g  p r e s s u r e  i n  th e  g e l .
In  r e c e n t  t im e s  t h e r e  h a s  been  i n c r e a s i n g  i n t e r e s t  i n  th e  
a n a l y s i s  o f  r e i n f o r c e d  c o n c r e t e  s t r u c t u r e s  w hich  a c c o u n t s  f o r  
s h r in k a g e  and c re e p .  I t  i s  w e l l  known, t h a t  in  th e  d e f o r m a t io n  o f  
o r d i n a r y  s t r u c t u r e s  o r  even  i n  c a se  o f  some s p e c i a l  s t r u c t u r e s ,  
e . g .  n u c l e a r  r e a c t o r s  and p r e s s u r e  v e s s e l s ,  b o th  c r e e p  and 
s h r in k a g e  a r e  v e ry  im p o r ta n t  and ca n n o t  be n e g le c t e d .  They a r e  
a l s o  v e ry  im p o r ta n t  in  th e  b e h a v io r  o f  c o m p o s i te  s t r u c t u r e s ,  whe­
r e ,  f o r  exam ple, h ig h  s t r e s s  l e v e l s  can  be ca u se d  by d i f f e r e n t  
s h r in k a g e  o f  two a d j a c e n t  l a y e r s .  On th e  o t h e r  hand i t  sh o u ld  be 
n o te d  t h a t  t o  compute o n ly  s t r e s s e s  i n  o r d i n a r y  s t r u c t u r e s  t im e  
e n t i t i e s  a r e  n o t  u s u a l l y  v e ry  im p o r ta n t .
C reep and s h r in k a g e  in  s t r u c t u r e s  may have th e  f o l l o w in g  
e f f e c t s :
1 /  r e d i s t r i b u t i o n  o f  i n t e r n a l  f o r c e s  due to  e x t e r n a l  
l o a d in g ,
2 /  r e d u c t i o n  o f  i n i t i a l  s t r e s s e s  and
3 /  r e d u c t i o n  o f  s t r e n g t h  due to  d e fo r m a t io n s
The i n f l u e n c e  o f  s h r in k a g e  i s  o f t e n  red u c e d  by c r e e p  o f  th e  
m a t e r i a l  and f o r  t h a t  r e a s o n  i t s  e f f e c t  i s  n o t  so im p o r ta n t .  But, 
t h e r e  a r e  s t r u c t u r e s  where a more a c c u r a t e  s o l u t i o n  i s  n e c e s s a r y .
C reep e f f e c t s  can  be v e ry  s i g n i f i c a n t  i f  th e  l i m i t i n g  f a c t o r  
i s  t h e  d e fo r m a t io n  o f  a s t r u c t u r e .  I t  i s  q u i t e  w e l l  known t h a t  
th e  s h o r t - t e r m  Young’ s modulus f o r  c o n c r e te  can  be two t im e s  h i g ­
h e r  th a n  lo n g - te rm  Young’ s modulus w hich  t a k e s  c r e e p  i n t o  
a c c o u n t .
The s tu d y  o f  c re e p  and s h r in k a g e  o f  r e i n f o r c e d  c o n c r e te  
c o n s i s t s  o f  two main t o p i c s .  The f i r s t  i s  t h e  s tu d y  o f  c r e e p  and 
s h r in k a g e  a t  th e  m a t e r i a l  l e v e l  i n  o r d e r  to  i d e n t i f y  th e  
c o n t r o l l i n g  p a ra m e te r s  and to  p roduce  l a b o r a t o r y  m easurem ents  
from w hich s u i t a b l e  m a th e m a t ic a l  m odels can  be d e v e lo p e d .
The second  t o p i c  i s  th e  deve lopm ent o f  n u m e r ic a l  m ethods and 
s o l u t i o n  schemes which e n a b le  us  to  u se  t h e s e  m a t e r i a l  m odels i n
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the analysis and design of concrete structures.
The main concern of this chapter is to review some of the 
most widely used material models and thereafter to focus 
attention on how to use these in practical examples. Some results 
of practical implementation will be presented in Chapter 9.
Special interest will be paid to a comparison of ACI-78 
[32], CEB-FIP 78 [31], [32] and Bazant-Panula’s model I and II
[31], [48] for creep and shrinkage prediction and to their use
with the recursive step-by-step iterative procedure for geometri­
cally and materially nonlinear structures.
It should be pointed out that there is usually a very inti­
mate interrelationship between the creep function used for creep 
prediction and the creep analysis itself. However this is not the 
case for the Recursive step-by-step solution scheme, because the 
original creep function is approximated by a special function ba­
sed on a degenerated kernel (to be discussed later). There are 
many other significant advantages of this method, but its "inde­
pendence" of the function for creep modeling was an important 
factor contributing to its choice.
As for shrinkage the situation is much more simple than with 
creep. Usually it is accounted for by introducing an initial 
strain only. Hence the situation is very similar, for example, to 
accounting for temperature effects only.
8.1 Models of creep and shrinkage prediction.
In previous years a high interest in creep and shrinkage mo­
deling of concrete can be found. Unfortunately the presented re­
sults are not unique and sometimes there are also significant 
differences in the adopted terminology. For instance the "Young’s 
modulus" is sometimes based on immediate elastic strains whilst 
other times it covers also short-term delayed strains (also reco­
verable), which are in the former models treated in a separate 
term. Therefore a complete definition of a particular creep and 
shrinkage model should be used.
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There are two basic ways for dealing with creep of concrete. 
The first attempts to represent the experimentally obtained creep 
surfaces of virgin concrete as a product of an age and duration 
function, usually in the form of one or two power law functions. 
This leads to a general form for creep function $(£,£’):
*(£,£’) = — U n  t 1 + K f it*) g it - £’)] /8.1/
b [. L )  0 1  l
where £ is at the time of our interest of structural behavior,
£’ is the time when the structure was loaded,
•fi and gi are functions given by the model,
K is constant 
o
£(£’) is Young’s modulus at time £’ .
The creep function $(£,£’) defines strains in material at 
time £ subject to loading by the unity stresses at time £’ . The 
decomposition of the time function /(£,£’) to fit*) git - V  ) has 
been found quite acceptable and has been used by many authors 
(Bazant, Osman [35], [37], [38], [41] etc.). It was also applied
in creating CEB 1964 and ACI-78 standards for creep prediction.
The second approach is to compose the total creep function 
as the sum of two or more creep components, namely an elastic 
(recoverable) component, a delayed recoverable component and ir­
recoverable flow. An important feature is that the delayed elas­
tic component is independent of time £’ and similar to /8.1/ the 
flow component is dependent on the loading duration (£ - £’).
This simplification leads to creep functions of the follow­
ing form:
•  C t . f )  = TT ^ t T + Kt f 2lt  - f ) + K 2 [g2( t )  -  g2( t ’ )]
78.2/
where K and K are constant. This type of creep law is used in
the model CEB-FIP 78 standard.
In the following, descriptions of ACI 78, CEB-FIP 78 and Ba-
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zant-Panula’s model II are given. Further details are available 
in refs. [31], [32], [38] and [43]. The Bazant-Panula’s model I
is too sophisticated to present it here but is described in de­
tail in [48].
These models were implemented into a material preprocessor 
called MATERIAL which provides appropriate input for the time- 
dependent finite element analysis (programs CONCRETE and NONSAP). 
The following sections provide a theoretical description of the 
creep and shrinkage modeling in the developed software. Using in­
teractive program facilities the user can conveniently compare 
the generated creep and shrinkage functions for a particular ca­
se, choose the best of these models and if necessary to modify 
the input data to obtain the desired functional shape. In ad­
dition the preprocessor can also accept direct experimental data.
8.1.1 American Concrete Institute (ACI) 1978 model.
Creep function.
In this method the creep coefficient is the ratio of creep 
at any age t after application of loading at time , to the 
elastic strain at the age at application of load £’.
where 0(t,t’) is the creep coefficient
C(t,t’) is creep per unit of stress, i.e. specific 
stress
E (£’) is the modulus of elasticity at time t’.
The proposed form for the creep coefficient 0(t,t’) is ex­
pressed by:
0(t,t’ ) = C U , t ’ ) E it’ )
C
/8. 3/
c
it - V  )
0 . 6
10 + (£ -  t ' )
— —  0 i t ’ )0.6 00 78.4/
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where (t - V  ) is the time since load application (in days)
and <b (£’ ) is the creep coefficient at t = oo 
oo
(ultimate).
The expression for <f>0Q^ > ) has the form:
d> (£’) = 2.35 k.' k ’ k* k ’ k ’ k* /8.5/00 2 1 4 3 6 7
k ’ is the coefficient accounting for environmental humidity: 
k ’ = 1.27 - 0.0067 h1
where h is humidity (in %), h ^ 40.
k ’ can be estimated by:
2 J
k^ = 1.25 V  ( 0,118) for moist curing or
/8. 6/
k^ = 1.25 t’ (-0,095) for steam curing
and accounts for the age of loading. It should be noted, 
that /8.6/ are applicable only if V  ^ 7 days or V  ^ 3  days for 
moist and steam curing respectively.
The coefficients which allow for the composition of concrete 
are k ’, k ’ and k ’:3 6 7
k ’ = 0.82 + 0.00264 s /8.7/3 f
where s is the slump of fresh concrete (in mm).
The coefficient k ’ is used to account for fine aggregate/ 
6
total aggregate ratio --- (in %):
dL
k ’ = 0 . 8 8  + 0 .0 0 2 4  —  / 8 . 8 /6 a
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and the coefficient k ’:7
)c’ = 0.46 + 0.09 A > 1. /8.9/7
where A is air content (in %).
The coefficient k' accounts for the influence of thickness:4
a/ If average thickness is less than 150 mm then ACI 78 
provides creep coefficients as presented in Table 8.1.
Average member thickness Creep coefficient k*
50 mm 1.30
75 mm 1.17
100 mm 1.11
125 mm 1.04
150 mm 1.00
Table 8.1. ACI 78 model, creep coefficient k \
In the preprocessor program MATERIAL these values are appro­
ximated by a 4th order spline to compute intermediate values.
/b For average thickness d between 150 and 380 mm then
k ’ = 1.14 - 0.00091 d, for (t - t’) ^ 1 year4
and /8.10/
k * = 1.14 - 0.00067 d, for (t - V  ) > 1 year
c/ For average thickness d ^ 380 mm then ACI 78 recommends:
l c ’ =  JL [i  +  1.13 exp(-0.0212 -£-) ] /8.11/
4 3 o
V .where is volume/surface ratio ( m  mm).
T able  8 . 2  summarizes th e  e x p r e s s io n s  f o r  com puting  th e
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effective (theoretical) thickness, volume/surface ratio and 
average thickness for common shapes of cross sections:
Cross section Effective thick. Volume/surface Average thick.
a
~2
a
T
a
a
a
a b a b 2a b
b
a + b 2 (a + b) a + b
a
1 11 a t a t 2a t
slab a
a + t 2 (a + t) a + t
annular section 
of thickness t
t
t
2
21
cylinder of 
diameter d
d
2
d
4
d
Table 8.2 Definition of average and effective thicknesses.
The total deformation under a unit stress (i.e. elastic 
strain plus creep) can be computed by:
$(t,t’ ) = £ j-p  [1 + <f>it,t’)] /8.12/
c
where the modulus of elasticity at the age of load
application t’ is given by:
E it’) = 42.8 * 10'6 [p3 f (t*)](T J /8.13/
c c y l
and
f (f) = V  n - f /8.14/
c y l  A + B t c y l  28
Hence the modulus E it’) is related to the 28-day
C
compressive strength f . Units are GPa for £ it’), MPa for
c y l 28 c
f and kg/m3 for the density of concrete. The constants A and
c y l 28 &
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B are function of the type of cement and curing conditions. These 
are given in Table 8.3.
Type of cement Curing condition Constant A Constant B
I
Moist 4.00 0.85
Steam 1.00 0.95
III
Moist 2.30 0.92
Steam 0.70 0.98
Table 8.3 ACI78 model, constants A and B.
Shrinkage.
Shrinkage is measured with respect to the time t’ , since 
the start of the drying process.
Two expressions are recommended, depending on the type of 
curing:
(t - t* )
s  h
e (t,t* ) = — — -— tz----ti— r- e for moist curing and
sh  s h  3 5  + (t - t ) shoo e
s h
/ 8 . 1 5 /
(t - t’ )
S  xi
e (t,t’ ) = — =t= rz----t-»— r- e for steam curing.
sh  s h  5 5  + (t - t ) shoo °
s h
In /8.15/ e (t, t’ ) is the shrinkage strain (in 10-6) and
sh  s h
the ultimate shrinkage e is defined by:
shOO J
e = 780*10"6 q ’ q' q ’ q ’ q' q' q ’ /8.16/shoo 5 1 4 3 6 8 7
For evaluating the coefficients q ’ , q ’ , q ’ , q ’ , q ’ , q ’ and5 1 4 3 6 8
q^ ACI 78 provides the following expressions:
The humidity coefficient q^ is:
q ’ = 1.4 - 0.01 h, for 40 ^ h * 80
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q ’ = 3 . 0  -  0 . 0 3  h,
/8.17/ 
for 80 z h z 100,
where h is humidity (in %)
The coefficients which allow for the composition of the
concrete are g' , g ’ , g ’ and g ’.
6 8
q' = 0.89 + 0.00264 s3 f
/8.18/
where'Sf is the slump of fresh concrete (in mm),
q' = 0.30 + 0.014 F 
6
g ’ = 0.90 + 0.002 F
for F < 50,
for F > 50
/8.19/
where F is the fine aggregate/ total aggregate ratio by 
weight ( in %).
g ’ = 0.95 + 0.008 A, /8.20/
where A is air the content (in %) and finally:
g ’ = 0.75 + 0.00061 r, 
8
/8.21/
where y is the cement content (in kg/m ).
The coefficient q * is a function of average thickness d for 
d from 150mm to 380 mm:
g ’ = 1.23 - 0.0015 d4
g ’ = 1.17 - 0.0015 d 
m4
for (t - t’ ) ^ 1 year,
s h
/8.23/ 
for (t - t’ ) > 1 year,
s h
or is given by /8.24/ if d > 380 mm:
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q ’ =  1 .2  e x p ( - 0 .0 0 4 7 3  ) 7 8 . 2 4 /
where V/S is volume/surface ratio. For the effective 
thickness d less than 150 mm the value of q ’ is given by Table4
8.4:
Average member thickness Shrinkage coeff. q^
50 mm 1.35
75 mm 1.25
100 mm 1. 17
125 mm 1.08
150 mm 1.00
Table 8.4 ACI 78 model, coefficient q ’.4
Similar to the creep coefficient k ’ , the preprocessor MATE­
RIAL computes intermediate values using a 4th order spline.
The last coefficient q  ^ accounts for curing times which are 
different from 7 days. For moist cured concrete, values are given 
in Table 8.5. For steam curing q^ = 1 for a period of 1 to 3 
days.
Period of moist 
curing (in days)
Shrinkage age 
coefficient q ’
1 1.2
3 1.1
7 1.0
14 0.93
28 0.86
90 0.75
Table 8.5 ACI 78 model, shrinkage age coefficient q * .
In this case it is not possible to use a high order spline 
approximation and therefore simple linear interpolation is 
employed.
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8 . 1 . 2  CEB -  FIP 1978 model.
Here the models for creep and shrinkage developed by Comite 
Europeen du Beton (CEB - FIP), 1978 are presented. There are 
based on the CEB - FIP models from 1970.
Creep function.
The creep function is split into the following additive com­
ponents (compare with (8.30)):
i  V r )
—  = initial elastic strain (30-60 sec),
E (£’ ) E
c  c 2 8
/8.25/
/3a ( t ’ )
— =------- = fast initial strain in the first day after load
E
c 2 8
application,
(pd ( 3 -  t’)
-------  = delayed elastic strain,
E
c 2 8
and
<P£Us it) - 3f(f)]
-------- = irrecoverable time dependent
E
c 2 8
strain (flow, delayed plastic strain).
The value of the initial deformation modulus E (£' ) is
c
defined using the term corresponding to initial strain only, i.e. 
at V  = 2 8  days:
E 1 = $(£,£’) where At = t - t’ = 0.5 10 3 days.
c 28
If experimental results are not available, it is possible to
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use the CEB - FIP Model Code which recommends for £ :
c 2 8
E = 1.25 * 9500 V~f /8.26/
c 2 8  cm 28
where f is cylinder mean compressive strength (in Mpa),
cm 28
E is initial deformation modulus at V  = 2 8  days
c 2 8
(in MPa),
and 1.25 is coefficient increasing the original 
code recommendation by 25% [32].
It is apparent that all entities are based on a loading 
time of t ’ = 2 8  days. For other times / S . 21 / can be used:
f  i t ’ )
13 ( t f ) =   (see /8.29/) /8.27/
C I
cmOO
where f i t ’) and f are mean cylinder compressive
cm cmOO
strengths at time ty and oo. If 28-day data is available, then 
/8.28/ can be used instead:
f it’)
3 3i t ’ ) = ------ /8. 28/
i f
cm2 8
Similarly for the deformation modulus:
1 = r , , 1-n-= 13 it’ )   = V 13 it’)   78.29/
E it’ ) ' i ' E c E
c  c 2 8  cOO
The nondimensional creep function is of the form:
E $ i t , t ’ ) = 13 i t ’ ) + (3 i t ’ ) + © 8 i t  -  t ’ ) +
c 2 8  1 a d d
+ <p (8 (t) - 13 i t ’ )] /8.30/
f  f  f
Functions (3 i t ’ ),  /3 i t ’ ),  (p , 8j(t - £’), <p, 8(t) as well
i a d d f  f
as (3^it’ ) and f3c i t ’ ) are given mostly in the form of diagrams in 
order to simplify their use. Nevertheless to encourage engineers 
to develop computer codes they are also provided in analytical
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form (in CEB-FIP) and some authors have also developed their own 
approximations.
In the following the recommended functions from the appendix 
of CEB-FIP 1978 are given and these are compared with functions 
derived by Neville at al. [32].
The adopted notation is as follows:
t = the age of concrete (of our interest) (in days),
V  = the age of load application (in days), 
humid = environment humidity (in %),
f i2g= mean cylindric strength in compression (in MPa)
h = effective (nominal) thickness (in cm), 
o
For numerical comparisons the following data were used: 
final time t = 110 days, 
time at loading i’ = 50 days, 
humidity humid = 50%, 
the effective thickness h = 40 cm,
o
compressive strength f i2Q= 32 MPa.
It is clear that any comparisons of the presented models can
not be based on the one example only. However the numerical eva­
luations of these expressions provides some verification for 
their use.
The expressions and their numerical values for the above da­
ta are summarized in Table 8.6. From the total result (Table 
8.7) it is apparent that differences between them are negligible. 
The only important difference is the increase of E 8 by 25 per
cent (see /8.26/) which is recommended in the CEB - FIP Code.
Therefore for the sake of compatibility this 25 per cent addition 
was not used in either model.
291
Neville at al. expression:CEB - FIP expression:
7 . 35
0.875
3.(50) = 0.966
2. 45 0.8
1.276
f3 (50) = 0.1053 (50) 0. 189
const.
- exp[-0.01(t-t’)] +0.27
0.5990.641
f  l f  2f 2f  1
<p (humid) ... see table 12.2f l
in ref.[100]
<p (humid) = 4.45 - 0.035 humid
f  l
<P£1 (50) 2.66
Table 8.6 Expressions for CEB-FIP model for creep predictions.
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0.357- 5
<p (h )=expf  2 0 4.4 10 f  2
in ref. [100]
0 . 1 6 6 7
In
f  2« (40) 1.3957
5.02
K (h )=exp
in ref.[32]
0.00144 h
0 . 2 9 5 4
1.005 hIn
J3 (110,40) = 0.4837 /3 (110,40) = 0.482
|3 (50, 40)13 (50,40) = 0.377 0.379
Table 8.6 Expressions for CEB-FIP model for creep predictions 
(cont.).
CEB - FIP results Neville at al. results
E =37.7 GPac 28 E =37.7 GPac 2 8
$(110,50) = 0.487 10-7 $(110,50) = 0.449*10 "7
f (50) = 36.39 MPac y l f (50) = 35.43 MPac y l  ,
Table 8.7 Comparison of total results of creep prediction using 
CEB - FIP approximation expressions and Neville at al. functions.
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S h r in k a g e .
In the following the CEB-FIP 1978 expressions for shrinkage 
evaluation are given. As in the case of creep the expressions are 
also presented both in the form of diagrams and as analytical 
approximations.
They are given in Table 8.8 simultaneously with Neville at 
al’s. approximate functions [32]. To compare both sets, numerical 
results for a particular example have also been computed and are 
included in Table 8.8. This data is the same as that used for 
creep prediction with the addition of V  = 7 days (time at which
sh
drying starts):
The strain due to shrinkage which occurs in a time interval 
of (t - V  ) is given by:
sh
e (£,£’ ) = e {humid,h ) [/3 (t,h ) - f3 it* ,h )]
sh sh sh,0 0 sh o sh sh 0
/8.31/
where t is the age of concrete,
t* is the time when the drying started,
sh
e = basic shrinkage,
sh, 0
f3 is the function for the development of shrinkage.
sh
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Neville expressionsCEB - FIP expressions
not used
0.32
K (h )=exp 0.00257h -
(humid)*(humid) e
s h s h lsh2 shs h s h s h l
sh2
(humid) .. see table 
12.2 in ref. [100]
(humid)=(0.00075 humid - 0.156*
s h ls h l
- 5
*humid + 11.0325 humid - 303.25) 10
-6 -6
(50)(50) -453 10-460 10
s h ls h l
0.32
(h )=exp 0.00174 h
sh2sh2
12.5 in ref. [100]
0.  254
In
(50) = 0.7917
sh2sh2
s hs h
12.5 in ref.[100]
s hsh
shsh
Total shrinkage:Total shrinkage:
- 5 -5
-7.97 10
shsh
T able  8 . 8  E x p r e s s io n s  f o r  CEB-FIP model f o r  s h r in k a g e  p r e d i c t i o n s
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8.1.3 Bazant and Panula’s model II,1978.
In the following the Bazant and Panula’s model [32] for 
creep and shrinkage prediction is given. All expressions are pro­
vided in brief form and the reader is referred to the original 
source for more details. It should be noted that Bazant and Panu- 
la have also developed a more accurate version of this model 
which accounts better for temperature influence, method of curing 
etc. [33], [48]. Nevertheless the present model is often used,
has a good reputation and requires only two material properties,
the mean compressive strength f (t* ) and the concrete unit
cm
weight p.
Shrinkage.
The general expression to compute shrinkage in the time 
interval t’ to t is:
sh
e (t, t * ’) = k e
sh sh 1 sh,CO
' ( t  - V  )
sh
t  + ( t
 ^ ( 1 /2 )  sh t ’ )sh
78.32/
where t is the age of concrete (in days),
t* is the age at beginning of drying (in days).
sh
The coefficient k is a function of the ambient relative
l
humidity h (in %) and is defined by:
k = 1 - 10"6 h3
l
for h * 98%,
78.33/
k = -0.2 for h = 100%.
l
The interval 98% < h < 100% is not covered in ref [32] and 
thus linear interpolation was used.
The ultimate shrinkage ^  is related to the mix parame-
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ters by th e  f o l l o w i n g  e x p r e s s io n s :
e = 1330 - 970 y
sh, 00
y = (390 z"4 + l)'1
[ 1 2 5 / f + 0 - 5 ( t ) ]z = 0.381 Vf I 1.25 
and:
z £ 0
In the above expression:
1 +  —  
 r _
w
-  12
78.34/
is the ratio total aggregate / cement,
a
is the fine aggregate / cement ratio,
w is the water / cement ratio.
All ratios are proportional by weight and the 28 day 
cylinder strength in compression f is in MPa. The fine
aggregate is assumed to be aggregate of maximum size 4.77 mm, the 
rest is coarse.
The value of t is defined by
(1 /2)sh J
t = 4 f k ’ -^-1 frr j —
(1/2) sh I S I D{t
sh
V
where -g- is volume/surface ratio m  mm,
78.35/
k ’ is the shape factor = 1. for a slab,
= 1.15 for a cylinder 
= 1.25 for a square prism, 
= 1.3 for a sphere,
= 1.55 for a cube.
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D(£’ ) is drying diffusivity defined by:
s h
D{t' ) = 2.4 + — — —  /8.36/
s h  /----- <
/ t * hs h
Creep,
The total creep is considered separately from basic creep by 
introducing a drying creep term in the creep function. The basic 
creep is a function of elastic strain and the basic creep strain 
caused by unit stress applied at time V  and measured at time £:
$ (£,£’) =4r- t 1 + ] /8.37/b t. b
where $ (£,£’) is the basic creep function (in GPa *) and
b
0 ’(£,£’) = B [(£’r m+ 0.05] (£ - £’)n /8.38/
b
The parameters , m, n and B are all functions of 28 - day 
strength:
£ ’ = 0.01306 + 3.203 —
- l
(in GPa) /8.39/
v T  ^c y  128
B = 0.3 + 152.2 f-1'2 /8.40/
c y l2 8
m = 0.28 + 47.54 f"2 /8.41/
c y l 2 8
n = 0.115 + 0.183 10"6 f3'4 /8.42/
c y l 2 8
where f is in MPa.
c y l  28
The static modulus at time £* can be calculated using /8.39/ 
through /8.42/:
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E  i t
’ > = { ±
[1 +  B  [ t *  + 0 . 0 5 )  10
■n > r
7 8 . 4 3 /
- l  .
The total creep function in GPa is expressed as
follows:
E ’
78.44/
where $ is the basic creep function /8.37/ and the
b
drying creep coefficient ) is given by the following
d sh
equation:
m . 3 t ..-0.35
k;'(t'r T  ( 1 * t t )
78.45/
B
i "  ( L
t - V
sh
Tot
B = 0.0056 +
d
(1/2) sh
0.0189
B c 
d shoo
1 + 0 . 7 r
-1.4
r / \ ,0.3 . .1.3
“  0  56 [  T  ( f )
78.46/
78.47/
1610 (t )
sh , oo
1.5
- 0.85
78.48/
If r ^ 0, then B = 0.0056. Finally
Jc’ ’ = 1 -  1 0 " V - 5
l
78.49/
where h is again the relative ambient humidity (in %).
It should be noted that for all expressions of this model 
:ime t’ is assumed to be greate 
case is not covered by this method.
the ti er than time t’ . The opposite
sh
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It is emphasized that the aim of Sections 8.1.1 to 8.1.3 was 
not to study the problem of creating the creep and shrinkage 
functions. This is beyond the scope of this work. The main inte­
rest is on the solution procedures of the whole structure, which 
is the content of the next section.
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8.2 Methods of creep and shrinkage analysis.
There are many different methods to account for creep and 
shrinkage phenomena in an analysis. These range from the simplest
and shrinkage is neglected, to very sophisticated nonlinear me­
thods, which account for nonlinear aging of concrete, the whole 
loading history of the structure etc. To the author’s knowledge 
all methods used in practice assume that within an infinitesimal 
increment creep and stresses vary linearly and obey Boltzmann’s 
principle of superposition. More advanced methods are rarely used 
for real structures due to their complexity.
The principle of superposition means that the total strain 
of concrete at time t subjected to varying stress is calculated 
by summing the strain caused by each stress increment (or 
decrement), Acr(t’) applied at £’. Or in other words the strain 
increments due to stress increments applied at time £’ is quite 
independent on the stress history in times t < V  .
Mathematically this can be written:
For the case of a variable stress history it is necessary to 
replace the sum operator in 78.50/ by an integral operator:
The integral /8.51/ is sometimes called Stieltejs integral 
and incorporates the general assumption for all methods, which 
will be discussed later. It greatly simplifies the problem of 
creep and shrinkage analysis and based on experimental evidence 
the inaccuracy due to its use is negligible.
8.2.1 Effective modulus method (EM method).
The EM method is one of the simplest methods and
in which creep is evaluated by decreasing Young’s modulus only
t
78.50/
t
78.51/
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incorporates creep in an analysis by an appropriate reduction of 
Young’s modulus. Hence instead of using a current modulus at the 
time of loading V  , a so called effective modulus is used, given 
by:
E = Eit’l --= Eit> V-—  /8.52/
e f f  l + 0 ( t , £ )  $ ( £ , £ )
This method gives good results if the stress does not vary 
very much. This is due to the fact that for all stress histories 
only one creep function $(£,£’) is used which is defined with 
respect to time £’, i.e. the time to the first loading. For later 
loading creep is underestimated.
Despite this deficiency the method is still extensively used 
because of its simplicity and because of the fact that it is 
adopted in many codes for the analysis of reinforced concrete 
structures.
Shrinkage is incorporated in the analysis in the form of 
initial strains with values equal to the total shrinkage during 
the time interval t  - t ’ , i.e. the period of concrete drying.
s h
This is of course also a very simplified approach which can be 
adopted only in linear analysis (i.e. when the stiffness of the 
structure is assumed independent of load and deformation level).
8.2.2 Rate of creep method (RC method).
The basic assumption of this method is that the rate of 
creep is independent of time t’ when the load is applied. This 
method was first presented by Glanville [35] and Whitney [36] but 
its real practical implementation to structural problems was done 
by Dischinger [37], Mathematically the basic idea of RC method 
can be written:
d c
d c  _ <r(t) d<f> ^  1 d a  s h / Q
d t  E ( t ’ ) d t  E i t ) d t  d t
The assumption of creep rate independence of time t’ leads 
to an affinity of creep curves (see Fig. 8.1) which is contrary
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0) 
E
(t
f)
to experimental evidence. It causes an overestimation or under­
estimation of creep if the load decreases or increases later on.
8.2.3 Rate of flow method (RF method).
The essential assumption in this method is that the total 
strain at time t is composed from the elastic strain, the 
recoverable delayed elastic strain and from irrecoverable strain 
flow. It was justified by the experimental evidence that the de­
layed elastic strain is independent of time of loading t’. Strain 
flow is treated similarly to the RC method.
The results based on RF method are better than in case of RC 
method, but the use of a constant creep curve for strain flow is 
in contradiction to experimental results and the nature of the 
problem itself. The strain-time relation is depicted in Fig. 8.2.
304
1.0 ..
CO (/) 
LJ 
&. 
I— 
GO
t0 tf time
(*/*> >- *r
c
o n
CO
f
E(t0)
1
E(t,: RC METHDD
RF METHDD
(1+ f / ( t i  ) - * f ( t o ) ) / E ( t 0)- 
1 /E ( t ,  )
TIME t
Fig. 8.2 RF method.
8.2.4 Improved Dischinger method (ID method)
This method is very similar to RF method. The only 
difference is that the elastic and delayed elastic strains from 
RF method are treated as one term. This simplification can be 
adopted because the time which is necessary for all the delayed
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elastic strain to occur is much smaller than the time which is 
necessary for the total strain flow to occur (which is in fact 
infinite). Hence the creep function can be written:
0 ( t )  -  0 if)
=  -g'+ e T P T   / 8 -5 4 /
d
where E is defined by:
d J
E = E {V ) / (1 + 0 ) /8.55/
d d
The term E serves as a secant Young’s modulus for the
d
structure at the age when both elastic strain parts occurred. 
Hence it is not a suitable modulus for calculating the immediate 
response of the structure after applying the loading. For 0 the
d
value 1/3 is recommended [33] and hence E = 0.75 £(£’).
d
Although the above assumption does not provide accurate 
results for the case of very small (t - t’) , the ID method was 
adopted in the CEB - FIP 1978 code for (t - £’) > three months 
and the results are good.
The ID method is very simple and can be understood as a 
hybrid of the EM and RC methods. Adjusting the time of loading t’ 
to 28 days, the mathematical equation for strain - stress rela­
tion has the form:
, ... d0 1 +0 , de
de _ crit) + _^_d dr sh_ / g > 5 6 /
dt E dt E dt dt
28 28
The strain - time relationship for this method is depicted 
in Fig. 8.3.
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8.2.5. Rheological models (RM method).
To date many different types of rheological models have been 
developed and this is still a popular way of modeling concrete 
creep. Unfortunately this is not due to their excellent proper­
ties but because of their simplicity. Some these models are based 
purely on mathematical fitting of experimental data, the others 
are designed to reflect directly the processes in concrete. Ne­
vertheless the final results are identical.
The common feature of all rheological models is that they 
consist only of spring and dashpot elements connected in parallel 
or series.
The essential definition of a spring element is that: ,
d<r = k dc
while for a dashpot element:
d r  = „  j
In other words, the spring element stress increment is 
dependent on the strain increment and the dashpot stress 
increment is dependent on the rate of strain increment. Both 
types can be either linear, i.e. k = const, and v = const, or
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nonlinear, in which case the value of k and v depends on 
particular values of strain and rates of strain in the element.
It can be proved that any combination of springs and 
dashpots can be replaced by groups of parallel springs and 
dashpots connected in series (Maxwell chains) or by a series of 
parallel connected g~oups consisting of serial springs and 
dashpots (Kelvin chains). Hence the comment about identical 
results in the above paragraph.
One of the most successful of these models for the predic­
tion of creep in concrete was designed by Burger [33]. The model 
is schematically depicted in Fig. 8.4 and its analytical repre­
sentation is given by:
/8.57/
where represents the irreversible creep of a dashpot
at time t and parameters A(t’) and h(t’) apply to the Kelvin unit 
(see Fig 8.4). If we want to account for the effect of 
temperature and humidity, it is necessary to correct accordingly 
the irreversible part of /8.57/ (the second term) by introducing 
a function 0 ( D  for temperature and a function p(H) for humidity. 
The delayed elastic part is not affected (the third term of 
/8.57/).
More information about this model and additional simplifica­
tions are given in [33], where the final expressions are also 
presented. These can be solved easily using Laplace transforma­
tion.
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SPRING DASHPDT
Fig. 8.4. Burger’s model.
8.2.6 Step by step method.
This method is actually completely general. It can deal with 
any type of creep function and any prescribed history of stress 
and strain. It is based on the principle of superposition or 
mathematically on Stieltjes integral (see Fig. 8.5):
As stated before the practical consequence of this 
assumption \is that strain produced at any time £ by a stress 
increment applied at time £’ < £ is independent of the effect of 
any stress applied earlier or later.
Contrary to the previous methods here it is possible to use 
creep curves of general shape. The accuracy of results depend on 
the accuracy of the numerical integration scheme of /8.58./ and 
on the accuracy of the creep and shrinkage model.
t
78.58/
o
where e°(£) are initial strains at time £=0.
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Rewriting equation /8.58/ for the case when initial strains 
are zero we obtain:
u t
e(t) [i + 0(t,t’ )] + J  <Mt,x) d<r(r) 78.59/
t*
where t is the time of our interest (the age of structure),
V  is the time from which variable loading is applied,
<f>, and $ are functions defining creep,
£(£’) is Young’s modulus at V  .
(r is stress at time £’. 
o
Note that 1^ + 0(£,V ) = $(£,£’) and that the term
O'
■ , , . [1 + 0(£,£’)] represents the strain at time t due to
£  I £ )
loading at £’. The second term of /8.59/ accounts for strain
changes due to subsequent stress history (i.e. time from V  to
t ) .
Closed integration of /8.59/ is not possible and therefore 
numerical integration is used. The time £’ through t is divided 
into a number of time intervals and there are several methods
which can be used to integrate /8.59/. This problem is addressed 
in Section 8.3 where description of the step-by-step solution 
scheme using a recursive formulation is given.
The step by step method will be now briefly presented. The 
notation used is presented in Fig. 8.6.
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Fig 8.6 Notation adopted in step-by-step procedure.
Using a trapezodial integration scheme the second term of
equation /8.59/ can be written in the form (at the end of j-th
interval due to Ao* ):
J
Act
Ae (t ) = A<r(t ,t ) 9(t ,t ) = _ J - T- [1 + <p(t ,t )
j J+i J+i J j+i j Eit ) * J+i j
/8.60/
For time t (i.e. interval i) the strain due to Act is:i+l j
Act
A e U  ) = Act (t ,£)$(£ ,t ) = —  f{ . [1 + 0(t , £ ) ]j i+i j+i j i+l j £(t^ J  ^ i+l j
/8.61/
The total strains at time t can be calculated by summing 
all Ae.(ti+i) corresponding to all stress changes Acr^ (j < i).
e(£ ) = V Ae(t ) = Yi+l L j i+l L
j = i  J = i
Act
E ( t  ) [ 1  +  ^ ( t i + i ’ V ]
/8.62/
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or using abbreviated notation:
i l  ^ Acr .
, « ■ !  = I  { V - [1 + V ] }
j=i j=i v j
78.63/
Note that <f> = 0(t , £ ). Equations /8.60/ to /8.63/ arei j  ^ i+1 j
used to compute the stress at time i+1. Thus:
cr -o'i+l i-i , r
j  E  [ 1  +  * u ] +  L
i J=1
i-1 O' ~  O'
3*1 j-i
/8.64/
and after some rearranging the final expression for stress <r 
at the end of interval i is obtained as:
= O' +  ——i+l i-1 1 + ii I J=1
i i-1
V Ac - V (cr - o'L j Li j+i j-ij=i
1 + 0  1
ij
78.65/
It should be noted that Ae^  contains all strain changes, 
i.e. it also accounts for shrinkage, swelling etc.
As already pointed out, the method is quite general and this 
is its important advantage. However to compute stresses <r it 
is necessary to store the complete previous stress and strain 
history. This drawback is avoided by using a creep function in 
the form of a degenerated kernel discussed in Section 8.3.
8.2.7 The Trost - Bazant method (TB method).
The Trost - Bazant method is a practical tool which enables 
an engineer to obtain a direct solution of strain for variable 
stress history. It can be computed manually (i.e. without compu­
ter support, which is necessary for the previous method) using 
only some pre-prepared graphs. It introduces the concept of an
313
aging coefficient x to account for the time factor.
The sense of coefficient x can be explained if we write the 
equation for the total strain at time t as:
(T
(£) = E (jr-y [1 + 0(t, t’ )] +J  $U,t)/E(t) do*(T) 78.66/
The stress differential can be computed by:
d(T = 4* dx /8.67/
OT
and hence
A o' (t) =
t
ao- dr = <rit) - <rit’ ) /8. 68/
OT
where t, V  are again the age of concrete and the time at 
first loading.
Substituting /8.68/ into /8.66/ we obtain the final equation 
for evaluation of strains at time t:
(F
eft) = °, ) [1 + )] £-(f. ) *’ 1 U  + )]
/8.69/
where *(£,£’) is the aging coefficient which accounts for
aging on the ultimate value of creep for stress increments or
decrements occurring gradually after the application of the
original load.
The main problem using the Trost-Bazant method is, of cour­
se, the evaluation of the aging coefficients. An exact mathemati­
cal expression can be found by comparing /8.66/ and /8.69/. These 
were first calculated by Trost using the assumption that the
strain variation is affine to the creep-time function. Later Ba­
zant recalculated them using the assumption that they vary ac­
cording to a relaxation function.
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<r (£ * )For relaxation, e(£) is constant and equal to „ f ., . and we
Fit J
can write:
xit>t' )= cr(t* ) - < r ( t )  ~ ) /8.70/
or for unit stress:
-  > f t , f ) ■ / 8 - 7 1 /
The aging coefficient must be defined for all combinations 
of loading, the age of concrete, environmental condition, struc­
tural shape etc. and this is the biggest drawback of the method. 
The only small simplification possible is not to create £(£,£’) 
for every structural thickness because it was found that they va­
ry little with the thickness.
This method is quite well established in practice and x 
coefficients are provided for all material models described in 
Section 8.1.1 to 8.1.3.
As an example, the diagrams for £(£,£’) provided in CEB - 
FIP 1978 are illustrated in Fig. 8.7 [31].
315
AG
1 6 0 .  OCMHO
0
0 OATS
AGI NG C O E F F I C I E N T  X l T . T O FF
HO 2 0 . 0  CM
OATS
Fig. 8.7 Examples of diagram (CEB - FIP).
316
8.3 Step-by-step procedure using Dirichlet series creep
function.
Finally the most powerful method of creep and shrinkage ana­
lysis is presented. It is a modification of the previously dis­
cussed Step-by-step method but requires much less computer stora­
ge than its original formulation. As already mentioned, this met­
hod is a completely general solution procedure allowing any shape 
of creep and shrinkage functions. Its main disadvantage, i.e. its 
relatively high complexity, is not now such a limiting factor as 
it is possible to use very efficient computer techniques.
The above properties are the reason why this solution met­
hod is nowadays becoming more popular and some of the earlier wi­
dely used schemes, as discussed in previous sections are gradual­
ly being superceded. This is also the reason why this method has 
been chosen for further investigation in the present work.
The main drawback of the original version of Step-by-step 
method is the necessity to store the whole stress and strain 
history of the structure. Supposing the real structure is 
discretized by the Finite element method and requires about 
twenty time intervals, it is not difficult to realize that this 
is excessive even for modern computers. (It would be necessary to 
analyze twenty structures together).
To avoid this Bazant [38] developed a new procedure which 
preserves all the generality of the original Step-by-step 
procedure but at the same time reduces very significantly the 
demands on data storage.
In fact the complete strain and stress history of the struc­
ture is replaced by several "internal" variables from the pre­
vious time step. The key to this drastic improvement is the ap­
proximation of the original form of the creep function by a Diri­
chlet series creep function.
Some time after the method was published it appeared that 
although theoretically everything works perfectly, in practice it 
is not so easy. The main difficulty is the numerical stability of 
the integration of Stieltjes integral and also the approximation 
of the arbitrary creep function by Dirichlet series itself. Ba-
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zant [38] commented that ’ . . . a good numerical approximation of 
the integral ... with regard to the exponential term is imperati­
ve. ’ In some later work [33], [34] he made some suggestions but
nevertheless the problem remained open ..
The main objective of this section is first, to describe the 
Step-by-step method using the approximation by the Dirichlet se­
ries and, second, to deal with the numerical difficulties of this 
procedure. In addition, the original formulation for linear 
short-term constitutive equations is extended to fully nonlinear 
solutions. However it should be noted at this point that although 
geometric and short-term constitutive equations are incorporated 
in nonlinear form, the implementation of the aging creep law it­
self still remains linear, as apparent from Stieltjes integral 
/S.13/ and the creep models (see Section 8.1). This restricts the 
use of this method to serviceability conditions only.
The practical use of this method, particularly its combina­
tion with geometric and material nonlinearities, is presented in 
Chapter 9, were also various solution parameters and other as­
pects are discussed.
The essential idea of the method is the approximation of the 
creep function by a Dirichlet series of the form:
Inserting the creep function /8.72/ into Stieltjes integral 
and extending to 3D conditions:
78.72/
where t are so called retardation constants,
£’(£’) are constants of the Dirichlet series ( in
dimension of stress unit),
£(£’) is the instantaneous elastic modulus (=$(£*,£’)).
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t  d(T
e(£) =  J  $(£,x) B ( o;) —  dx /S.13/
t»
leads, after some rearranging, to:
^  n  1 A£(t) = J [Tra-f I -rrn- B(-’^  dT
t *  | i = i  n '
c * i t )  + e °  ( £)  / 8 . 7 4 /
where B ( t r )  is a material compliance matrix multiplied by 
£(x), e°(t) is a stress independent strain vector comprising
shrinkage and thermal dilatation and the e (£) vector may be 
viewed as hidden material variables which characterize the past 
history. These are defined by:
e*Ci) = exp( - 4 - }  J exp[ ■£-] £. (T ) dr
K l± J t ’ K n J i±
/ 8 . 7 5 /
- 111=1
where p = 1,2,3 .... ,n.
Now, similar to the original step-by-step solution scheme, 
numerical integration is employed here also. To achieve this, let 
us divide time £ into discrete times £, £, £, ... ,£ (£ =
0  1 2  N O
V  , £ = £). Note, that the total number is N and not n, the
N
number of retardation times.
The time increment is:
At = £ - £ /8.76/
r t r-l
The proper setting of times t^  and retardation times t is
very important and will be discussed later.
1 do;
Now assuming that £> —  anc* —  dx are constant within
p T T
a time step, equation /8.76/ can be replaced by numerical inte-
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gration as follows:
e it )
r
= exp
' / )  I  - r w - Tv 11 '  jl s-l/2
S = 1
dcr(t ) 
- s-l/2
dt
J exp( 4-) dt’
s -1
78.77/
In the following we will use notation as follows:
Subscript r for time t, i.e. t ,
r
Act = <r ( t ) -  o'it ) and
—S -  s  — s - 1
s - 1/2 subscript refers to the average value within
interval s , e.g. E’ = -4- (£’ + E’ ).
u 2 ii a
s - l / 2  s  s - 1
B = B ( c r 3 in interval At , i.e. from cr to <r .
s — s ~ s - l  —s
This notation is also depicted in Fig. 8.8.
oo
oo
LxJ
f—
00
s - t h  i nterva l
A ct o ( t )
I
—
I
vhlue
s-1 |
itsjed 0 
for  in to
I i:
- 1/i
\
■s-j
g ra t io n .
TIME
Fig. 8.8 Notation for Step-by-step procedure using Dirichlet 
series approximation of creep function.
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The last term of /8.77/ can be integrated exactly and leads
to:
e = exp 
- f * ( - t ) I
A A<r
f i -s
s
T  
u
s=l s-l/2
B s  e x p (  - T - )
/8.78/
The A constant can be evaluated using: 
P
A = 1 - exp
At
- T - At
78.79/
The usefulness of the above expression is apparent if we 
subtract equation 78.78/ written for time t , from the same
equation written for time t :
A B A<r . At . f l s — r
e*  = exp I    I e *  +----   /8.80/
- f i  M  t  J - f i  E
r V P r- 1 f l
r - 1 / 2
where fi  = 1, 2, ... ,n.
Hence instead of all the previous stress and strain history 
of the structure, we need to store only n internal variables from 
the previous time step (r - 1).
Assuming again that anc* —  dr are constant
f i T T
within the time step, equation /8.74/ may be rewritten for time 
interval r:
*£r = (-T— E* ) Br
r-1/2 M=1 M r.1/2
- £ Ae" + Ae“ 78.81/
- f l  -r
f l = l  r
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which uses Ae = e - e and a similar definition for Ae
— r — r “ r-1 f l
i
The final expression of this method is then:
Act
Ae = B -prrS- + Ae’ ’ /8.82/
—r r L — r
1 - X
n r
where \  p ---—  and
^r-1/2
1 _ 1 v n
E "  E + )
r i— 1/2 1 |i=l
4 c - - y
r ^  u=l
1 - exp
r  A t  ^
" r .
e (t ) + Ae (t )
—/i r-l - r
The set of equations /8.80/,/8.82/ and /8.79/ represent the 
complete definition of the method. The algorithm can be relative­
ly simply incorporated into finite element programs because it is 
necessary only to repeat an ordinary analysis for every time in­
terval and to call quite independent routines to calculate the 
"current" material modulus E ’’ and initial strain Ae’’ before and
r r
after each interval.
In most nonlinear finite element software, matrix B is not 
available. Either the material rigidity matrix is used or consti­
tutive relationships are evaluated directly. This causes no prob­
lem in equation /8.82/ because it is used in its inverse form; 
however difficulties arise in calculating the B Act term in
r ~ r
equation /8.80/. The simplest solution is to modify equation 
/8.80/ using equation /8.82/ as follows:
E* ’(Ae - Ae’’)X
A t   ^ r  - r  - r  H
------  /8.80 V
= exp( ) -I +  r-r V M r-l H
r— 1/2
This is conveniently evaluated because the strain increment
Ae is known from equation /8.82/ prior to computing equation 
-r
/8.80/, and will automatically include material nonlinear ef­
fects .
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The choice of retardation times.
The suitable choice of retardation times x^ can be explained 
in Fig. 8.9. If we plot (t - V  ) on logarithmic scale the indi­
vidual exponential terms ( 1 - exp[- —----— ]j of /S.12/ look li-
ke step functions with the step spread over one unit of log 
(£-£’) and outside this interval they are nearly constant and ho­
rizontal. The retardation time x is located near the center of 
function rise. Hence the approximation of the original creep fun­
ction can be understood as an overlaying of the original creep by 
a set of horizontal strips, each of them corresponding to one re­
tardation time x . From this graphical construction some salient 
properties become evident (x is located in center of functional 
step).
This approximation is not unique because of the variable 
number of strips possible in the approximation. However, based on 
collective experience, it is recommended that x^ is spread uni­
formly on a logarithmic scale and at least one x for every unit 
of log(x) should be used, i.e. m i l  [34]. Hence:
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1 - e x p ( ~ ( t - t ' ) / Ts )1/E
/ / / / / / / / / / / / / / /7  / /  /
l o g ( t - t ’)
Fig. 8.9 Representation of Dirichlet series.
M - i
x = 10 r , /8.83/
f i  l
where p = 1, 2.... ,n and t must be small enough to account 
for the aging of concrete. In addition, the values of t  must co- 
ver the whole time of interest. Thus:
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and 78.84/
(t  — 2 £ ’ ) A (t  — 0.1 £ * )
1 l  o
where t’ is the age of loading. Obviously, the first 
condition is more rigorous, £ is the total age of structure.
The choice of integration times.
The choice of integration times, i.e. time interval for 
numerical integration of /8.74/ is very similar to the situation 
with retardation times t  . However, for the sake of accuracy, it 
is better to place more integration intervals per one decade (at 
least two) [34]. Thus:
r-l
t = 1 0  1 (t - £’ ) /8.85/
r 1
where £’ is time of sudden loading, t = V  + 0 . 1  day and 1 
is number of integration intervals unit of log(i), usually 1=2. 
Subscript r ranges from 1 to N,  where £ ^ £ (the age of the 
structure).
The expression /8.85/ is written for the case when structure 
is loaded at time V  and thereafter there are only small changes 
in loading condition.
If a structure is suddenly significantly loaded or unloaded 
after £’ , then it is necessary to start again with small time 
intervals.
Approximation of creep function using Dirichlet series. 
Minimizing the error between the specified creep function 
$(£,£’) and the Dirichlet series $’(£,£’) leads to sets of coef­
ficients E and E ' of the Dirichlet series for specified values
of retardation times t and integration times £ , (one set per
M ^
each £’ = £ ). For example, using the least squares method,
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f ($(t,t ) - (r,t ))2 dr = minimum 
Jt
78.86/
or re-writing in summation form:
V [<Ht i ) 1 = miLt k r k r nimum
78.87/
k = r
where $(t , t ) are sampling points of the specified creep
k r
function and (t ,t ) are their equivalent values using the Di-
k r
richlet series.
Minimization leads to the final set of equations for every 
value of t from which the unknown material constants E and
r r
(£’ , ii=l, n) are computed, i.e.
r
y a E 1 = y L ifl fl ia E~1 +i 1 r
r fl-1 r r
7 8 . 8 8 /
where
a = N - r + 1
l i
r
r k=r
f t - t’ }
k r1 - exp
x
i
111
r
- I
r k=r
f  t  -  f  1
k r1 - exp X
ill
I>
- I
r k=r
1 - exp
f t - t’ )
k r 1 - exp
f t - t’ 1k r
X xI i J I n J
y , - l
r k=r
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N t ~ V
y =) $ ( i , t ’ ) 1 - exp k ri La k r
r k=r
T
The coefficients a , a , r = 1, n can be collected to­il i fl
r r
gether to form a matrix A with (n + 1) rows and columns/ Hence 
index i ranges from 1 to (n + 1) whilst p. ranges from 1 to n. 
Index k is a summation index through all creep data for i’= t ,
r
i.e. from r to N.
Examination of equation /8.88/ suggests that matrix A might 
become ill-conditioned under certain circumstances. Large retar­
dation times t cause nearly zero exponential terms, irrespective 
of values t and t’ whilst small values of t (which are neces­
sary to allow aging in the creep function), combined with a large
t - Vtime span, causes --   to become too large, giving excessively
high values of the exponential term. It is difficult to establish 
criteria, using mechanics principles, which forecast the stabili­
ty of equation /8.88/ in general cases. Therefore a purely mathe­
matical solution is proposed here.
Matrix A is first assembled as it stands. If any ill- 
conditioning exists, then determinant IAI must be close to zero, 
which, in the context of a Dirichlet series, implies that two or 
more adjacent columns must be nearly parallel when viewed as 
vectors. Thus it suffices to examine the angle a between the 
vectors given by
where i and i + 1 are the column numbers. Hence the algorithm 
is developed as follows:
1/ starting at column i = 1, calculate a for columns i and (i + 
1).
2/ if a £ a (a small specified value), increment i by 1 and
s
return to step 1.
3/ if a < a , then calculate a successively for columns i and i s J
78.89/
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+ 2, i + 3 ...etc. until columns i and i  + s satisfy a £ as
4/ columns (i+1) to ( i + s - 1 )  are then rejected by setting 
the variables E * to E * to 0, thus deleting modes cor-
l~t f i
i + l  i + s - 1
responding to retardation times t  - t to t from the Di-
*  & i + l  i + s - 1
richlet series.
5/ restart process at column (i + s ), return to step 1, and 
continue until all columns have been scanned.
Chapter 9 presents some examples demonstrating the efficien­
cy of the algorithm.
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9 . A n a l y s is  o f  s t r u c t u r e s  s u b je c t  t o  lo n g - te r m  lo a d in g
This chapter presents long-term loading structural analyses 
performed by the modified Step-by-step procedure, (described in 
Section 8.3). It will be always restricted to serviceability 
structural conditions as implied by linear creep considerations 
only.
Generally there is a considerable lack of experimental as 
well as analytical evidence about the behavior of reinforced con­
crete structures subject to long-term loading conditions. Experi­
mental data are available mostly for relatively short-term load­
ing only and analytical solutions, for the sake of simplicity, 
usually neglect structural nonlinearities (geometric and consti- 
tutive equations).
The examples presented demonstrate that full analytical non­
linear analysis is nowadays feasible, even if only PC techniques 
are available. In addition, comparison of the results with those 
based on other sources is given, (i.e. from experimental analy­
sis, solutions based on British Standard BS 8110, 1985 etc.), so 
that the accuracy of the solution can be ascertained.
A brief list of the long-term analyses with their objectives 
follows:
Anal. Structure  Problems_Program
9. 1 Beam [49], R/C SBS, CM, TI, RT PI-1
9.2 Beam [49], R/C SBS PI-2
9.3 Concrete samples [49] SBS, TI PI-3
9.4 Beam, slab, shell, R/C SBS, NSBS PI-2
9.5 Concrete samples DS, SBS PI-3
where:
CM = Comparison of creep models,
DS = Creep function approximation by Dirichlet’s series,
excessive modes rejection,
NSBS = Other than SBS method for creep analysis,
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PI-1 = 2D analysis,
PI-2 = Shell analysis
PI-3 = Material preprocessor Material,
RT = Influence of retardation time choice,
SBS = Step-by-step procedure for creep analysis,
TI = Influence of the choice of time integration steps
9.1 Beam analysis subject to three years loading. 2D 
analysis.
A. Aim of the analysis:
-analysis of beam structure subject to three year 
uniform loading using 2D approach,
-comparison of two finite element meshes,
-comparison of creep models,
-nonlinearity effect of matrix B, (equations /8.80/ vs. 
8.80’/),
-comparison of results using different time integration den­
sity,
-influence of retardation times on accuracy of results.
B. Description of analyses:
Experimental data from a typical precast R/C floor subject to 
three year loading were used [49].
The tested floor plate consists of beam elements, each with a 
rectangular cross section 0.46x0.23m and span and total length 
6.14m and 6.30m respectively. The geometry and reinforcement of a 
typical floor component are depicted in Fig. 9.1. The floor spe­
cimen was designed in accordance with CP 114 for its dead load
2 2and superimposed load of 56 lbf/ft (2.682 kN/m ) which corres-
2 2ponds to a live load of 40 lbf/ft (1.92 kN/m ) and an allowance 
of 16 lbf/ft2 (0.76 kN/m2) for partitions and finishes. A load 
factor of 2. was used in order to meet requirements of GLC London 
Building (constructional) By-laws.
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A series of three floor specimens was cast using the 
following mix:
3
sand 863 kg/m
3gravel 863 kg/m
3
Portland cement 245 kg/m
water (0.63x460) 154 kg/m3
3
total weight 2125 kg/m
compressive strength (28 days) 35.1 MPa
tension strength 3.41 Mpa
Young’s modulus 30. GPa
Each beam was reinforced by two 5/8 in. diameter high tensi­
le steel bars and one 3/4 in. diameter mild steel bar of the fol­
lowing properties:
3/4 in. diameter bar (19.2 mm):
Young’s modulus (elastic) 208 Gpa
Young’s modulus (plastic) 36.56 GPa
Yield stress 267 Mpa
Ultimate stress 468 Mpa
5/8 in. diameter bars (16 mm):
Young’s modulus (elastic) 196 Gpa
Young’s modulus (plastic) 31.2 GPa
Yield stress 427 Mpa
Ultimate stress 678 Mpa
All reinforcement was placed near the bottom of the beam 
(tension zone), the concrete cover being 3/4 in. (19.2 mm). The
construction reinforcement, i.e. bars near the top, lifting hooks
2
etc. was neglected. The total reinforcement area was 680.5 mm 
which corresponded to 0.65% of total cross section area. The 
structure was simply supported near its ends.
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One day after the casting the specimens were removed from the 
moulds and then placed in curing tank, where they were water cu­
red for seven days. At the age of fourteen days the beams were 
transported from precasting yard and erected on steel frames with 
rubber pads in the weather-proof test building with the average 
temperature and relative humidity about 15°C and 78%. The exact 
record of both temperature as well as relative humidity is provi­
ded in [49].
Dead load was applied at fourteen days and full loading was 
imposed at twenty eight days.
9.1.1 Comparison between element methods and integration 
rules.
Two finite element meshes were used to model the structure. 
The first one consists of 16 elements, i.e. 8 elements in longi­
tudinal direction and 2 elements through the beam depth, and the 
second consists of 4 elements only, placed in the longitudinal 
direction (see Figure 9.2). Isoparametric quadratic elements were 
employed and were each integrated at 4, 9 or 16 Gaussian integra­
tion points. Creep and shrinkage were modeled by the Bazant- 
Panula model No. 1. The computed mid-span deflections are compa­
red with experimental data [49] in Fig. 9.3. The legend indicates 
which particular mesh and integration was used, for example 
(16E/9I) means that the 16 element mesh was used and that each 
element was integrated by a 3 x 3 integration rule.
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Fig. 9.2 Geometry of the models used for 2D analysis.
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Plane stress analysis
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Fig. 9.3 Mid-span deflection of the beam, 2D analysis.
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Discrepancies exist between the results. For the structural 
response up to about half a year the results for different meshes 
nearly coincide, however the final midspan deflections- differ 
substantially, being similar for (16E/4I) and (16E/9I) meshes 
only. Hence for smaller deformations any of the above meshes can 
be used. For longer times and consequently for higher structural 
deformations the accuracy of the results is negatively influenced 
by the simplicity of the constitutive equations being used and a 
more sophisticated material model would be appropriate. Mesh den­
sities and integration rules used influence rather the "speed" of 
progression of material failure th^ in the accuracy of the results. 
The effect of creep and shrinkage model itself is subject of the 
next analysis.
9.1.2 Comparison between creep and shrinkage models.
The 16 element mesh with 16 integration points per element 
was used. Material properties were generated by ACI 78, CEB-FIP 
78, Bazant-Panula No. 1 and No. 2 models. The mid-span deflec­
tions are depicted in Fig. 9.4.
A wide discrepancy exists between the code models, ACI 78 
predicting a mid-span deflection approximately double that of 
CEB-FIP 78 at three years. The two Bazant-Panula models predicted 
fairly similar responses. These differences are mainly due to un­
certainties in the basic material data and the use of averaged 
humidity, temperature and shrinkage data, rather than inadequa­
cies in the creep function itself. In particular, the modulus of 
elasticity was computed using expressions inherent to each creep 
model, rather than its experimental value. This analysis emphasi­
zes only the importance of using as accurate as possible material 
data for this type of analysis.
Crack development with time for the case of Bazant-Panula 
No.l model is given in Fig. 9.5. Cracking first developed at 128 
days and had almost doubled in extent by 344 days, after which it 
appears to have settled.
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Fig. 9.4 Influence of different creep models on mid-span 
deflection, 2D analysis.
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Fig. 9.5 Crack development with time, 2D analysis.
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9.1.3 Effect of material non-linearity.
It was noted in the Chapter 8 that the internal variables c
r
depend in part on matrix B. Equation /8.80V was derived to auto­
matically include nonlinear effects in B as time advances. A sim­
pler alternative is to use the elastic, linear isotropic form of 
B in equation /8.80/ throughout. As can be seen from Fig 9.6 neg­
lecting nonlinear effects causes a less stiff response after 
about 340 days. It indicates that material nonlinearity has deve­
loped and it is important to include its effects also in equation 
/8.80/.
Bazant-Panula Model I
Mid span deflection (mm)
20
10 100 
Time (days)
1000
Nonlinear matrix IB] 
Linear matrix IB]
Fig. 9.6 Effect of matrix B on the mid-span deflection, 2D 
analysis.
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9.1.4 Effect of time integration densities.
The influence of different time integration densities- is de­
monstrated in this section. Again the 16 element mesh with 16 in­
tegration points per element was employed. Using small time steps 
again after the live load application at 28 days is also exami­
ned. Actual integration times are provided in Table 9.1. Four ca­
ses are presented:
1/ 6 time steps, 1 = 1 in equation /8.85/, no small time 
steps after 28 days.
2/ 10 time steps, 1 = 2, no small time steps after 28 days.
3/ 9 time steps, 1=1, small time steps applied after 28 days.
4/ 15 time steps, 1=2, small time steps applied after 28 days. 
Case 4 corresponds to the recommended minimum values. Retardation 
times were generated by equation /8.83/ with parameter m = 1.
Not unexpectedly, differences in response exist immediately 
after 28 days, depending on whether small time steps are employed 
or not at this stage. Otherwise, there is little significant dif­
ference as time progresses, except at 1028 days for case 4 where 
a stiffer response starts to develop. Such differences, where 
they exist, are caused by slightly different progression of non­
linear material behavior with different time advances. This sug­
gests that the minimum recommendations /8.85/ are too cautious in 
this case.
Case Integration times (days)
1 14.0, 14.1, 15.0, 24.0, 114.0, 1014.0, 1028.0
2
14.0, 14.1, 14.3, 15.0, 17.2, 24.0, 45.6, 114.0, 330.0,
1014.0, 1028.0
3
14.0, 14.1, 15.0, 24.0, 28.0, 28.1, 29.0, 38.0, 128.0, 
1028.0
4
14.0, 14.1, 14.3, 15.0, 17.2, 24.0, 28.0, 28.1, 28.3,
29.0, 31.2, 38.0, 59.6, 128.0, 344.0, 1028.0
Table 9.1 Integration time steps.
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Bazant-Panula  Modal I
Mid span deflection(mm)
10
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Time (days)
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Case 1 
Case 2 
Case 3 
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Fig. 9.7 Comparison between different integration time steps.
9.1.5 Effect of retardation times.
Finally interest is focused on the influence of retardation 
times. Three different retardation times sets were examined: for 
m = 0.5, case 1, m = 1, case 2 and m = 2, case 3 in equation 
/8.83/. Table 9.2 lists the actual values. The same time integra­
tion steps from case 4 in the previous analysis were adopted. The 
results are shown in Fig. 9.8.
Very little difference is observed in the deformation respon­
ses, suggesting again that the minimum recommendation, m = 2, is 
too strict.
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Case Retardation times (days)
1 1.4, 140.0, 547.5
2 1.4, 14.0, 140.0, 547.5
3 1.4, 4.4, 14.0, 44.3, 140.0, 442.7, 547.5
Table 9.2 Retardation time sets.
B a z a n t-P a n u la  M odel I 
Mid s p a n  d ef lec t ion (m m )
25
20 -
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C a se  1 
C a se  2 
C a se  3 
Experiment
Time (days)
Fig. 9.8 Comparison between different retardation times, 2D 
analysis.
9.2 Beam analysis subject to three years loading, 
shell analysis.
A. Aim of the analysis:
-analysis of beam structure subject to three year uniform
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loading using shell approach
-comparison of creep models.
B. Description of analyses and results:
The same beam structure as the one analyzed in Section 9.1, 
is now examined using four shell elements with Heterosis displa­
cement approximation.
For in-plane integration the Gaussian selective integration 
scheme were adopted whilst the third direction, i.e.through the 
thickness, was integrated by the trapezoidal integration algo­
rithm. Ten equally thick concrete layers were spread through the 
beam depth and additional layers were created for reinforcement. 
The mathematical model of the structure is depicted in Fig. 9.9.
BEAM -  She l l  a n a l y s i s
460
UNDEFDRMED SHAPE 
MARCH 27, 1991 16>43
IAXIS= 3 
ALPHA= 45 
BETA= -45
Fig. 9.9 Geometry of the model used for shell analysis.
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9.2.1 Comparison between creep and shrinkage models.
The computed and experimental [49] results for mid-span dis­
placement are compared in Fig. 9.10.
Mid-span deflection
Shell analysis
D eform ation  (mm)
2 5
20-
1 5 -
10-
5-
10 100 1000
Time (days)
  ACI78 CEB-FIP78 -* 1-  BaPa II
—1 BaPa 1 — s—  Experiment
Fig. 9.10 The mid span deflection of the tested R/C beam, shell 
analysis.
Excellent agreement has been reached between the experimen­
tal and analytical results when the Bazant-Panula model I or mo­
del II was used. It should be noted that ref. [49] does not dis­
tinguish between short-term and long-term deformation till the 
age of 28 days. Hence there is no change in deformation from age 
14 through 28 days. After 28 days ref. [49] presents a very de­
tailed record of long-term deflections which enables the influen­
ce of other factors such as temperature, relative humidity etc. 
to be studied during aging of beam.
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Using the ACI78 material model, a considerably bigger de­
flection has been computed. Looking for the cause of this scatter 
of accuracy it was found that this material model uses an 'empiri­
cal formulae to compute 28-days Young’s modulus, which is based 
on the density and the 28-days compressive strength of concrete. 
Substituting the above data, Young’s modulus is equal to 24.71 
GPa. This value differs significantly from the one based on the 
experimental measurements, i.e. 30 GPa. If we use the ACI78 model 
with Young’s modulus equal to 30 GPa, then the computed results 
would be more accurate. Note that the computed 28-days Young’s 
modulus using the Bazant-Panula model I was 30.78 GPa, in the ca­
se of Bazant-Panula model II 29.9 GPa and using the CEB78 model 
it was 31.07 GPa.
The CEB-78 model provided the worst results. The model of 
the structure was too stiff, especially for longer ages. This is 
the penalty for its simplicity. However for relatively shorter 
loading conditions the accuracy of the results seems to be accep­
table (half year or less). The predicted deflections for ages 
equal to a couple of days were excellent.
Thus we can summarize that for the present analysis the best 
results were calculated by the Bazant-Panula model I.
To be able to draw some general conclusions about creep and 
shrinkage material models much more analyses would be necessary. 
However a similar study, for structures with linear constitutive 
equations, has been done by Bazant et. al. [50] with conclusion 
favoring also the Bazant Panula model I.
9.3 Analysis of concrete samples.
A. Aim of the analysis:
-presentation of direct analysis by material preprocessor 
MATERIAL,
-comparison of shrinkage predictions by different material 
models,
-study of different time integrations for the case of simple
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uniaxial concrete specimens with a linear short-term loading mate­
rial law.
B. Description of analyses and results:
As already mentioned the material preprocessor can be also 
used for the direct analysis of concrete uniaxial specimens in 
which the short-term material law is assumed linear. This is now 
examined.
First, interest is focused on shrinkage and compressive 
strength of concrete within a three year period. The results pro­
vided by the creep and shrinkage material models are compared 
with experimental data from ref. [49].
Two series of sample specimens were tested, one with dimen­
sions 70x70x280mm and the other 210x210x840mm. They were cast 
with the concrete mix defined in Section 9.1, but relative humi­
dity and temperature were now kept constant at 65% and 20°C res­
pectively.
Figs. 9.11 and 9.12 compare the shrinkage and compressive 
strengths respectively. In the case of the experimental results, 
mean values are presented.
The shrinkage computed by Bazant-Panula model I and II 
matches relatively well the experimentally measured value. The 
ACI78 model overestimates it and the CEB-FIP78 underestimates it.
On the other side, the compressive strengths were better pre­
dicted by the CEB-FIP78 model. Note that the ACI78 and Bazant- 
Panula models I and II uses the same expression to evaluate com­
pressive strength of concrete and therefore the corresponding 
curves in Fig. 9.12 coincide.
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Shrinkage Comparison
Sample size 70x70x280mm
H i  14 days INWNl 29 days 
S tra in s  (xO.0 0 0 0 0 1 )
total (3 years)
6 0 0 -
5 0 0 -
200 -
L I
Axial S u r fa c e  
( e x p e r i m e n t a l )
ACI7S CEB-FIP7S BaPa I
Models
BaPa II
Shrinkage Comparison
Sample size 210x210x840mm
■ H  14 days E S S  29 days L__J total (3 years) 
S tra in s  (x 0 .0 0 0 0 0 1 )
4 0 0 -
1 0 0 -
Axial S u r fa c e  ACI78 CEB-FIP78 BaPa I BaPa  
( e x p e r i m e n t a l )  M o d e l s
Fig. 9.11 Shrinkage of concrete samples.
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Concrete compression strength
Strength (MPa)
60
5 0 -
m...4 0 -
3 0
20-
10-
10 100 1000
Time (days)
■ ACI78 CEB-FIP78 — BaPa I, il ~ s -  Experim ent
Fig. 9.12 Compressive strength of concrete samples.
Deflections of the specimens under 3 years compression 
loading were also computed. The specimens were loaded at 14 days 
by a stress of 19.6 MPa and at 28 days by an additional stress of
10.4 MPa, i.e. by a total stress 30MPa. The loading time and ra­
tio of loading correspond to that given in Section 9.1. Shrinkage 
was also accounted for. However short term material nonlinearity 
is neglected and thus time dependent aspects of structural beha­
vior, i.e. the creep and shrinkage material models, are directly 
addressed.
The results of the analyses are shown in Fig. 9.13.
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Strain due to stress and shrinkage 
Sample 210x210x840mm
s
4
a 
2 
1 
0
10 100 1000 10000 
Tima (days)
 AC 178 CEB-F1P78 BaPa I -® - BaPa II
Strain (xO.001)
Strain due to stress and shrinkage 
Sample 70x70x280mm
8train (xO.OOl)
6-
3-
10 100 1000 10000
Time (dnya)
 AC 176 CEB-F1P78 BaPa I BaPa II
S t r e s s  h i s t o r y
T im e:  0 14 14.1 2 8  2B.1 1 0 9 5  ( d a y s )
S t r e s s :  o 0 1 9 . 5  1 9 . 6  8 0 . 0  3 0 . 0  (M P a )
Fig. 9.13 Strain in sample bars due to stress and shrinkage.
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Unfortunately no experimental data are available for 
comparison. However results differ significantly which proves 
again that creep and shrinkage analysis is a really challenging 
problem. In this case the only factor responsible for this 
scatter of accuracy is the creep and shrinkage model for concrete; 
time integration was practically exact (default settings, see 
analysis B in the following example).
Finally the 70x70x280 concrete sample was used to investigate 
different time integration. The loading was the same as in the 
previous example and Bazant Panula model I was used throughout.
Strain due to stress and shrinkage
Sample 70x70x280mm  
Comparison of integration methods
A (nload-1, n d e c - 2 )  
~4— B (n load -2 , n d e c -2 )  
Q (nload-1, ndec-1)  
,e— D (n load-2 , ndec-1)
10 100 1000 10000 
Time (days)
nload ■ num ber of su d d en  load in gs  
n d e c  ■ num ber of  in teg. p o in ts  /  d e c a d e
Fig. 9.14 Different time integration methods to analyze uniaxial 
concrete specimen.
Four analyses were carried out:
Strain  (x0 .001 )
5
4
3 I
2
1
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In the first (curve A in Fig. 9.14) two integration points 
per unit of log (time) were used whilst time integration was not 
refined after sudden reloading at time 28 days.
The second solution used two integration time points per unit 
of log(time) and after every sudden loading (equal to 14 and 28 
days) small time increments were used again (see curve B in Fig. 
9.14).
The third solution was similar to the first one except that 
only one integration time per unit of log (time) was considered 
(curve C in Fig. 9.14).
Finally, in the fourth analysis, the previous analysis B was 
modified so that one time point per unit of log(time) was used.
Comparing the results (curves A through D) it is apparent 
that there is practically no difference between integrations 
using one or two time intervals per unit of log(time) if after 
every sudden loading small time increments are used again.
Cases in which sudden reloading at 28 days was neglected (in 
integration) differ more significantly (for one and two points 
integration per unit of log(time) ). However if we are interested 
in structural response at times far enough from reloading (say 
ten times the reloading time and later) the difference becomes 
marginal.
To be able^°draw some general conclusions many more examples 
would have to be performed. However it is again shown that the 
recommendations in ref. [50], i.e. two integration points per 
log(t) and integration refinement after every structural reload­
ing are too cautious.
Ref. [50] also summarize results about reliability and accu­
racy of the material models incorporated in the MATERIAL prepro­
cessor program. These have been tested for a huge material data 
base, (involving over 800 creep and shrinkage curves), in many 
laboratories. The 95% confidence limits (i.e. the relative de­
viations from the mean that are exceeded with a probability of 
2.5% on the plus side and 2.5% on the minus side) were found for
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Bazant-Panula model I to be ±37%, for the ACI78 model ±77% and 
for the CEB-FIP model ±92%. The effects which are ignored by the 
ACI and CEB-FIP models, such as temperature, were not included in 
the calculation of those statistics, although the Bazant-Panula 
model I describes them quite well. For the same reason the pre­
sent results for the Bazant-Panula model I are applicable also 
for its simplified version, the Bazant-Panula model II.
9.4 Comparison of the present Step by step method with other 
solution techniques.
A. Aim of the analysis:
-comparison of different solution methods:
1/ the present Step by step method,
2/ nonlinear short-term solution based on 30-years
Young’s modulus, shrinkage considered, i.e. Effecti­
ve modulus method,
3/ nonlinear short-term solution based on 30-years
Young’s modulus, shrinkage neglected,
4/ nonlinear short-term solution based of 28-days value 
of Young’s modulus, shrinkage neglected,
5/ solution based on British Standard BS 8110 (1985), 
simplified method,
6/ solution based on British Standard BS 8110 (1985), 
more accurate method.
-comparison of short-term and long-term structural ultimate 
load behavior.
The above methods and ultimate loads are compared using sam­
ple beam, plate and shell structures. The influence of loading 
level and reinforcement level on the accuracy of the creep analy­
sis methods is also investigated.
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B. Description of analyses and results:
In order to compare results the following structures were in­
vestigated:
1/ Beam from Section 9.1. The 28-day compressive strength of con­
crete was taken as 38MPa. The beam was loaded at 28 days by 
6.77kN/m2.
2/ Slab from Section 7.4. The structure was loaded by a uniform
2loading of 45kN/m and the same concrete mix was assumed as for 
the above beam.
3/ Shell from Section 7.6. The above concrete was again used. 
Reinforcement was assumed to be 50% of the original value. The 
structure was loaded by a 6.3 multiple of its self-weight, i.e. 
A=6.3.
The above structures were used as typical examples of ID, 2D 
and shell structures. The reference loading level specified was 
derived from the assumption that mid-span deflection is 
approximately equal to the span over 250, the serviceability 
requirement in BS 8110. The reinforcement ratio is approximately 
0.7% for beam, 0.6% for slab and 0.9% for shell (reinforcement in 
both directions considered).
Throughout each analysis the Bazant Panula model I was used. 
The results are presented for 30 years old structure, the age 
specified in BS 8110 for long-term loading condition.
Method 5 is based on recommendations from British Standard 
BS 8110. Linear elastic analysis is used to solve internal mo­
ments and forces in structure. These values are then used to cal­
culate the structural deflection based on cracked cross sections 
conditions. Strains are derived from the assumptions:
-plane cross section remains plane,
-the reinforcement, whether in tension or in compression, is 
assumed to be elastic. Its modulus of elasticity was taken
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to be 200GPa,
-the concrete in compression is assumed to be elastic. An effec­
tive modulus was taken by the value £/(l+0), where 0 is the ap­
propriate creep coefficient specified by the creep and shrinkage 
model used,
-Stresses in concrete in tension are based on a triangular 
distribution, having a value of zero at the neutral axis and a 
value at the centroid of the tension steel of 550kPa.
The final mid-span deflection is calculated using:
Y  =  K  l 2 —  / 9 . 1 /
max rb
where K is a constant which depends on the shape of the
bending moment diagram, specified in Table 3.1 of BS 8110. The
value 0.104 was used in the present analyses. 1 is the structural 
1
span and -- is the curvature at mid span.
b
Method 6 is similar to method 5, the only difference being 
that, instead of equation /9.1/, structural deflections are ob­
tained by direct numerical integration of equation /9.2/. In the
present study we used four elements to model half of the beam 
(structure 1/) and half of the mid-span strip of the slab (struc­
ture 2/), (due to symmetry).
—  = 9 Y /9.2/
r x dx2
I
where y(x) is the structural deflection and ---  is the cur-r
X
vature based on the same assumptions as those in the method 5.
The above specification for loading conditions and rein­
forcement are assumed to be a reference state, and in the follow­
ing they are referred to as a case A.
To study the influence of the amount of reinforcement and 
loading on the accuracy of the methods three other cases were
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considered:
case B: same as case A but only 70% loading,
case C: same as case A but 200% reinforcement and 142% loading,
case D: same as A, but 200% reinforcing.
The above cases were defined to cover reasonable values for 
structural reinforcement and loading level.
The resulting maximum displacements are depicted in Fig. 9.15 
in absolute values and as a percentage of the most accurate ana­
lysis, i.e. method 1, in Fig 9.16. The development of maximum
structural deflections with time is shown in Fig. 9.17 using met­
hod 1.
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BEAM
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Fig 9.15 Maximum displacement of the structures, cases A-D,
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Fig 9.16 Maximum displacement of the structures, cases A- 
sed in % of the results according to method 1.
D, expres
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Fig 9.17 Maximum displacements development calculated by method 1.
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The results can be summarized as follows:
-methods 5 and 6 in almost all cases highly overestimated the 
structural deformations,
-there are negligible differences between results by 5 and 6 me­
thods. Considering the higher simplicity of method 5, this ap­
proach should be preferred were applicable,
-neither method 5 nor 6 allows calculation of deflections for mo­
re complicated structures, e.g. shells, particularly if structu­
ral membrane action is significant,
-the higher the reinforcement level, the closer are the results 
by methods 1 and 5, (resp. 6),
-the higher the loading level, the closer the results of methods 
1 and 5 (resp. 6). This is probably due to the fact that the 
methods 5 and 6 are calibrated for higher reinforcement and hig­
her loading levels,
-results provided by method 4 differ substantially and should 
not be used in practice,
-deflections provided by method 2 differ in most cases by about 
5-20% from those by method 1. For geometrical and material linear 
solution they should match, however in a nonlinear solution the 
situation is more difficult. For example, higher concrete rigidi­
ty for short-term loading, i.e. early after load application, 
causes more loading to be sustained by concrete and less by rein­
forcing compared to direct application of long-term conditions, 
as is the case in method 2. It may result in the creation of more 
cracks and consequently higher structural deformations then me­
thod 2 predicts. The accuracy of method 2 is also affected by how 
shrinkage strains are accounted for. One extreme is that full 
shrinkage develops before applying loading, the other extreme is 
that structure is first loaded and thereafter shrinkage strains 
are accounted for. Moreover, it is difficult to predict whether 
the obtained results will lie on safe or unsafe side because each 
structure behaves differently. In the present analyses 4 load in­
crement steps were always applied with the following loading in-
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crements: 45%, 22%, 17% and 16% and shrinkage increments: 25%,
25%, 25% and 25%. It also matters whether the loading corresponds 
approximately to the level of crack and plasticity propagation or 
to structural "settled" conditions, i.e. elastic or already crac­
ked/plastic ones. Obviously in the latter case method 2 gives 
better results because: the structure is not so sensitive to its 
possible inaccuracy. As an example take the slab behavior in case
A. The maximum deflection in step 3, i.e. for about 84% loading 
level was 5.16mm, being followed by spontaneous crack propagation 
in the next, i.e. the fourth step and resulting in a final def­
lection of 11.9mm. 19 iterations were necessary to reach conver­
gence, whilst steps 1 through 3 needed at maximum 5 iterations. 
Nevertheless, use of this method is an option in cases when di­
rect solution by method 1 is too costly.
-comparing the results of methods 2 and 3 shows the importance of 
shrinkage consideration in structural analysis. Moreover to ac­
count for it costs nearly nothing. The differences between re­
sults by methods 2 and 3 were about 25%.
-method 1 is the most accurate one, but also the most expensive. 
It costs about 2.5 times more computation time than method 2. 
There is nearly no differences in computational costs of methods 
2, 3 and 4 and methods 5 and 6 are obviously much cheaper, in­
volving only a linear elastic solution and then some simple post­
processing. Method 1 is the only one which is generally applicab­
le, which allows for variable loading history, and which accounts 
for both geometric and material nonlinearities. Its present form 
is restricted to serviceability analyses due to linear aging 
creep law for concrete. Provided a more sophisticated nonlinear 
creep model is available, the method can be used for ultimate 
analyses, e.g. creep buckling analyses.
Finally the influence of structural age on the ultimate load 
was investigated. The previously analyzed reference beam, slab 
and shell, (i.e. the case A), were examined. Two loading condi­
tions were imposed on each structure:
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1/ short-term loading, i.e. loading up to ultimate value within
2.4 hours,
2/ long-term loading up to 30 years as in the previous creep ana­
lyses, followed by an additional short-term loading of 2.4 hours 
up to failure.
The resulting loac'-displacement diagrams are depicted in Fig.
9.18. It is apparent that the structural age did not affect the 
ultimate loads substantially. The curves for short-term and long­
term loading nearly coincide for high loading/deformation levels. 
Note however that the deformations, for which the curves match 
each other are already far beyond the deformations which are ac­
ceptable from an engineering point of view. They correspond to 
the conditions in which the reinforced concrete contributes lit­
tle to the structural stiffness, (due to failures), and the 
structure is suffering from several mechanisms. Hence it is dif­
ficult to distinguish between structural failure and the failure 
of the numerical technique used for the analysis and the calcula­
ted ultimate load levels have more or less informative signifi­
cance only. For practical analyses the importance of creep is in­
disputable.
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Fig. 9.18 Short term and long term load-displacement curves, (case A).
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9.5 Approximat ion of creep function by Dirichlet*s series.
reiection of excessive modes.
A. Aim of the analysis:
-to test the mechanism rejecting excessive modes from the ap­
proximation by Dirichlet’s series,
-to set the threshold value for the criterion which decides 
whether to keep or reject a mode function from the series, 
-to provide simple example analyses for different values of 
the threshold value and compare results.
B. Description of analyses and results:
In Chapter 8 an algorithm was developed to remove excessive 
modes from the Dirichlet’s series approximation of the original
creep function and thus to remove ill-conditioning of this step
of the solution. The purpose of section is to examine suitable
2
values for cos (a) in equation /8.89/.
A simple uniaxial plain concrete specimen, cast from the con­
crete mix defined in Section 9.1 is investigated. A short term
linear stress-strain material relationship is assumed. The struc­
ture is loaded at 28 days by a compressive stress of 15MPa, li­
nearly increasing to 16.5MPa at 30 years.
The resulting strain-time relationships for different values
2
of tolerance tol=cos (a) are presented in the first part of Fig.
9.19. The second part shows which particular modes were removed. 
For example in the approximation of the concrete compliance fun­
ction $U,t’), t’= 29 days, t e <£’,30years> for tol =0.1 the mo­
de corresponding to t = 2.8 was removed. For the other values of 
tol the full approximation spectrum is considered.
Analyzing the upper chart of Fig. 9.19 it is apparent that
-12
results pertaining to tol e <0.001, 10 > are identical. When
tol =0.1 some inaccuracy developed due to a too coarse functio-
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nal spectrum of the approximation and at the other extreme, for
-15to 1=10. the approximation procedure had already numerically
failed.
It can be concluded that value tol « 10 6 is the best choice 
and thus is set as the default in the developed software .
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Fig. 9.19 Analysis of Dirichlet’s series modal spectrum.
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9.6 Summary.
Several long-time analyses have been presented i-n this 
chapter. The results of these can be summarized:
1/ The Step-by-step method should always be used if we are 
interested in structural deformations near the serviceability 
conditions.
2/ For well reinforced and relatively thin structures a simpli­
fied, short-term based analysis (e.g. the Effective modulus me­
thod, the BS 8110 recommendation etc.), can be used to investiga­
te structural ultimate conditions.
3/ The Step-by-step method using Dirichlet’s series for the ap­
proximation of creep functions of concrete works well in both 2D 
and shell implementations, especially after the algorithm which 
rejects excessive modal functions from Dirichlet’s series has 
been incorporated.
4/ The density of retardation times and intervals for time integ­
ration recommended in ref. [50] has been found unnecessarily high 
for the present analyses. A coarser approach is acceptable.
5/ The Bazant-Panula model I is probably the best choice from the 
creep and shrinkage models implemented in the material preproces­
sor.
6/ All present analyses have been carried out on a standard per­
sonal computer. Time for any analysis did not exceed several 
hours. Hence also this objective of the work has been achieved.
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10. U s e r's  and  p ro g ram m er’ s c o n s id e ra tio n s  o f  th e  d e v e lo p e d  
SOFTWARE IN A PC ENVIRONMENT.
An important stated aim of this work was to enable easy and 
convenient analysis of 2D and shell structures using only PC com­
puters. To the author’s knowledge, such software, (i.e. software 
for the analysis of R/'C structures accounting for geometrical and 
material nonlinearities and at the same time also dealing with 
creep and shrinkage) is still rare. This chapter provides a brief 
description of the created PC environment and the performance of 
the software within it. Further information is available in refs. 
[42], [44] and [45].
10.1 General considerations.
The developed software has worked satisfactorily even on the 
simplest IBM XT compatible machine, making such analysis availab­
le for nearly everybody. It is not necessary to be connected to 
some computer center, it is not necessary to book a terminal one 
day in advance and to go somewhere else in the computer laborato­
ry. Nowadays a PC machine is commonly available directly on a 
user’s desk. The computational price of main frame and PC analy­
ses should be also considered. Obviously the PC alternative is 
much cheaper in spite of the fact that the analysis itself takes 
a longer time.
One can object that for some solutions a simple PC computer 
is too slow and has disk and internal memory restrictions which 
significantly limit the problems that can be solved. That is true 
for an IBM XT and probably also for IBM AT compatible machines. 
However with the introduction of 32 bit technology these shorta­
ges are disappearing. These machines are delivered usually with 
at least a 100MByte hard disk (but also 300, 500MB and more) and 
if some smart system extender is used then the software can take 
advantage of virtual memory management and thus the internal 
program memory becomes, in fact, unlimited. In addition there are
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other possibilities for "speeding" a PC computer such as using a 
disk cache, high speed memory cache, floating point instruction 
accelerator etc. Even if we buy the most deluxe PC model it is 
always far cheaper than any work station machine, (such as a SUN, 
Hewlett Packard, Apollo etc.) or indeed main frame.
Nowadays a hardware necessary to run the software developed 
in this work (with virtual memory etc. ) can be bought for about 
£1000 (80386SX based machines). This availability was the main
reason for choosing PC techniques for use in this work.
To compare analysis speed performance of programs CONCRETE 
and NONSAP, identical analyses were run on the IBM 3090, ICL 2957 
main frame and PC computer Hewlett Packard Vectra RS25/C. Tests 
were carried out during ordinary working time and the time bet­
ween start and stop of executions, (i.e. not CPU time) was mea­
sured. It was found that the IBM 3090 (even with a vector proces­
sor) was only about 30% faster than the Hewlett Packard PC compu­
ter and the ICL was nearly the same. Of course, such times are 
only informative in character and depend highly on how many users 
were currently utilizing the main frame service and on many other 
factors. Measurements during the weekend or at midnight would 
certainly be different. However this is not usually the time when 
designers work and hence generally we can conclude that the cur­
rent 32 bit PC computer analyses are competitive with the tradi­
tional main frame performance.
10.2 Hardware requirements.
The developed software requires any PC IBM compatible compu­
ter with the MSDOS version 3.1 operating system or higher. Al­
though a hard disk and numerical coprocessor are not strictly ne­
cessary, they are highly recommended. Without them the software 
is restricted only to very simple analyses.
The disk requirements essentially depends on the analyzed 
structure. Generally it can be said that about 10MB should be sa­
tisfactory for analyses with about 1000 degrees of freedom (pro-
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vided the band width of the stiffness matrix is reasonable). The 
internal memory imposes no restrictions in the case of CONCRETE 
because it uses a frontal solution strategy. The NONSAP .program 
uses a variable skyline data housekeeping system without "block 
by block" management. However analyses with about 1000 degrees of 
freedom still fit into the memory without problem. This was 
achieved by program segmentation which is discussed later.
Three versions of the software are available, one for real 
mode execution, i.e. for 8 and 16 bit machines, and two for 32 
bit machines working in protected mode. These use the well estab­
lished Eclipse DOS extender or the DBOS extender developed by 
Salford University in England. They both support virtual memory 
management so that the above memory restriction on NONSAP is no 
longer relevant. In this case extended memory of at least 1MB 
must be fitted (or expanded memory working under Virtual Control 
Program Interface (VCPI) protocol).
The software also provides graphic output for the geometry of 
the structure, eigenvalues and displacements. The supported grap­
hic devices are CGA, EGA, VGA, MGA, SG4020 (ICL Quattro) video 
monitors and any Hewlett Packard Graphic Language (HPGL) compa­
tible device (e.g. Hewlett Packard Laser Jet III or HP 7475 plot­
ter). In addition it is possible to transfer the figures to an 
AUTOCAD program, (via the .DXF file interface), which supports 
nearly all available graphical peripherals.
If a 32 bit machine is used, programs can be run in a multi­
tasking environment. The best choice is probably to use the well 
established DESQVIEW system (under VCPI protocol). The MS WINDOWS 
3 is not suitable because it supports only multitasking of real­
mode applications and hence only IBM XT and IBM AT versions could 
be run simultaneously..
10.3 User's considerations.
The environment consists of the following programs:
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CONCRETE ... finite element solver for R/C shell structures, 
NONSAP ... finite element solver for R/C 2D structures, 
CONCRPLOT ... postprocessor for graphical output from 
CONCRETE,
NSAPPLOT ... postprocessor for graphical output from NONSAP, 
MATERIAL ... material preprocessor for creep and shrinkage 
analyses by CONCRETE and NONSAP,
FORTRAN F77 graphical libraries (described in Section 10.4).
The CONCRETE and NONSAP programs reads data from an input fi­
le in the form defined in [42] and [44] respectively. In practice 
the data can be coded by any system editor such as EDLIN, BRIEF 
etc. or a simple program can be created to generate them automa­
tically, (for example the nodal coordinates and element inci­
dences ).
All other software is "menu driven" and satisfactory data ex­
planation is provided at run time. As an example, Fig. 10.1 shows 
the screen used to specify material parameters, (Bazant-Panula 
model 1), for the material preprocessor MATERIAL. Initially, the 
menu contains default values for all parameters, (see the right 
column). If the user wants to change any of these, first the cur­
sor must point to the line containing the parameter to be chan­
ged, (e.g. ndec parameter in Fig. 10.1). Then selecting the let­
ter ’E’ the cursor jumps to the screen bottom prompting a new va­
lue. After the new value is specified, the cursor returns to the 
next parameter, i.e. the next line of the screen menu. In this 
way all non-default parameters can be modified and then by pres­
sing ’R’ start the material data generation. After the current 
material type is specified, generated and verified by the user, 
(from the immediate graphical output of the material characteris­
tics onto the screen), a user can proceed to the next material 
type, i.e. a new menu appears.
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  BAZ ANT -  PANULA GENERATOR FOR MATERIAL NO.  1 -
E n t e r  " E " , " R " , " E s c "  t o  E d i t ,  R u n  o r  E s c a p e  t h e  p r o g r a m .
C u r r e n t  d a t a  base:  
t y p e  . . .  t y p e  o f  c o n c r e t e  (only t y p e  1 and 3 s u p p o r t e d )  
m o i s t  . . .  t r u e / f a l s e  = m o i s t / s t e a m  cur i ng  
t  . . .  l a s t  d e s i r e d  t i me  o f  a n a l y s i s
t s h  . . .  t i m e ,  when the  c ur i ng  o f  c o n c r e t e  i s  f i n i s h e d  
ndec  . . .  number o f  t s a m p l e s  per de c ade
s f a c t  . . . = 1 / 1 .  1 5 / 1 . 2 5 / 1 .  3 / 1 . 5 5 - s l a b / c y l / s q u a r e / s p h e r e / c u b e
f c y l 2 8  . . .  2 8 - d a y  c y l i n d e r  co mpr e s i o n  s t r e n g t h  o f  c o n c r e t e
t h i c k  . . . = V / S ,  where V , S  are vo l ume  and s u r f a c e  o f  e l ement
humid . . . e n v i r o n me n t  humi di t y  < 0 . 4  -  1. )
ag . . . =a / gama = t o t a l  a g g r e g a t e / c e m e n t  r a t i o
gs  . . . = g / s  = c o a r s e / f i n e  a g g r e g a t e  r a t i o
sg . . . = s / gama = f i n e  a g g r e g a t e / c e m e n t  r a t i o
wg . . . =w/ ce me nt  = wa t e r / c e me n t  r a t i o
sa . . . = s / a  = f i n e / t o t a l  a g g r e g a t e  r a t i o
gama . . .  cement  c o n t e n t ( k g / m * # 3 )
nt  . . . number o f  sudden l o a d i n g s  o f  s t r u c t u r e
t l o a d  . . .  t i m e s  o f  sudden l o a d i n g s
0 . 3 5 1E+05  
0 . 7 6 7 E - 0 1  
0 . 7 8 0 0 0 0  
7 . 0 4 0 0 0 0  
1.000000 
3 . 5 2 0 0 0 0  
0 . 6 3 0 0 0 0  
0 . 5 0 0 0 0 0  
0 . 2 5 0E+ 03
0 . 1 1 0E+ 04  
7 . 0 0 0  
2
0 . 125E+01
1
s e e  b e l o w
1
T
0 . 2 8 0 E + 0 2
Fig. 10.1 Menu to define material characteristics for 
Bazant-Panula model 1.
10.4 Programmer* s considerations.
In this section a brief program description is presented. It 
contains a list of relevant subroutines and explanations of their 
functions. Also the general program layout will be discussed.
The Figure 10.2 presents the general layout of this program 
in which two level segmentation is used. The first one corres­
ponds to element type (ID, 2D and 3D element) and analysis pha­
ses, the second includes material models supported by the parti­
cular element formulation.
NONSAP:
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nsaplO
root
— s T ~
nsap20 nsap30
4/
>f  '
nsap40
nsap5C nequit aequit
nsap31 nsap32 nsap33 . . . . nsap39
4T
nsap41 nsap42 nsap44
Fig. 10.2 NONSAP layout.
The above root and segments have the following function:
root: The root portion of NONSAP comprises the data allocation
strategy, system functions such as time, date etc. and 
also subroutines, which are called from higher segments 
(e.g. structural matrices assembly). It controls the 
whole analysis. The substantial part of these subrouti­
nes are in the nsapOO file.
nsaplO: This segment controls data input and also carries out
some checks on the consistency of the geometry.
nsap20: Segment supporting the element matrices and stress-
strain calculations for the ID truss element. Element
material models are also included.
nsap30: Segment supporting the element matrices and stress-
strain calculations for the 2D truss element.
nsap40: Segment supporting the element matrices and stress-
strain calculations for the 3D truss element.
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nsap50: Eigenvalue and eigenvector analysis, dynamic analyses.
nequit: The nonlinear equation solver based on the
Newton-Raphson method.
aequit: Arc-length methods nonlinear solver, Line search method
etc.
nsap31 - nsap39: Material models for 2D analyses
nsap41 - nsap44: Material models for 3D analyses.
The enhancement of NONSAP involved changes in the root, 
nsaplO, nsap30, nsap36, nequit and aequit segments and therefore 
these are now discussed in more detailed.
nsapOO:
This root segment consists of the following subroutines 
(their function are given in the brackets):
MAIN (main control over execution, data allocation etc.),
ADDBAN (add element structural matrices to global matrices),
ADDCM (similar to addban, deals with the mass matrix only),
ADDDI, ADDMA (similar to addban, deals with loading assembly, 
nonlinear contributions ...),
ADDRESS (addresses of diagonal elements in stiffness matrix (stored 
in vector form)),
CREEP (general control over creep analysis),
CREEP1 (calculation of "current" Young’s modulus and initial 
strains),
CREEP2 (solution of internal constants E ),
V
COLHT (calculates the bandwidth of the stiffness matrix at 
particular degrees of freedom),
COLSOL (solution of linear equations and back substitution),
ELCAL (calls element dependent routines),
ELEMNT (cooperates with elcal, used also during iterations),
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ERROR (checks data allocation requirements during analysis), 
GETTIM (system get time function).
LOADEF (calculation of effective loading for dynamic analyses), 
MULT (system utility for matrix multiplication),
NEWDAV (used in dynamic analysis),
WRITE (write out the analysis results),
TTIME, STIME (provide time information of analysis).
This segment was modified to allow a new material model for 2D 
analysis, graphic output and nonlinear arc length solution. It 
also includes new programs supporting creep and shrinkage 
analyses.
nsaplO:
The changes in this segment are only of minor importance. 
They comprise reading of additional data and saving of geometry 
for future plotting in the NONSPI subroutine.
nsap30:
The segment was modified to allow for new material models. 
Some bugs were also fixed.
DERIQ (solution of element structural matrices, derivatives etc.), 
FUNCT2 (isoparametric interpolation functions, Jacobian of 
transformation ...),
INITWA (memory allocation for the material models),
MATRT2 (isotropic and orthotropic material linear models),
MAXMIN (principal stresses),
POSINV (matrix inversion)
QUADM (main routine to compute the element mass matrix)
QUADS (ditto for the stiffness matrix),
STSTL (linear isotropic and orthotropic material models),
STSTN (calls appropriate nonlinear material model),
TDFE (main control over evaluation of element entities),
TODMFE (memory allocation)
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nsap36:
This segment is completely new. It comprises the material 
model for concrete including the new tension stiffening model.
ADSIGL (main control over calculation for unfailed material 
condition),
ADSIGC (ditto for failed material).
ELPAL9 (main control over material model computation),
ELT2D9 (similar to elpal9, uses data already allocated),
IELPAL9 (material initialization routine),
MOHR (Mohr-Coulomb and Rankine Cut off criterion),
PARAM (calculation of tension stiffness parameters),
STIFF (rigidity matrix for unfailed material),
RSTIFF (ditto for failed material),
TRANSF (rigidity matrix transformation).
nequit:
This segment consists of subroutines supporting the
Newton-Raphson method. There were only minor changes to it.
aequit:
The function of this segment is to support the Arc-length 
nonlinear solvers. This segment is completely new.
AEQUIT (main control over nonlinear solution),
ARCLN1 (line search method),
BERGAN (evaluation of the (3 coefficient using Bergan’s stiffness 
coefficient),
INFORC (evaluation of out of balance forces),
LAMBDA (calculation of the new A factor)
MULTI (system utility),
ORTHOG (cooperates with the LAMBDA routine to compute the A fac­
tor for the Normal update, Explicit linear and Consistently 
linearized methods).
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CONCRETE:
All routines of this program are placed directly in the root 
segment. All data are allocated in the main program via DIMENSION 
statements with variable lengths. These are defined in PARAMETER 
statements so that their readjustment is quite simple. The CONC­
RETE program consists of the following routines:
AEQUIT (main control over nonlinear solution),
ARCLN1 (line search method),
ALGOR (specifies whether the stiffness matrix should be 
recalculated in the current load increment),
ASSEMLDR (assembles the global loading vector),
BERGAN (evaluation of the /3 coefficient using Bergan’s stiffness 
coefficient),
BGMAT (calculates the strain-displacement B and G matrices ando
stores them in the file No. 9),
CHECK1 (performs consistency check of input data),
CHECK2 (checks input data for loading, checks maximum 
front width),
CREEP1 (calculation of "current" Young’s modulus and initial 
strains),
CREEP2 (solution of internal constants E ),
V-
DIMEN (declares dimension of data arrays),
ECHO (echoes remaining input data after an error in the input da­
ta) ,
FLOWS (calculates entities for plastic flow in material, 
dependent on the used Yield function),
FRAME (system utility for vector and matrix arithmetic etc.),
FRONT (controls element assembly, stiffness matrix elimination 
and back substitution phases, it is the kernel of the
program),
FUNC (calculates the strain-displacement matrix B and the Ja-
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cobian of transformation from the global to natural coordina­
te system),
GAUSSQ (specifies element sample points for integration), - 
GEOME (adds the geometric stiffness matrix to the linear
stiffness matrix),
HARDEN (evaluates compression hardening factors),
INCREM (adds the loading increments to the global loading, 
prepares the array for reactions for gaussian elimination), 
INPUT (inputs most input data and establishes internal data 
base),
INVAR (evaluates the current value of the Yield function),
INVA2 (calculates the uniaxial plastic strain corresponding to
plastic strains),
LAMBDA (calculation of the new A factor)
LCOMB (calculates loading combination for Arc-length methods),
LDISP (calculate the second part of the strain-displacement
matrix B and adds it to B ), 
l  o
LOADS (subroutine to calculate node loads corresponding to the 
element internal loading),
MATM (system utility for matrix calculations),
MODUL (calculates material rigidity matrix),
MODULI (used to compute shear modulii in creep analysis),
MULTI (system utility for matrix operations),
MULT2 (system utility for matrix operations),
NODEX (checks mid-node coordinates, if equals zero then
interpolates them from corner element nodes),
OUTPUT (prints displacements, reactions, strains etc. ),
ORTHOG (cooperates with the LAMBDA routine to compute the A fac­
tor for the Normal update, Explicit linear and Consistently 
linearized methods).
PRES (calculates the nodal equivalent of element distributed 
loading),
PRIST (principal stresses evaluation),
RESI1 (calculation of internal (nodal) forces from current 
strains for plastic concrete),
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RESI2 (same as RESI1 but for cracked concrete),
RESI3 (same as RESI1 but for steel layers),
RESTR (global control over calculations of internal forces-),
SFR1 (evaluation of isoparametric interpolation functions and 
their derivatives),
SINGOP (system utility for matrix operations),
STIF (controls the calculation of element stiffness matrices), 
TRANS (transforms material rigidity matrix),
VECT (system utility for vector operations),
WORKS (defines local node coordinates systems),
ZERO (analysis initialization routine).
CONCRPLOT:
The basic function of this program is to provide graphical 
output from the program CONCRETE. Plots of the geometry and/or 
loading deformations are possible. The program is menu driven and 
allows the choice of only some loading for drawing, or of only a 
part of the structure which is defined either by points or box 
(i.e. space limited by x, y and z boundaries) etc. It is also 
possible to define projection parameters. The input section is 
robust so that in the case of an error in the user input command 
there is still chance for remedy. The program works in the envi­
ronment described in Sec. 10.2 and uses a graphical library which 
will be discussed further. There are no limitations on the size 
of drawn structures.
MAIN (main control over drawings, performs memory allocation, 
includes code for interaction with the user),
ERROR (checks available computer memory for data and 
generates error message in case of memory overflow),
BOX (supports boxing of a structure, i.e. checks which parts of 
the structure are in the defined box and thus should be 
drawn),
CLIP (routine for element clipping into specified box)
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COED (checks if an element is inside the boundary limits of the 
window)
CPUTIM (system utility for CPU time),
DDATE (date and time information),
DEFORM (general control over drawing of deformed structure for 
one or more loading cases),
DELNOD (subroutine to support "deleting" of parts of structure 
connected to specified points),
DSHLIN (draws dashed lines),
GETDAT (system utility for current date),
GETTIM (system utility for current time),
GSCRON (switches between alfanumeric and graphic regimes of the 
video),
PLTADV (closes current drawing device/picture) and starts the 
new one),
PLTAXS (plots axis of coordinate system being used),
PLTEND (closes current drawing device/picture),
PLTFNM (draws floating point number of the specified format into 
the drawing),
PLTNUM (ditto as PLTFNM but for an integer number),
PLTLIN (plots lines),
PLTINT (open a new drawing device/picture),
PRNTPG (prints structural data including their 2D projection to 
output device (if required)),
ROLL (moves data pointer to the particular loading case),
SCALE (calculates scale of a drawing (for geometry only, defor­
mations are scaled in DEFORM),
SETPG (sets an array comprising element numbers which are 
connected to nodes, checks for maximum allowed and eventually 
reallocates internal memory for more complex structures), 
SORTPG (based on information from the SETPG routine it performs 
the optimization of drawings (each line is drawn only once)), 
STPLOT (plots already scaled and projected geometry or one 
loading case of structure),
TITLE (plots header and footer of current drawing including
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structure name, date, scale etc.),
UNDEF (master program to draw undeformed structure),
XP (function for node coordinate projection, conjugate to.YP),
YP (function for node coordinate projection, conjugate to XP),
NSAPPLOT:
This program is very similar to the CONCRPLOT the only dif­
ference being that it works with a different data base (CONCRETE 
uses a different format for data housekeeping than NONSAP). The­
refore all the above information is also relevant also for this 
program.
FORTRAN GRAPHICS:
A very simple graphic library has been created to enable di­
rect access from the FORTRAN environment to a graphics device. 
The supported devices are listed in Sec. 10.3. For more complica­
ted graphics it would be necessary to use some already available 
software package such as GKS (Graphic Kernel System), Hello, 
graphic supplement of NAG etc. The provided routines are very 
simple, fast and do not need to load the whole graphic kernel 
which supports hundreds of other facilities, none of which is 
used by the developed software.
In order to communicate with AUTOCAD, an additional pseudo- 
graphics device was created. All graphic data are in this case 
stored into disk file in a format compatible with the .DXF AUTO­
CAD transfer file. Via this interface the user can create a disk 
file with drawings and then modify them in the subsequent AUTOCAD 
session. This is very advantageous because all facilities provi­
ded by the CAD system need not be programmed in the user’s pro­
gram environment (which is virtually impossible). The additional 
advantages of AUTOCAD support is that this software supports
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nearly all possible graphic devices.
The following table summarizes the routines name according to 
function and graphics device:
Function / Device Video HP-GL SC4020 ACAD
open graphic device IFRAMEV HPLOTS FRAMEV ASTART
close graphic device PLOT HPLOT GSCROF AEND
draw line ILINEV HPLOT LINEV ALINEV
draw real number IPRINTV NUMBER PRINTV APRINTV
draw real number 
(cont. texts) IPRINTVC
--- PRINTVC APRINTVC
draw text ILABLV SYMBOL LABLV ALABLV
draw text 
(cont. texts) ILABLVC
--- LABLVC ALABLVC
MATERIAL:
This program generates material properties and some another 
data necessary for creep and shrinkage analysis by the CONCRETE 
and NONSAP programs. They use an identical format for material 
data so that only one version of MATERIAL is necessary.
The program supports CEB-FIP 78, ACI78, Bazant-Panula Model I 
and Bazant-Panula Model II creep and shrinkage models. Experimen­
tal data can be also dealt with.
The results of the execution are three data files which are 
then used by CONCRETE or NONSAP for the Step-by-step analysis 
described in Chapter 8.
In addition a direct analysis of linear elastic truss element 
is available. This is very useful because it gives the user an 
idea about the quality of the material model approximation, time 
step length and retardation time influences etc.
The program runs in a menu driven regime and provides imme­
diate graphics results for the user’s convenience.
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ACI78 (generates compliance and shrinkage functions according to 
the ACI78 Code of Practice),
BAPA1 (generates compliance and shrinkage functions according to 
the Bazant-Panula model I),
BAPA2 (generates compliance and shrinkage functions according to 
the Bazant-Panula model II),
CEB78 (generates compliance and shrinkage functions according to 
the CEB-FIP Code of Practice),
EQUAT (linear equation solver),
DEGKER (generates already approximated concrete compliancies for 
graphic output),
INPUT (main input data menu),
INPUT1 (input data routine for the ACI78 and CEB-FIP78 models), 
INPUT2 (input data routine for the Bazant-Panula models I, II), 
INTERPOL (system utility for polynomial interpolations),
LINEREG (system utility for linear interpolations),
MATERO (routine for the concrete truss sample analysis)
OUTPRN (prints results to disc file),
PLTFI (draws desired results, it follows the PLTSTR routine), 
PLTSTR (starts graphic output of the results (e.g. shrinkage, 
concrete compliance function etc.), draws heading and footing 
of pictures),
SBR (strain-stress relationships routine for the truss analysis), 
TIMGEN (generates retardation and integration times for the 
Step-by-step analysis),
The graphic output can either be drawn on the supported video 
monitor (see Sec. 10.2) or the AUTOCAD pseudo-graphics device can 
be used.
It should be noted that the present programs layout is sub­
ject to small changes due to different FORTRAN environments for 
real and protected modes software versions.
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11. C o n c l u s io n  a n d  s u m m a r y
The work deals with the analysis of reinforced concrete 
structures. Both material and geometric nonlinear behavior were 
considered. Attention focused on plane stress structures as well 
as on general degenerated three dimensional shell structures. In 
addition to static loading, special emphasis was paid to the in­
fluence of time phenomena, i.e. shrinkage and creep.
The nonlinear governing equations were derived using the 
principle of virtual displacements which is formulated for arbit­
rary loading increments applied to the structure. Stresses and 
strains were treated in the form of the 2nd Piola-Kirchhoff ten­
sor and the Green-Lagrange tensor respectively. Using the Updated 
Lagrangian formulation for 2D problems the above tensors can be 
alternatively replaced by the Cauchy stresses and the Almansi 
strains. The constitutive equations were defined in invariant 
form with the exception of the tension stiffening of concrete 
which was specified within engineering stresses. However, for the 
sake of simplicity, the difference between the Cauchy and the 2nd 
Piola-Kirchhoff stresses is neglected and the 2nd Piola-Kirchhoff 
stresses are directly substituted into formulae. Considering the 
small importance of tensile concrete strength this simplification 
causes only negligible inaccuracy.
The adopted formulation is suitable for structures with lar­
ge deflections, large rotations but small strains. In other words 
it accounts for all terms of the geometric equations but the 
strain increments are applied suddenly. The geometric equations 
for the shell element have been in addition simplified by the Von 
Karman assumptions. For large strain analysis the Updated rate 
Lagrangian formulation with an appropriate material model had to 
be used.
Constitutive equations for both two and three dimensional 
analysis of reinforced concrete were considered. Smeared crack 
models are emphasized.
For two dimensional analysis isoparametric elements with a
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variable number of nodes (four through nine) with Lagrangian ap­
proximation of geometry and displacements are used. It should be 
pointed out that the bilinear (i.e. four node) element formula­
tion failed in cases when shear behavior was important (due to 
low shear stiffness). With the quadratic formulation no problems 
were experienced and therefore the eight or nine elements are 
highly recommended.
A new but simple material model for concrete has been deve­
loped. This is a smeared-type linear model which accounts for va­
rious failure criteria. Failure of concrete is checked by Cowan 
criterion (the combination of Mohr-Coulomb and Rankine Cut off 
criteria), steel is checked also by Rankine Cut off criterion. In 
the case of material crushing no material rigidity and stresses 
are assumed in subsequent analysis. Cracked concrete is assumed 
to be an orthotropic material with unaffected properties in the 
direction parallel to crack and small residual rigidity and 
stresses perpendicular to crack. Also shear stiffness is consi­
dered as a small residual value. A tension stiffening model is 
provided in which the descending part of stress-strain diagram is 
modeled by a smooth hyperbolic function. It improves significant­
ly the convergence properties of an analysis because the usual 
discontinuities are removed. In the case of mixed failure mode, a 
crushing coefficient is used in which compressive strength is re­
duced. Based on the current experience with this modeling of con­
crete it can be said that the model is suitable for tension- 
tension or compression-tension stress conditions when a failure 
of material is caused by either shear or normal tensile stresses. 
For high compression regimes, i.e. with stresses about 75% of 
compression strength or higher, the assumption of linearity is 
not justified. This is the penalty for a low computational cost.
For shell analysis, the degenerated Ahmad shell element 
using Serendipity, Lagrange and Heterosis geometry and 
displacement interpolating hierarchical approach is adopted. 
Special attention is focused on the problem of shear locking and 
thus full, selective and reduced integration rules are dealt
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with. Some discrepancies have been found in literature concerned 
with rank deficiency of the elements and thus this problems was 
thoroughly analyzed, accounting also for element nonlinearities. 
Constitutive equations are assumed which are elastic-plastic for 
both concrete and steel materials. Also tension stiffening and 
compression hardening of concrete, including descending branch of 
material stress-strain diagram are supported. The behavior of the 
element proved to be very good but the generality of formulation 
is paid for by a high computational time. The acceptable compro­
mise between the element accuracy and time demands might be GBR 
(continuum-based resultant) shell theory advocated by ref. [59]. 
The use of reduced integration is not suitable for materially 
nonlinear problems [58] .
Nonlinear solution techniques were comprehensively reviewed 
and consequently some of them were significantly improved. A new 
algorithm for the solution of nonlinear equations, which is based 
on Newton-Raphson, Arc-length and Line search methods has been 
developed. The algorithm chooses the most efficient variant of 
these combined solution methods and solution parameters (step 
length, scale factor between displacement space and loading di­
mension, use or not of the Line searches etc.). Its computational 
performance is good in spite of some problems in to handling a 
sudden break down of structural stiffness (e.g. local collapse) 
in addition to discontinuities in material model (for shell).
Analysis considering shrinkage and creep has also been sol­
ved. The Step-by-step method using the Dirichlet series approxi­
mation to the creep function was adopted. Unfortunately numerical 
instabilities can be a serious problem, because the adopted ap­
proximation is ill conditioned. Hence a criterion was developed, 
which enables a decision to be made about which mode functions 
are to be incorporated and which are to be neglected. The recom­
mendations provided by Bazant [33], [38], [50] for the choice of
retardation times and time integration intervals were found too 
cautious for the present analyses.
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The practical results of the work are as follows:
The nonlinear program NONSAP (from the University of Berke­
ley, U.S.A.) has been significantly enhanced to include .the new 
two dimensional constitutive model for concrete, the derived al­
gorithm for the solution of the nonlinear equations and creep and 
shrinkage analysis.
For shell structures the program CONCRETE (from the Universi­
ty of Swansea, Wales) was used, which analyses reinforced concre­
te shells based on the above mentioned shell theory. The original 
elastic-perfectly plastic material model was improved by incor­
porating a hardening function (Madrid parabola with descending 
branch of stress-strain diagram). The nonlinear solver was also 
implemented in this program and, similar to the NONSAP, creep and 
shrinkage support have been incorporated.
Much interest has also been paid to the development of grap­
hic support software. A library has been produced which enables 
simple graphics accessible from Fortran 77 on all IBM-PC compa­
tible videos, ICL CG 6400 video, HP graphic language devices 
(e.g. HP 7640 plotter) and also enables cooperation with the 
AUTOCAD system. Using this library two additional programs were 
developed for graphic output with CONCRETE and NONSAP. They work 
interactively and support plotting of geometry and deformations 
of structure. Many special tasks are supported such as plotting 
of a couple of deformations in one Figure, zooming and boxing of 
a structure etc.
In addition to the above software a material data preproces­
sor program MATERIAL has been created which is in a very user 
friendly form. This program enables material constants necessary 
for modeling of creep and shrinkage of concrete to be generated. 
The material models according to ACI78, CEB78 and Bazant-Panula 
model I and II recommendations are supported. In order to save 
computer time the material preprocessor allows a study of concre­
te behavior, subject to any particular stress history, on a sim­
ple concrete bar. In this case the analysis is very quick and 
hence the best adjustments of material parameters can be made be­
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fore a time consuming analysis of a practical structure is car­
ried out. The best results were experienced using the Bazant- 
Panula model I [48].
Finally the used methods and capabilities of the developed 
software were tested for analysis of sample structures. Much in­
formation about structural behavior and the accuracy of used 
theoretical methods has been collected. They are summarized: 
-Implementation of compression hardening and softening into the 
elastic-plastic constitutive equations for concrete improved both 
the accuracy and the numerical behavior of the model.
-The new nonlinear solution algorithm can handle complicated si­
tuations of structural behavior. If the governing equations of a 
structure suffer from discontinuities (e.g. due to cracking), the 
Line search may be of help, otherwise its use is debatable. It 
is, however, always useful for checking the overall convergence 
of the algorithm.
-Simplified methods for creep and shrinkage analysis, such as the 
Effective modulus method etc. do not provide the acceptable ac­
curacy near the serviceability loading conditions. Hence "full­
time" analysis must be carried out. Good results were obtained 
using the Step-by-step method with Dirichlet’s series. The propo­
sed algorithm, which rejects excessive modal functions from Diri­
chlet’s series, improves numerical stability of the solution.
-The density of retardation times and intervals for time integra­
tion recommended in ref. [50] has been found too high for the 
present analyses.
-The Bazant-Panula model I is probably the best choice from the 
creep and shrinkage models implemented in the material preproces­
sor.
-For well reinforced and relatively thin structures, simplified 
short-term based analyses can be used to investigate the ultimate 
structural conditions.
All analyses were carried out on a standard personal compu­
ter thus meeting one of the objectives of this work. It should 
make them very suitable for designers to use in working practice.
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Suggestion for future work:
A more sophisticated material model for concrete could be 
used, especially for 2D analyses. The elastic-plastic model, 
(used in the shell analysis) works well. However, its behavior 
will improve if a non-associated plastic flow and nonlinear un­
loading stress-strain relationships are incorporated.
The current linear creep assumptions can be enhanced to in­
clude nonlinear terms. The main problem in doing this is unavai­
lability of some well established nonlinear creep and shrinkage 
models for concrete.
It would be advantageous if the user can combine 2D and shell 
elements in one structure. Therefore the computing facilities of 
CONCRETE and NONSAP should be put into one program.
The ultimate structural conditions could be better investi­
gated if the solution of structural eigenvectors and eigenmodes 
is supported in the software in order to deal with bifurcation 
points etc. more efficiently and to identify spurious local nume­
rical mechanisms in the structure.
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